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Preface

This book is intended to be a thorough introduction to the subject of order and
lattices, with an emphasis on the latter. It can be used for a course at the
graduate or advanced undergraduate level or for independent study.
Prerequisites are kept to a minimum, but an introductory course in abstract
algebra is highly recommended, since many of the examples are drawn from this
area. This is a book on pure mathematics: I do not discuss the applications of
lattice theory to physics, computer science or other disciplines.

Lattice theory began in the early 1890s, when Richard Dedekind wanted to
know the answer to the following question: Given three subgroups A, B and C
of an abelian group G, what is the largest number of distinct subgroups that can
be formed using these subgroups and the operations of intersection and sum
(join), as in

A+ B,(A+B)nC,A+ (BNC)

and so on? In lattice-theoretic terms, this is the number of elements in the
relatively free modular lattice on three generators. Dedekind [15] answered this
question (the answer is 28) and wrote two papers on the subject of lattice theory,
but then the subject lay relatively dormant until Garrett Birkhoff, Oystein Ore
and others picked it up in the 1930s. Since then, many noted mathematicians
have contributed to the subject, including Garrett Birkhoff, Richard Dedekind,
Israel Gelfand, George Gritzer, Aleksandr Kurosh, Anatoly Malcev, Oystein
Ore, Gian-Carlo Rota, Alfred Tarski and Johnny von Neumann.

This book is divided into two parts. The first part (Chapters 1-9) outlines the
basic notions of the theory and the second part (Chapters 10-12) contains
independent topics.

Specifically, Chapter 1 describes the basic theory of partially ordered sets,
including duality, chain conditions and Dilworth's theorem. Chapter 2 is devoted
to the basics of well-ordered sets, especially ordinal and cardinal numbers, a
topic that is usually presented only in classes on set theory. However, I have
included it here for two reasons. First, we will have a few occasions to use
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ordinal numbers, most notably in describing conditions that characterize the
incompleteness of a lattice and in the discussion of fixed points. Second, it is my
experience that many students of algebra do not take a class in set theory and so
this seems a reasonable place to get a first exposure to this important subject. In
any case, the chapter may be omitted upon first reading without severe
consequences: Only a few theorems will be inaccessible to readers with no
background in the subject. However, I have also included nonordinal versions
(for countable lattices) of these theorems.

Chapter 3 begins the study of lattices, introducing the key properties such as
join-irreducibility, completeness, denseness, lattice homomorphisms, the B-
down map, ideals and filters, prime and maximal ideals and the Dedekind-
MacNeille completion.

Chapter 4 is devoted to the basics of modular and distributive lattices, including
the many characterizations of these important types of lattices and the effect of
distributivity on join-irreducibility and prime ideals.

Chapter 5 is devoted to Boolean algebras. This is a vast field, with many
applications, but we concentrate on the lattice-theoretic concepts, such as
characterizing Boolean algebras as Boolean rings, or in terms of weak forms of
modularity or de Morgan's laws. We also discuss complete and infinite
distributivity.

Chapter 6 concerns the representation theory of distributive lattices. We
describe the representation of a distributive lattice with the DCC as a power set
sublattice, the representation of complete atomic Boolean algebras as power sets
and the representation of an arbitrary distributive lattice as a sublattice of down-
sets of prime ideals.

Chapter 7 is devoted to algebraic lattices, a topic that should be of special
interest to all those interested in abstract algebra. Here we prove that a lattice is
algebraic if and only if it is isomorphic to the subalgebra lattice of some algebra.

Chapter 8 concerns the existence of maximal and prime ideals in lattices. Here
we discuss various types of separation theorems and their relationship with
distributivity, including the famous Boolean prime ideal theorem. This material
is key to an understanding of the Stone and Priestley duality theory, described in
a later chapter. Chapter 9 is devoted to congruence relations on lattices, quotient
lattices, standard congruences and sectionally complemented lattices.

Chapters 10—12 are topics chapters. They can be covered in any order. Chapter
10 is devoted to the duality theory for bounded distributive lattices and Boolean
algebras. We cover the finite case first, where topological notions are not
required. Then we discuss the necessary topics concerning Boolean and ordered
Boolean spaces. Although very little point-set topology is used, a brief appendix



Preface ix

is included for readers who are not familiar with the subject. In both the finite
and nonfinite cases, the dualities are most elegantly described using the
language of category theory. For readers who are not familiar with this
language, an appendix is provided with just enough category theory for our
discussion in the text. (It is not so much the results of category theory that we
need, but rather the /anguage of category theory.)

Chapter 11 is an introduction to free lattices and Chapter 12 covers fixed-point
theorems for monotone and for inflationary functions on complete partially
ordered sets and complete lattices.
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Chapter 1
Partially Ordered Sets

Basic Definitions

We begin with some basic definitions.

System of Distinct Representatives

We will have occasions to use the following basic concept.

Definition Let F = {A; |i € I} be a family of sets. A system of distinct

representatives or SDR for F is a set {a; | i € I} of distinct elements with the
property that a; € A; for all .00

Cartesian Products
The cartesian product of two sets S and 7" is generally defined as the set
SxT={(s,t)|s€S,teT}

of ordered pairs. However, this does not easily generalize to the cartesian
product of an arbitrary family of sets. For this, we use functions.

Definition 7he cartesian product of a family F = {X; | i € I} of sets is the set

HFzHXi:{f:IHUXi f(i)eAi} O

Binary Relations

Definition Let A be a nonempty set. A binary relation on A is a subset R of the
cartesian product A x A. We write (a,b) € R as a ~ b. A binary relation is

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 1, 1
© Steven Roman 2008



2 Lattices and Ordered Sets

1) reflexive if for all a € A,

2) irreflexive if for all a € A,

3) symmetric if for all a,b € A,
a~b = b~a
4) asymmetric if for all a,b € A,
a~b = Dboa
5) antisymmetric if for all a,b € A,
a~b, b~a = a=0b
6) transitive if for all a,b € A,
a~b, b~c = a~c O
By far the two most important combinations of these axioms are found in the

definition of an equivalence relation and a partial order.

Definition Az equivalence relation on a nonempty set A is a binary relation on
A that is reflexive, symmetric and transitive. If a € A, the set [a] of all elements
of A that are equivalent to a is called the equivalence class containing a. If £ is
an equivalence relation on a set X, then a system of distinct representatives for
the equivalence classes of £ is also called a system of distinct representatives
Sfor £.00

Partial Orders and Posets

We can now define one of the principal objects of study of this book.

Definition 4 partial order (or just an order) on a nonempty set P is a binary
relation < on P that is reflexive, antisymmetric and transitive, specifically, for

all x,y,z € P:
1) (reflexive)

2) (antisymmetric)

<y, y<zr = =Yy
3) (transitive)

<y, y<z = w<z

The pair (P, <) is called a partially ordered set or poset, although it is often
said that P is a poset, when the order relation is understood. If © < y, then x is
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less than or equal to y or y is greater than or equal to x. We also say that x is
contained in y or that y contains . If © <y but x # y, we write x <y or
y >z Ifx <yory < x, then x and y are said to be comparable. Otherwise, x
and y are incomparable or parallel, denoted by o || 0.00

If S and T are subsets of a poset P, then S < T means that s < ¢ forall s € S,
teT. IfT = {t}, then S < {t} is written S < ¢ and similarly for s < T

Definition 4 poset (P, <) is totally ordered if every =,y € P are
comparable, that is,

c<y or y<u

In this case, the order is said to be total or linear.[]

We will assume unless otherwise noted that a nonempty subset S of a poset P
inherits the order from P, making S a poset as well.

We will have some use for the following concept in the exercises.

Definition 4 preorder or quasiorder on a nonempty set P is a binary relation
that is reflexive and transitive..]

Example 1.1

1) Let N={0,1,...} be the set of natural numbers. Then (N, <) is a poset
under the ordinary order. Also, (N, | ) is a poset under division, that is,
where x | y means that y = kx for some k € N, that is, = divides y.

2) If X is a nonempty set, then the power set ©(X) of X is the set of all
subsets of X. It is well known that (X)) is a poset under set inclusion.

3) The set S(G) of all subgroups of a group G is a poset under set inclusion.
The set N'(G) of all normal subgroups of G is a subset of S(G), inheriting
the order relation from S(G). Many other such examples are possible,
involving other algebraic structures.

4) The set P of all partitions of a nonempty set X is a poset, where A < o if A
is a refinement of o, that is, if every block of ¢ is a union of blocks of .
Put another way, the blocks of A are constructed by further partitioning
some (or none) of the blocks of o.

5) Let P be the collection of partial functions on a nonempty set X, that is,
functions on X whose domain is a subset of X. Order P by saying that
f < gif f is an extension of g, that is, f and g agree on the dom(f). The P
is a poset under this order.

6) The product order on the cartesian product P x @ is defined by

(pq1) < (p2.q2) if pr<p and ¢ <g
The set P x @ with this order is called the product of P and Q).
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7) The lexicographic order on the cartesian product P x @ is defined by
(p1,q1) < (p2.q2) if pr<pp or (p=p> and q1 <o)
This is also a partial order on P x .0
Strict Orders
To every partial order on a set P there corresponds a strict partial order.
Definition A binary relation < on a nonempty set P is called a strict partial
order (or strict order) if it is asymmetric and transitive..]
Given a partially ordered set (P, <), we may define a strict order < by
r<y if z<yandx #£y

Conversely, if < is a strict order on a nonempty set P, then the binary relation
defined by

r<y if z<yorz=y
is a partial order and so (P, <) is a poset. Thus, there is a one-to-one
correspondence between partial orders and strict partial orders on a nonempty

set P and so a partially ordered set can be defined as a nonempty set with a
strict order relation.

The Covering Relation
We next define the covering relation on a poset.
Definition Let (P, <) be a poset. Then y covers x in P, denoted by x C vy, if
x < y and no element in P lies strictly between x and vy, that is,
r<z<y = z=x or z=Y
Ifa T bora=>b, wewritea C b.00
For a finite poset P, the covering relation uniquely determines the order on P,
since a < b if and only if there is a finite sequence of elements of P such that
aCpmCpC---Cp,Cb

Small finite posets are often described with a diagram called a Hasse diagram,
which is a graph whose nodes are labeled with the elements of the poset and
whose edges indicate the covering relation. This is illustrated in the following
example.

Example 1.2 Figure 1.1 shows the Hasse diagram of the poset {1,2,3,6,12}
under division.
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12

1

Figure 1.1

Figure 1.2 shows the Hasse diagrams of two posets

M, N,

Figure 1.2

that will play key roles in later discussions.[]

Chains and Directed Sets

Totally ordered subsets of a poset play an important role in the theory of partial
orders.

Definition Let (P, <) be a poset.

1)

2)

A nonempty subset S of P is a chain in P if S is totally ordered by <. A
finite chain with n elements can be written in the form

<< --< ey

Such a chain said to have length n — 1. If the set of lengths of all chains
contained in P is bounded, then P has finite length and the maximum
length is called the length of P. Otherwise, P has infinite length. If'a < b,
then a chain from a fo b in P is a chain in P whose smallest element is a
and whose largest element is b. A maximal chain from a to b is a chain
from a to b that is not contained in a larger (in the sense of set inclusion)
chain from a to b.

A nonempty subset S of P is an antichain in P if every two elements of S
are incomparable. An antichain with n elements is said to have width n. If
the set of widths of all antichains in P is bounded, then P has finite width
and the maximum width is called the width of P. Otherwise, P has infinite
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width. 4 maximal antichain is an antichain that is not contained in a
larger (in the sense of set inclusion) antichain.C

It is possible to combine chains when the largest element of one chain is the
same as the smallest element of the other chain.

Theorem 1.3 Let P be a poset.

1) IfCuyp is a chain from a to b and Dy is a chain from b to c, then Cyp U Dy .
is a chain from a to c.

2) IfC,y is a maximal chain from a to b and Dy, . is a maximal chain from b to
¢, then Coy U Dy is a maximal chain from a to c.]

In some circumstances, the property of being a chain is stronger than is required
and the following property is sufficient.

Definition A nonempty subset D of a poset P is directed if every pair {a,b} of
elements of D has an upper bound in D, that is, if for every a,b € D, there is a
¢ € D with the property that a < ¢ and b < ¢.J

It is easy to see that a directed set P has the property that every finite subset of
P has an upper bound in P. It is also clear that any chain is a directed set. Here
is an example where a directed set is a more suitable choice than a chain: The
union of every directed family of subspaces of a vector space V' is a subspace of
V. Similar statements can be made about subgroups of a group, ideals in a ring
and so on.

Maximal and Minimal Elements
Maximal and maximum elements can be defined in posets.
Definition Let (P, <) be a partially ordered set.

1) A maximal element is an element m € P that is not contained in any other
element of P, that is,

peP, m<p = m=p

A maximum (largest or greatest) element m in P is an element that
contains every element of P, that is,

peP = p<m

We will generally denote the largest element by 1 and call it the unit
element.

2) A minimal element is an element n € P that does not contain any other
element of P, that is,

peP, p<n = p=n

A minimum (smallest or least) element n in P is an element contained in
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all other elements of P, that is,
peP = n<p
We will generally denote the smallest element by O and call it the zero

element.
A partially ordered set is bounded if it has both a 0 and a 1.01

If a poset P does not have a smallest element, then we can adjoin one as
follows. Let 0 be a symbol that does not represent any element of P and let

P, = PU{0}

be the disjoint union of P and {0}. Extend the order in P to P, by including the
condition that 0 < z, for all z € P. Similarly, a 1 can be adjoined by taking

PT:PH{].}

and specifying that x < 1 forall x € P.

Definition If a poset P has a smallest element 0, then any cover of 0 is called
an atom or point of P. The set of all atoms of a poset P is denoted by A(P). A
poset with 0 is atomic if every nonzero element contains an atom. If P has a 1,
then any element covered by 1 is called a coatom or copoint of P.[]

Upper and Lower Bounds

Upper and lower bounds can be defined in a poset.

Definition Let (P, <) be a partially ordered set and let S C P.
1) An upper bound for S is an element x € P for which

S<u
The set of all upper bounds for S is denoted by S". We abbreviate {s}" by
s If S has a least element, it is called the join or least upper bound or

supremum of S and is denoted by \/S. The join of a finite set
S ={ay,...,a,} is denoted by

ar V---Vay,
2) A lower bound for S is an element x € P for which
<S8

The set of all lower bounds for S is denoted by S*. We abbreviate {s}" by
s“If S' has a greatest element, it is called the meet or greatest lower
bound or infimum of S and is denoted by \S. The meet of a finite set
S ={a,...,a,} is denoted by

ar A\ Aay a
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Note that the join of the empty set () is, by definition, the least upper bound of
the elements of (). Since every element of P is an upper bound for ), we have
\/0 =0 if P has a smallest element 0; otherwise ()} has no join. Similarly,
A0 = 1if 1 exists; otherwise A} does not exist.

Zorn's Lemma and Friends

We will assume various equivalent forms of the axiom of choice.

The Axiom of Choice

Theorem 1.4 The following are equivalent:
1) (Axiom of choice) Let F = {S; | i € I} be a nonempty family of nonempty
sets. Then there is a function

f:fHUiEISi

Sfor which f(S;) € S; for all i € I. Such a function is called a choice
function, since it chooses a single element f(S;) from each set S;.
2) Every partition P of a set S has a system of distinct representatives.
3) The cartesian product 11X; of a set F = {X; | i € I} of nonempty sets is
nonemplty.
Proof. To see that 1) implies 2), if P = {B; | i € I}, then P is a set of sets and
a choice function f gives a system {f(B;)} of distinct representatives. To see
that 2) implies 3), the set

S={@,z)|iel,zeX;}
can be partitioned using the first coordinate, that is, into the blocks
B, ={(,z) |z € X;}
for each i € I. A system of distinct representatives f = {(¢,2;) | ¢ € I} for this

partition belongs to the cartesian product [[X;, which is therefore nonempty.

To see that 3) implies 1), let S be a set of sets. We may assume that no set in S
is empty. Index each set using itself, that is, let X = s for all s € S. Then the
indexed family

{Xs|s€S,s#0}

has a nonempty cartesian product, that is, there is a function f:S — [JX such
that f(s) € X = s. This is a choice function for S.O0

Zorn's Lemma

One of the most commonly used equivalences of the axiom of choice is Zorn's
lemma.

Theorem 1.5 The following are equivalent.
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1) (Zorn's lemma) If a poset P has the property that every chain in P has an
upper bound, then P has a maximal element.

2) If a poset P has the property that every chain in P has an upper bound,
then for every p € P, there is a maximal element ¢ € P such that q¢ > p.
Proof. It is clear that 2) implies 1), since any maximal element ¢ € P such that
q > p is a maximal element of P. Conversely, if 1) holds and if P has the
property that every chain in P has an upper bound then p* also has this property
and so 1) implies that p* has a maximal element ¢, which is also maximal in P

and satisfies ¢ > p.[J

The Well-Ordering Principle

The well-ordering principle is also a commonly used equivalence of the axiom
of choice.

Definition 4 poset (W, <) is a well-ordered set if every nonempty subset of S
has a least element. In this case, the order < is called a well-ordering of W.

A nonempty set X for which a well-ordering exists is called a well-orderable
set.0]

Note that a well-ordering is a total ordering, since if a # b, then the set
{a,b} C P has a least element. However, the usual ordering on Z is a total
ordering that is not a well-ordering.

Definition (The well-ordering principle) Every nonempty set P is well-
orderable.]
Tukey's Lemma and the Hausdorff Maximality Principle

We will have relatively few occasions to use the following equivalences of the
axiom of choice, so the reader may skip this now and return to it later when
needed.

Definition Let X be a nonempty set. A family F of subsets of X has finite
character if'it has the property that A € F if and only if every finite subset of A
isin F.O0

An important example of a family of finite character is the family of all linearly
independent subsets of a vector space.

Definition (Tukey's lemma) Every nonempty family F of sets of finite
character has a maximal element.[]

Definition (Hausdorff maximality principle) Let P be a poset. Any chain in P
is contained in a maximal chain..O]

Equivalences
Let us now state formally that the previous statements are equivalent.
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Theorem 1.6 The following are equivalent:

1) (Zorn's lemma) If P is a partially ordered set in which every chain has an
upper bound, then P has a maximal element.

2) (Hausdorff maximality principle) Let P be a poset. Any chain in P is
contained in a maximal chain.

3) (Tukey's lemma) Every nonempty family F of sets that has finite character
has a maximal element.

4) (Axiom of choice) Every set of sets has a choice function.

5) (Well-ordering principle) Every nonempty set can be well-ordered.l]

Miscellaneous

The following concepts are often useful.

Definition Let (P, <) be a poset. For a,b € P the closed interval from a to b
is the set
[a,b)={zePla<z<b}
The initial segment up to a is the set
(—o0,a)={x e Plx<a}
and the closed initial segment up fo a is the set
(—o0,al={x e P|z<a}

A nonempty subset S of a poset P is convex if whenever a,b € S, then
[a,b] € 5.00

Duality

We now turn to a discussion of duality.

Definition Let (P, <) be a poset. The dual poset (P?, <) is the poset with
the same underlying set but whose order relation is the opposite of <, that is,
x X yifand onlyif x > y. O

Of course, (P?)? = P.

Statements and Their Duals

A statement about posets or a property of posets is just a statement that may
or may not be true in any given poset. If s is a statement about posets, we write
P(s) to denote the statement s as applied to the poset P.

If s is true in P, we say that P satisfies, possesses or has property s and write
P E s (also read P models s). We can also view a property of posets as a
subfamily of the family of all posets, namely, the subfamily consisting of all
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posets in which s is true. If II is a set of properties, we say that a poset P
satisfies II and write P F II if P has every property in II.

Two statements s and ¢ are logically equivalent if they are true in exactly the
same posets, that is, if

PEs & PFEt

for all posets P. Let s be a statement about a poset P. One often defines the
dual statement to s to be the statement formed by replacing all references (direct
or indirect) to < with > . Thus, least upper bound is replaced by greatest
lower bound, maximal by minimal and so on. This is a bit vague, so we make
the following definition.

Definition Let s be a statement about posets. A dual statement s? is a
statement about posets that satisfies the following property:

PrFs & P'ES
for all posets P. If 1 = {p; | i € I}, then T1° denotes any set of statements
{p? | i € I}, where p? is a dual to p;.00
Note that if ¢t and u are dual statements to s, then

PEt & PlEs & Pku

for all posets P and so ¢ and w hold in exactly the same posets, that is, ¢ and u
are logically equivalent. In fact, if s and s are dual, then ¢ is dual to s if and
only if ¢ is logically equivalent to s°.

As mentioned earlier, one way to find a dual statement to s is to translate P?(s)
into a logically equivalent statement about P, where P denotes an arbitrary
poset. For example, if P(s) is the statement

P(s): If the join of a nonempty subset of P exists, it is unique
then
P?(s): If the join of a nonempty subset of P? exists, it is unique
Since a join in P is a meet in P? and vice versa, an equivalent dual statement is
P(s)?: If the meet of a nonempty subset of P exists, it is unique

Definition A statement s about posets is self-dual if it is logically equivalent to
any (and therefore all) of its dual statements s°, that is, if

PEs & PES
A family 1 = {p; | i € I} of properties of posets is self-dual if
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PEIl < PET
for all posets P.[]

If a statement s holds in all posets satisfying II, that is, if
PEIl = PEFEs
for all P, we write II = s. Now we can state the duality principle for posets.

Theorem 1.7 (The duality principle for posets) Let 11 be a set of properties of
posets and let s be a property of posets. Then

IT= s implies I = 7
and if 11 is self-dual, then
II=s implies 1I= s?
that is, if' s holds in all posets satisfying 11, then so does s°. In particular,
0= s implies = s°

that is, if s holds in all posets, then so does 9.0
Let us give a simple example of the use of the duality principle.

Theorem 1.8

1) Every finite poset with O and with at least two elements has an atom.

2) Dually, every finite poset with 1 and with at least two elements has a
coatom.

Proof. For part 1), let P be a finite poset with 0 and let a; € P be nonzero. If a;

is not an atom, there is an element a, for which 0 < ay < ay. If as is not an

atom, we may repeat the process to get 0 < ag < as < a;. Since P is finite, this

process must stop to reveal an atom.

Part 2) follows by duality. To illustrate how duality is applied in this case, let
IT = {b, f, t} consist of the properties
b:has 0, f:finite and w:at least two elements
Since P has 0 if and only if P? has 1, we have
b? = t:has 1

Of course, f and w are self-dual. Hence, I1? = {t, f,w} represents the family of
all finite posets with 1. Also, if

a: has an atom

then
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a?: has a coatom

Thus, the principle of duality gives

I=a implies II9 = a?
which is part 2).00
Monotone Maps

We now define order-preserving maps.

Definition Let P and QQ be posets and let f: P — Q.
1) f is order-preserving or monotone or isotone if

<y = [fl2)<fy)
and strictly monotone if’
<y = [flz) <[y
2) fis an order embedding if
r<y & fl@)<[f(y

13

(Note that such a map must be injective.) If f:P — Q is an order
embedding, we say that P can be order embedded, or simply embedded

in Q and write f: P — Q or just P — Q.

3) An order embedding f is an order isomorphism if it is also surjective. If

f: P — Q is an order isomorphism, we write f: P ~ Q or just P ~ Q.O

Note that if f: P — (@ is a monotone bijection, then f~! need not be monotone,
that is, f need not be an order isomorphism. (Map two incomparable elements

to two comparable elements.)

Down-Sets and the Down Map

The following types of sets will occur frequently.

Definition 4 subset D of a poset P is a down-set or order ideal if’

xeD, y<x = yeb

We denote the down-sets in P by O(P). Dually, a subset U of P is an up-set or

order filter if
zelU, y>z = yeU

We denote the up-sets in P by U(P).O
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It is easy to see that D is a down-set in P if and only if its complement P \ D is
an up-set in P. Note also that the down-set property is transitive, that is,

DeO(E), E€cO(F) = DecO(F)

Theorem 1.9 Let P be a poset.

1)  The union or intersection of any family of down-sets is a down-set.

2) The union or intersection of any family of up-sets is an up-set.

That is, O(P) and U(P) are closed under arbitrary union and arbitrary
intersection.l]

Theorem 1.10 Let S be a subset of a poset P.
1) The down closure of S is the smallest down-set containing S. This set is

1S={xeP|x<sforsomesec S}

and is read “down S.” The down-set | p = |{p} is called the principal
ideal generated by p.

2) Dually, the up closure of S is the smallest up-set of P containing S. This
set is

1S={x€Pl|x>sforsomesec S}

and is read “up S.” The up-set Tp = 1{p} is called the principal filter
generated by p.[J

The following maps are among the most important in the theory of order.

Theorem 1.11 Let P be a poset.
1) Themap ¢|: P — ©(P) defined by

¢1(a) = la={r € P|z<a}

is called the down map. The down map ¢, is an order embedding of P into
©(P). Thus, any poset P can be order embedded in a power set o(P).
2) The map ¢1: P — p(P) defined by

¢1(@)=Ta={e e P|c>a}

is called the up map. The up map ¢y is an order anti-embedding of P into
o (P), that is,

a S b = gf)T(a) 2 qf)T(b) |

In loose terms, Theorem 1.11 tells us that every poset P can be represented as a
family of subsets of some set, under set inclusion. This is the first of several
representation theorems for describing abstract order structures in terms of
more familiar order structures. (One of the most famous representation theorems
is the Cayley representation theorem of group theory, which says that every
group can be represented as a subgroup of the group of permutations of a set.)
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We will also have frequent use for the following generalization of the down
map.

Definition Let B be a nonempty subset of a poset P.
1) Fora € P, we write
B|(a):=Bnla={beB|b<a}
read “B-down of a.” The B-down map ¢p |: P — ©(B) is defined by
¢p.1(a) = Bi(a)
2) Dually, the B-up of a € P is
Bi(a)=BnNnta={beB|b>a}
and the corresponding B-up map ¢p 1: P — ©(B) is defined by
¢p,1(a) = Bi(a) O
We observe that the B-down map is order preserving.
Height and Graded Posets
In a poset P with no infinite chains, we can define the distance d(a, b) from a to

b, where a < b are elements of P.

Definition Let P be a poset with no infinite chains.

1) Ifa <0, then the distance d(a,b) from a to b is the maximum length of all
chains from a to b, if this maximum is finite. Otherwise, the distance is
infinite.

2) If P has 0, then the height of a € P is the distance d(0,a).0

(Note that d is not a distance function in the sense of a metric on a set, since it is
not symmetric.) It is clear that the distance d(a,b) is equal to the maximum
length among all maximal chains from a to b. Of course, not all maximal chains
from a to b need have the same length, which prompts the following definition.

Definition 7he Jordan—Dedekind chain condition on a poset P is the
condition that for every a < b in P, all maximal chains from a to b have the
same finite length.[]

If a poset P has the Jordan—Dedekind chain condition, then d(a, b) is the length
of any maximal chain from a to b and so, fora < b < ¢, we have

d(a,b) +d(b,c) =d(a,c)
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and in particular,
h(b) = h(a) + d(a,b)
and if @ C b, then
h(b) = h(a) +1
Definition 4 poset P is graded if there is a function g: P — 7 for which
) a<b=g(a) <g(d)

2) ifaC bthen g(b) =g(a)+1
We refer to such a function as a grading function.]

Loosely speaking, a graded poset is a poset in which we can assign a well-
defined “level” to each element. We have just shown that if P has the Jordan—
Dedekind chain condition, then P is graded by its height function. The converse
is also true.

Theorem 1.12 Let P be a poset with O and with no infinite chains. Then P
satisfies the Jordan—Dedekind chain condition if and only if P is graded by its
height function.

Proof. Suppose P is graded by its height function h. If

a=c¢<c<c<--<c=0>b

is a maximal chain from a to b then ¢; C ¢;41 and so h(c;i1) = h(c;) + 1. Thus,
h(c;) = h(a) + i and so

h(b) —h(a) =n

Hence, all maximal chains from a to b have length h(b) — h(a) and so P has
the Jordan—Dedekind chain condition. The converse has already been
established, since a < b implies that d(a,b) > 1.00

Chain Conditions
The chain conditions are a form of finiteness condition.
Definition Let P be a poset.

1) P has the ascending chain condition (ACC) if it has no infinite strictly
ascending sequences, that is, for any ascending sequence

pr<p<p3<--

there is an index n such that p,., = py, for all k > 0.
2) Dually, P has the descending chain condition (DCC) if it has no infinite
strictly descending sequences, that is, for any descending sequence

PL=>p2>p3 >

there is an index n such that p,., = py for all k > 0.0J
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The following characterizations of ACC and DCC are very useful.

Definition

1) A poset P has the maximal condition if every nonempty subset of P
contains a maximal element.

2) Dually, a poset P has the minimal condition if every nonempty subset of P
contains a minimal element.[]

Theorem 1.13

1) A poset P has the ACC if and only if it has the maximal condition.

2) Dually, a poset P has the DCC if and only if it has the minimal condition.
Proof. Suppose P has the ACC and let S C P be nonempty. Let s; € S. If s; is
maximal, we are done. If not, then we can pick sy € S such that so > s;.
Continuing in this way, we either arrive at a maximal element in S or we get an
ascending sequence that does not become constant, which contradicts the ACC.
Hence, P has the maximal condition. Conversely, if P has the maximal
condition, then any ascending sequence in P has a maximal element, at which
point the sequence becomes constant.[]

Chain Conditions and Finiteness

It seems intuitively clear that an infinite poset must have either an infinite chain
or an infinite antichain, although a careful proof is a bit more subtle than one
might think at first. It is also true that if a poset has an infinite chain, then it
must have either an infinite ascending chain or an infinite descending chain.

Theorem 1.14
1)  An infinite poset must have one of the following:
a) an infinite antichain
b) an infinite strictly ascending chain
¢) an infinite strictly descending chain
2) A poset with no infinite chains or infinite antichains must be finite.
3) A poset with an infinite chain has an infinite strictly ascending chain or an
infinite strictly descending chain.
Proof. For part 1), assume that a poset P has no infinite antichains and has the
ACC. We show that P fails to have the DCC. Since P has the maximal
condition, it has a maximal element. Let

M= {m;|iel}

be the nonempty set of all maximal elements of P. Since M is an antichain, it
must be finite. Moreover, P = | J( | m;) and so one of the sets, say | m;,, must
be infinite. Let A; = {m;, } and consider the poset

Pl = (lmﬁ) \ {m11}

of all elements of P strictly below m;,. This poset is infinite and also has no
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infinite antichains and no infinite ascending chains. Thus, we may repeat the
above argument and select an element m;, € P, such that P» = (| my,) \ {m,}
is infinite. Note that m; > m;,. Continuing in this way, we get an infinite
descending chain. Thus, P fails to have the DCC. Parts 2) and 3) follow from
part 1).0]

Dilworth's Theorem

In 1950, Robert Dilworth proved the following very interesting result.

Definition Let P be a finite poset. A chain cover of P is a collection of chains
in P whose union is P. We say that a chain cover is disjoint if the chains in the
cover are pairwise disjoint.[]

If P has an antichain of size n, then any chain cover will clearly have size at
least n, since no two elements in an antichain can be in the same chain of a
chain cover. Thus, if P has width w, then all chain covers have size at least w.
Dilworth proved that there always is a disjoint chain cover of size w.

Theorem 1.15 (Dilworth's theorem) A finite poset has a disjoint chain cover of
size w = width(P).

Proof. The proof is by induction on the size n of P. The result is true if n = 1.
Assume it is true for posets of size less than |P|. We show that P has a chain
cover of size w.

The idea is to use a maximum-sized antichain A to split P into two proper
subsets, to which we can apply the inductive hypothesis to get two disjoint chain
covers that can be pieced together at the members of A to produce a disjoint
chain cover of P.

A maximum-sized antichain A = {a4, ..., a,} splits P into two subsets T A and
] A, that is,

TAU|A=P

whose intersection is A. Also, A is a maximum-sized antichain of each subset
1A and | A. To ensure that we choose an A for which each of these subsets is
proper, we proceed as follows. Since P is finite, there exist elements m < M
such that M is maximal in P and m is minimal in P. Let

Q=P\{m, M}

If width(Q) = k < w, then the inductive hypothesis implies that @) has a
disjoint chain cover C of size k and so C U {m, M} is a disjoint chain cover of
P of size w (since it cannot have size less than w). In this case, we are done.

If width(Q)) = w, then a maximum-sized antichain A of () is also a maximum-
sized antichain of P, for which | A and T A are proper in P. Let C be a disjoint
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chain cover of size w for T A and let D be a disjoint chain cover of size w for
J A. Then for each a € A, there is a C, €C and a D, € D for which
C, N D, = {a}. Since a is the smallest element of C;, and the largest element of
D,, it follows that C, U D, is a chain in P. The family {C,U D, |a € A} isa
disjoint chain cover of P of size w.[]

The following important theorem on the existence of SDRs for finite families is
a consequence of Dilworth's theorem.

Theorem 1.16 (Philip Hall's theorem) A4 family F of subsets of a finite set X
has an SDR if and only if it satisfies Hall's condition: For any 1 < k < |F|, the
union of any k members of F has size at least k, that is,

[ A U U A > k

Proof. Let X = {ay,...,a,} and F = {Ay,..., A, }. If F has an SDR, then
any k£ members of F have an SDR and so their union must have size at least k.
For the converse, suppose that F satisfies Hall's condition. Consider the
“membership” partial order on the set P = X U F defined by

a; < A]‘ if a; € A]’
The chains of P are the singletons and the two-element chains a < A; where

a € A;. Hence, all disjoint chain covers in P have the form (after reindexing if
necessary)

C= {a1 < Al, L ar < A7-7a7-+1, ,a,,L,A,.H, ;An}

Thus, since X is an antichain in P, a chain cover of size m (if it exists) must
have the form

C= {a1 < Ai,...,a, <An,an+1,...,am}

and so {ay,...,a,} is an SDR for F. Hence, it is sufficient to show that P has a
chain cover of size m, and Dilworth's theorem implies that it is sufficient to
show that P has width m. We have just noted that P has width at least m, since
X is an antichain.

Suppose that, after possible reindexing, the set
A=Aay,...,ay,A1,..., A}
is an antichain in P. We count the number of elements in
S={a,...,a,} UA U---UA,

which, of course, is at most m. None of aq,...,a, lie in A;U---U A, and
Hall's condition implies that A; U --- U A, has size at least v. Hence,
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Al =u+v<|S[<m
and so width(P) < m.O

Symmetric and Transitive Closures

If a binary relation fails to be symmetric or transitive, the relation can be
augmented to fix the problem.

Definition Let R be a binary relation on a nonempty set X.

1) The symmetric closure R*¢ of R is the smallest symmetric binary relation
on X that contains R.

2) The transitive closure R of R is the smallest transitive binary relation on
X that contains R..]

Theorem 1.17 Let R be a binary relation on a nonempty set X.
1) The symmetric closure R*° of R is

R*=RUR™

where R~ = {(a,b) | (b,a) € R}.

2) The tramsitive closure R of R is the relation defined as follows:
(a,b) € R if and only if there is a finite sequence ay,...,a, € X with
n > 1 for which ay = a,a, = b and

agRa1Ras---a,—osRa,—1 Ra,

that is, a;Ra;.1 fori=0,...,n— 1.
3) a) IfRis reflexive, then so is R'.

b) If R is symmetric, then so is R'

¢) If Ris reflexive and symmetric, then R' is an equivalence relation.

d) R antisymmetric does not imply that R is antisymmetric.
Proof. For 3b), if aR™b, then there is a finite sequence ay,...,a, € X for
which ag = a,a,, = b and

aORalRaQ clp—2 Ran—l Ran
Since R is symmetric, we may reverse the direction of the sequence to get
apRa,_1Ra,_3---asRayRag

and so bRa. For 3d), let X = {a,b,c} have three distinct elements and
consider the antisymmetric relation

R= {(a,b)7 (b7c)ﬂ (Cva’)}

Then R’ contains (a, c) as well as (¢, a), where a # ¢.00

The covering relation of a poset can be characterized as follows.
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Definition 4 binary relation R is totally intransitive if whenever
a1RasRasR---Ra,,
forn > 3, it follows that ay Ra,, and a; # a,.0]

Theorem 1.18 A binary relation R on a set P is the covering relation C for a
partial order < on P if and only if R is totally intransitive.

Proof. If C is a covering relation on P and if a; " as Cag C --- C a, for
n >3, then a; < a, and so a; # a,. Also, a; [/ a,. Hence, C is totally
intransitive. Conversely, suppose that R is totally intransitive. Let < be the
transitive closure of the set

RU{(a,a)|a€ P}

Then < is reflexive and transitive. To see that it is also antisymmetric, suppose
that a < b and b < a. If a # b, then aR---Rb and bR---Ra and so aR---Ra,
which implies that a # a, a contradiction. Thus, < is a partial order.

To see that R is the covering relation [ for <, first note that a Ra implies
aRaRa which implies that a Ra. Therefore, if a Rb then a # b and a < b, which
implies that a < b. But if a < ¢ < b, then total intransitivity implies that a b, a
contradiction. Hence, aRb implies a C b. Also, if a C b then a < b and so
aR---Rb. Butif aRcR---Rb then a < ¢ < b and so a C b implies that ¢ = a or
¢ = b, which is false.[]

Compatible Total Orders

If (P, <) is a poset, then a total order < on P is compatible with the partial
order < if

a<b = a=xb

The problem of finding a compatible total order for a given partial order is a
practical one. For example, if (P, <) is finite, it may be desirable to input the
data P into a computer using a (linear) input order that is compatible with the
partial order.

For a finite poset, it is easy to find a compatible total order using a simple
algorithm called topological sorting, implemented by simply taking a maximal
(or minimal) element at each stage. In this way, larger (or smaller) elements are
input first.

We wish to prove that for any poset (P, < ) there is a compatible total order. In
fact, for a given pair of incomparable elements ¢ and b in (P, <), we can find
a compatible total order < for which a < b.

Theorem 1.19 Let (P, <) be a poset and let a || b in P. The transitive closure
of the relation
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R= < U{(a,b)}
is the relation
§= < U{a,y) v <ab <y}
Moreover, S = R' is a partial order on P.
Proof. It is clear that S is contained in R. Thus, if we show that S is a partial
order on P, then it must be the transitive closure of R. Of course, S is reflexive

since < is reflexive. As to antisymmetry, if xSy and ySx, then there are cases
to consider. Let us write

§'=5\ < ={(@y) |r<ab<y)

1) Ife<yandy <z, thenz =y.
2) IfzS%andy < z,thenz < a,b < yand so

b<y<z<a

which is false since a || b.
3) Ifz <yandySz, theny < a,b < x and so

b<z<y<a

which is false since a || b.
4) IfzSand ySz, thenx < a,b < yandy < a,b < z and so

b<z<a
which is false since a || b.
Finally, as to transitivity, suppose that xSy and ySz. Then

1) Ifx<yandy < z,thenz < zand so z5~z.
2) IfzS%andy < z,thenz < a,b < yand so

r<ab<y<z

which implies that .5 z.
3) IfzS% and yS’z, then y < a,b < z and so

r<ab<z

which implies that 2.5z.
4) IfzSyand yS’z, thenz < a,b < yandy < a,b < z and so

r<ab<z

which implies that x5z.00

Theorem 1.20 Let (P, <) be a poset and let a || b in P. Then < is contained
in a total order < on P for which a < b.
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Proof. Let S be the collection of all partial orders on P that contain < and

(a,b). Then S is not empty since the transitive closure of R = < U{(a,b)} is
in 8. Order S by set inclusion. Let

C={P|iel}

be a chain in S. The union P = |JP; is a partial order on P containing < and
(a,b). Thus, C has an upper bound and so by Zorn's lemma, there is a maximal
order M containing < and (a,b). Then M must be linear, for if not, there are
elements z,y € P such that = || y in M and we may extend M to a strictly
larger partial order on X containing < and (z,y), contradicting the maximality
of M.OO0

The Poset of Partial Orders

If P is a nonempty set, then the family F of all partial orders on P is itself a
partial order, where § < p in F if

adb = apdb

for all a,b € P. The smallest partial order on P is equality, since
a=b = audb

for all partial orders 1« on P. We leave proof of the following as an exercise.

Theorem 1.21 Let P be a nonempty set.

1)  The smallest partial order on P is equality.

2)  The maximal partial orders on P are the total orders.

3) If 0 is a partial order on P, then 0 is the intersection of all total orders on
P that contain 6.00

Exercises

1. A strict order < on a nonempty set P is an irreflexive, transitive binary
relation on P. Prove that there is a one-to-one correspondence between
strict orders on P and partial orders on P.

2. Let P and @ be disjoint posets. Show that the union P U @ is a poset, with
the inherited order on P and ) and where p || ¢ forall p € P and ¢ € Q.

3. Let P and @ be disjoint posets. Let P U @) be the union with the inherited
order on P and @ and such that p < ¢ for all p € P and q € Q. Prove that
this is a poset. It is called the linear sum of P and () and denoted by
PaoQ.

4. Find a poset P that contains an antichain A = {z,y, 2z} with the property
that no pair of elements from A has a join but A has a join.

5. Let A={ai,aq,...} and B = {by,bs,...} be disjoint countably infinite
sets. Define a relation R on the union A U B by

aHlRa,;, bl+1Rb7 and b,Ra,
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for: =1,2,.... Show that R is a covering relation. Draw a picture of the
corresponding poset.

Let P and @ be posets.

a) Describe the covering relation in the product P x Q).

b) If P and Q are chains, when is P x () a chain?

Let P be a poset. Let C,, be a chain from a to b and let D, . be a chain
from b to c.

a) Show that C,, U Dy is a chain from a to c.

b) Show that if C,; and D, . are maximal chains, then so is o U Dy ..
Let P be a poset. Prove that the set O(P) of down-sets is closed under
arbitrary union and arbitrary intersection.

Let X be a nonempty set and let P = p(X). Define a relation < by
A < B if for every a € A, there is a b € B for which a < b. Prove that if
A < Band B < A, then A and B have the same set of maximal elements.
Let P and @ be posets. Prove that a monotone map f: P — () is an order
isomorphism if and only if f has a monotone inverse map f~':Q — P.

Let P and @) be finite posets and let f: P — @ be a function. Prove that
f: P — @ is an order embedding if and only if

fl)<fly) & z<y

forall z,y € P.

Let P and @ be posets and let f: P — Q.

a) Prove that f is monotone if and only if the induced inverse map
satisfies f~1(D) € O(P) for all D € O(Q).

b) Assume that f is monotone and let f~: O(Q) — O(P) be the induced
inverse map from part a). Show that f is an order embedding if and
only if =1 is surjective.

c) Assume that f is monotone and let f~1: O(Q) — O(P) be the induced
map from part a). Show that f is surjective if and only if f~! is
injective.

Let P be a poset. Prove that the down map is an order embedding from P

into p(P).

Let I, = {1,...,n} and let f: p(I,,) — {0,1}" be defined by

fE=(e1,...,en)

where e; = 1 if and only if ¢ € E. Prove that f is an order isomorphism.
Let P be a poset and let P? be the dual poset. Prove that

O(P) ~ (O(P%))’

Let P and @ be posets. Prove that O(P U Q) =~ O(P) x O(Q).

Let P be a poset of size at least ab 4 1. Prove that P contains either an
antichain of size at least @ 4+ 1 or a chain of size at least b 4 1.

Let P be a finite poset.

a) Show that |O(P)| is equal to the number of antichains in P.
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b) Show that for z € P,
[O(P)| = [O(P\ {z})| +|O(P\ (lzU Tx))

(Dual to Dilworth's theorem) An antichain cover of P is a collection of
antichains in P whose union is P. Prove the dual to Dilworth's theorem: A
poset P with finite height A has an antichain cover of size h.

Let =< be a preorder on X. Define a binary relation ~ on X by

a~b if a<b and b=<Xa

a) Show that ~ is an equivalence relation on X. Denote the equivalence
class containing a € X by [a].

b) Leta,b € X. Show thatifa < b, thenx < y forall z € [a] and y € [b].

¢) Show that the binary relation on the set X/ ~ of equivalence classes
of X under ~ defined by

[a] <b] if a=b

is a partial order on X/ ~ .

d) Given a partial order < on P, let < be defined on the power set
©(P) by S =T if for each s € S, there is a t € T' for which s < ¢.
Prove that < is a quasiorder.

Let (P, <) be aposet and let a £ b in P. Show that < is contained in a

total order < on P for which b < a.

Let P be a nonempty set. Prove the following:

a) The smallest partial order on P is equality.

b) The maximal partial orders on P are the total orders.

¢) (Szpilrajn, 1930) If 0 is a partial order on P, then 6 is the intersection
of all total orders on P that contain 6.

Let X be a topological space. Let cl(A) denote the closure of A in X.

a) Show that z <y ifz € cl({y}) is a preorder on X.

b) Show that < is a partial order if and only if X is T, that is, given any
x # y € X there is an open set containing one of = or y but not both.

The linear kernel K (P) of a poset P is the set of all elements of P that are

comparable to every element of P. Prove that K (P) is the intersection of

all maximal chains of P.

Prove that Zorn's lemma is equivalent to the Hausdorff maximality

principle.

Prove that the Hausdorff maximality principle implies Tukey's lemma.

Prove that Tukey's lemma implies the axiom of choice.






Chapter 2
Well-Ordered Sets

This chapter is an introduction to the subject of well-ordered sets and ordinal
and cardinal numbers. While this material is more typically found in a textbook
on set theory, we will have a few occasions to use the basic theory of ordinals,
most notably in describing conditions that characterize the incompleteness of a
lattice and in the discussion of fixed points. However, the chapter may be
omitted upon first reading without severe consequences.

Well-Ordered Sets

We recall some earlier facts.

Definition 4 poset (W, <) is a well-ordered set if every nonempty subset of
W contains a least element. In this case, the order < is called a well-ordering

of W. A nonempty set X for which a well-ordering exists is called a well-
orderable sez.[]

A well-ordered set is totally ordered, since any doubleton set {a, b} has a least
element. Also, every nonmaximal element a € W has a unique cover, since the
set

Uy={zeW|z>a}

is nonempty and so has a least element z, which covers a. Moreover, if a C vy,
then y € U, and so a < z < y. Hence, y = z.

Initial Segments

In a well-ordered set, the following down-sets are special.

Definition Let P be a poset. For a € P, the set
Pla] ={z € P |z <a}

is called the initial segment of P at a. (Note that a ¢ Pla].) We denote the

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 2, 27
© Steven Roman 2008
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Sfamily of initial segments of P by seg(P). When we write Plal, it is with the
tacit understanding that a € P.OJ
If P is totally ordered, then
a<b <& Pla] C P}
and so the initial segment map I: P — seg(P) defined by I(a) = Pla] is an

order isomorphism. It follows that seg(P) ~ P and so seg(P) is totally ordered
by set inclusion. We can say more when P is well-ordered.

Theorem 2.1 Let W be a well-ordered set.
1) The initial segments in W are precisely the proper down-sets of W, that is,
seg(W) = O"(W) == O(W) \ {W}
2) The function I: W ~ O*(W) defined by
I(a) = Wla]
is an order isomorphism and so O(W) is well-ordered by set inclusion.
Proof. For part 1), the sets W [a| are clearly proper down-sets. If D is a proper
down-set of W, then W \ D has a least element ¢ and D = W{a]. To see this, it

is clear that Wa] C D, since a is the least element not in D. Also, if d € D but
d > a,then a < d € D and since D is a down-set, we get a € D, which is false.

For part 2), if a < b, then certainly Wa] C Wb]. Conversely, if Wa] C Wb]
but b < a, then b € W[a] C Wb] and so b € Wb], which is false. Hence,
a < b and so [ is an order embedding Finally, I is surjective by part 1) and so
is an order isomorphism.[]

Isomorphisms of Well-Ordered Sets

We will have use for the following concept.

Definition Let P be a poset. A function f: P — P is inflationary if
z < f(x)
Sforall x € P.OJ
The term increasing is also used for inflationary functions but unfortunately,
some authors use increasing to mean monotone, so we have decided to avoid

the term altogether.

Strictly monotone functions need not be inflationary. However, the situation is
different for well-ordered sets and this has some important consequences.

Theorem 2.2 Let W be a well-ordered set.
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1) A strictly monotone function f: W — W is inflationary.

2) W is not isomorphic to any subset of any initial segment W, nor are any
two distinct initial segments of W isomorphic.

3) There is at most one isomorphism between any two well-ordered sets. In
particular, the identity is the only automorphism of W.

Proof. For part 1), if there is an x € W such that f(z) < x, then the set

S={xeW| f(z) <=z}

is nonempty and so has a least element a. But applying f to the inequality
f(a) < a gives

f(f(a)) < f(a)

which shows that f(a) € S, a contradiction to the minimality of a.

For part 2), if f:W ~ S C W/a], then since f is inflationary, we have
a < f(a), which is impossible since, then f(a) ¢ Wla]. Also, if a < b, then
W a] is an initial segment of the well-ordered set W[b] and so is not isomorphic
to W[b].

For part 3), if f: W ~ W is an automorphism, then f and f~! are inflationary
and so x < f(z) and x < f~!(z). Applying f to the latter gives f(z) < x and
so f(z) = x, that is, f is the identity map. Hence, if f, g: W, ~ Wy, then g~ ' f
is an automorphism of W, and so g~! f is the identity, whence f = ¢g.00

The fact that a strictly monotone function f: W — W is inflationary has further
important consequences. In particular, the following result about pasting
together isomorphisms is very useful. For instance, it shows immediately that if
Wy and Wy are nonisomorphic well-ordered sets, then one is isomorphic to an
initial segment of the other.

Theorem 2.3 Let W, and Wy be well-ordered sets.
1) The family
P = {fD ~F | D e O(Wl),E S O(WQ)}
is nonempty. Also:
a) Iff:D— Eandg:D' — E"arein P and D C D' then g|p = f.

b) For each D € O(W), there is at most one [ € P with domain D and
so we may totally order P by

(f:D~E)<(¢:D'~FE) iff DCD
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) If
A= U D and B := U E
D=dom(f) E=im(f)
where feP where feP

then the function F: A =~ B defined by
F(z) = f(z)

Jor any f with x € dom(f) is the largest element of P. Moreover, either

A= W1 or B = WQ.
3) (Cantor, 1897) Exactly one of the following holds:

a) W1 ~ W2

b) Wy = Whla] for some a € Wy

¢) Wy~ Wib] for some b € W,

Moreover, the isomorphism in question is unique.
Proof. For part 1), the family P is nonempty since the function that takes the
smallest element of 1/} to the smallest element of W5 is in P. Next, we observe
that there is at most one function in P for each D € O(W}), for if

fiD~FE and ¢gD~FE

then F = E' are isomorphic down-sets in W5 and so Theorem 2.2 implies that
E =FE' . Then f,g: D ~ F and so f = g. Finally, if
fiD~FE and ¢:D ~F'

arein P and D C I, then g|p: D = g(D) isin P and so g|p = f.

For part 2), the function F' is well defined, since = € dom(f) N dom(g) implies
that f(z) = g(x) and so the definition of F'(x) is independent of the choice of
f. Since

xr<yin A& f(x) < f(y) forsome f € P& F(x) < F(y)

and since F' is clearly surjective, it is an order isomorphism. Since A and B are
down-sets, it follows that F' € P. Clearly, F is the largest element of P.

Finally, if A = Wi[a] and B = W3[b], then we can extend F: Wi[a] =~ W3[b] to
an isomorphism F: | a ~ | b of down-sets by setting '(a) = b. This contradicts
the fact that F is the largest element of P. Hence, either A = W; or B = W,

For part 3), Theorem 2.2 shows that at most one of 3a)-3c) can hold and that the
isomorphism must be unique. But the isomorphism F' establishes that one of
3a)-3c) must hold.[]
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Ordinal Numbers

The ordered set
X =(0,{0},{0,{0}},{0,{0},{0,{0}}})

has the property that each element is the set of all elements that came before it.
Thus, every element of X is also a subset of X. There is a name for such sets.

Definition 4 set X is transitive if every element of X is a subset of X, that is, if
rcaeX = zeX O
Note that to say that a set is transitive is not the same as saying that membership
is a transitive relation on X, that is, for any z,y, 2z € X,
rTeEyezr = xE€z
This is two different uses of the term transitive: one as it relates to a set and one

as it relates to a binary relation. However, both senses are used in the following
definition of the principle object of study of this chapter.

Definition A4 set « is an ordinal number or ordinal if the following hold:
1)« s transitive, that is,

aceEbEa = a€a«

2)  Membership is a strict (asymmetric and transitive) well-ordering of c.
We will reserve lowercase Greek letters for ordinal numbers and denote the fact
that « is an ordinal by o € ord.[J

Somewhat as an aside, the family ord of all ordinals is too large to be considered
a set, since doing so leads to certain paradoxes of set theory. To avoid these
paradoxes, set theorists have defined classes. Thus, ord is a class. Much, but not
all, of set theory can be applied to classes. For more on this, we refer the reader
to a book on set theory.

Thus, for elements of an ordinal number «, the phrase “less than” means
“element of.” Let us make a few observations that follow directly from the
definition. Let o € ord.

1) Since membership is a strict order on «, it follows that
aéda

which implies that the elements of « are proper subsets of «.
2) Consider the chain

a€ebecex

where « € ord. The transitivity of the set a implies that b € o and so
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a € b € a, whence a € a. More generally,

a€Eary €~ €a, €a = aq;€aforalli=1,...,n

Also, the transitivity of the membership relation gives

a€ax€---€ay, €a = a;€ajforalli<y

3) (The elements of  are the initial segments of «) The initial segment «[a]
of av is by definition the set of all elements of « that are elements of a, that
is,

alal =a

In words, each element a € « is its own initial segment.

4) (The elements of « are ordinals) Any element a € « is also an ordinal. In
fact, the transitivity of membership in « shows that a is a transitive set, for
if x € y €a, then x € a and so y C a. Also, since a C «, it follows that
membership is a strict well-ordering on a.

5) (No other proper subsets of « are ordinals) A proper subset S C « is an
ordinal if and only if S is an initial segment (element of) . For if S' € ord,
then S is a proper down-set in «, since if s € S and a € s implies that
a € S. Hence, Theorem 2.1 implies that .S is an initial segment of «.

6) (In ord, proper inclusion is membership) If «, 3 € ord, then

aCf & a=paforsomeacf & a€ep

Thus, for ordinals, membership is equivalent to proper inclusion.

A word on notation: It is customary to use the symbol < as an alternative
notation for membership. Thus, if o, 5 € ord, then

a<f means «€f

The symbol < reminds us more of a strict order, but the symbol € is more
meaningful in this context. However, there is no commonly accepted notation
involving € to express the fact that « € 3 or « = 3 and so we use a < 3.

The Natural Numbers

The prototypical examples of ordinals are the natural numbers. Indeed, the
natural number 0 is defined to be the empty set, which is an ordinal. The other
natural numbers are defined, in their natural order, by specifying that the natural
number n is the set of all natural numbers that have already been defined. Thus,
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I
=

0
1

{0} = {0}

2={0,1} = {0,{0}}

3= {07 172} = {Q)v {@}, {Q)r {@}}}

4=140,1,2,3} ={0,{0},{0,{0}},{0. {0}, {0, {0} }}}

n=1{0,1.,....n—1}=n—-1U{n -1}

By definition, an ordinal is finite if it is a natural number; otherwise, it is
infinite. The set N, under the usual order

0<l<2<---

is an ordinal number, customarily denoted by w when thought of as an ordinal.
(We leave proof to the reader.) Also, w is the smallest infinite ordinal, in the
sense that any proper subset of w that is also an ordinal must be a natural
number. For if «v is an ordinal and @ C w, then o« = w[n| = n for some n € N.

Characterizing Ordinals by Initial Segments

We have seen that the initial segments of o € ord coincide with the elements of
«, that is,

ala) = a
for all @ € a. Conversely, suppose that (W, < ) is a well-ordered set for which
Wla] =a

for all @ € W. Then W is clearly transitive and the strict well-ordering < must
be the membership relation, since

a€b & acWph & a<bd

Hence, W is an ordinal. This gives a very useful characterization of ordinals
which is sometimes taken as the definition of ordinal number.

Theorem 2.4 A well-ordered set (W, <), where < is a strict well-ordering,
is an ordinal if and only if

a = Wla]
forall a € W. In this case, the strict order relation < is membership, that is,

a<binW & a€bd O
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The Successor of an Ordinal
The successor of a set X is the set
suce(X) = X U{X}

Note that the natural number n + 1 is defined to be the successor of the natural
number n.

Theorem 2.5 If « is an ordinal, then so is its successor.

Proof. The set succ(a) = v U {a} is transitive, since if € a € a U {a}, then
either @ = «, in which case x € a or else x € a € «, in which case = € a. Also,
« is the largest element in succ(«) and so membership is a strict well-ordering
of succ(wr).Od

Sets of Ordinals

We have seen that membership, which is the same as strict inclusion, is a strict
order on the class ord. It follows, of course, that membership is a strict order on
any nonempty set S of ordinals. But we can say more, namely, the union | JS
and intersection (S of S are also ordinals and the intersection \ is actually the
least element of S and the union is the least upper bound for S. It follows that
any nonempty set S of ordinals is well-ordered by membership (strict
inclusion).

To see this, note first that the union or intersection of transitive sets is transitive.
Also, since (S and [ S are both sets of ordinals, membership is a strict order
on these sets. Since the intersection A =[S is a subset of any ordinal o € S, it
follows that A is well-ordered by membership and so A is an ordinal. Moreover,
since A C « for all aw € S, it follows that A =« or A € a for every o € S.
Thus, A is a lower bound for S. Also, if A € a forall & € S, then A € NS = A,
which is false. Hence, A = « for some o € S and so A € S is the least element
of S.

Finally, since every nonempty set of ordinals has a least element, it follows that
the union | S is well-ordered by membership and is therefore an ordinal.

Theorem 2.6 Let S be a nonempty set of ordinals, strictly ordered by
membership.
1) (S is an ordinal and is the least element of S.
a) Therefore, every nonempty set of ordinals is well-ordered by
membership. In particular, the trichotomy law holds, that is, if
a, 8 € ord, then exactly one of the following holds:

a€ef, a=p or BEa

b) A set of ordinals is an ordinal if and only if it is transitive.
2) \US is an ordinal and is the least upper bound (supremum) of S.
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a) Hence, for every set S of ordinals, there is an ordinal that is greater
than every ordinal in S, namely, succ(|JS).
3) The set of finite ordinals is the set of natural numbers.
Proof. For part 3), the definition of natural number implies that all natural
numbers are finite ordinals. Conversely, if « € ord is finite, then the trichotomy
law implies that o € w and so & = w[n] = n, for some n € N.O

Ordinals Are Order Types

We can now show that every well-ordered set is isomorphic to exactly one
ordinal.

Theorem 2.7 Every well-ordered set W is isomorphic to a unique ordinal
number, which is called the order type of .

Proof. Since if o, 5 € ord, then one of a or (3 is an initial segment of the other,
it follows that no two distinct ordinals are order isomorphic and this proves the
uniqueness part of the theorem. For the existence part, if there is an ordinal «
for which W ~ e or W = «/[a] for some a € «, then we are done, since a/a] is
also an ordinal. So let us assume that this is not the case.

Then Theorem 2.3 implies that for every a € ord, there is a necessarily unique
a € W for which a = W{a]. It follows from an axiom schema of set theory that
ord is a set, which is false, since for any set S of ordinals, there is an ordinal that
is strictly greater than all elements in S. (The axiom schema to which we refer is
the Axiom Schema of Replacement. We refer the interested reader to a book on
set theory for more details.)]

Successor and Limit Ordinals

The successor of an ordinal « is denoted by a + 1, that is,
a+1:=succ(a) = aU{a}

An ordinal 3 of the form =a+1 is called a successor ordinal. A

nonsuccessor ordinal is called a limit ordinal. Note that

a<f & a<p+1

We leave proof of the following as an exercise.

Theorem 2.8 Let o, 3 € ord.

1) Ifa €, theneithera+1€ Bora+1=20.

2) «+ 1is the unique cover of .

3) The following are equivalent for an ordinal \:

a) A is a limit ordinal
by acord ael=a+1ecA
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¢) A is the union of all ordinals contained in A, that is,

)\:Ua O

aEN

Transfinite Sequences

The notion of sequence can be extended into the transfinite.

Definition
1) Let A be a set and let 6 € ord. 4 function f:6 — A is called a transfinite
sequence of length 6 in A and is often denoted by

S={ay|a<d)

where o, = f(a). The set im(S) = {a, | @ < 6} is called the underlying
set, range or image of S and ¢ is called the index ordinal of S.

2) By analogy, a “function” f:ord — A is called a sequence on ord and is
denoted by

(aq | @ € ord) a

We will say that an element a is in a sequence or belongs to a sequence S if a is
in the underlying set of S. The image {a, | @ < &} of an injective transfinite
sequence (a, | a < §) is well-ordered by the index ordinal §:

ay <ag if aep

Conversely, if X is a well-ordered set, then it is isomorphic to a unique ordinal
6 and the unique isomorphism f:6 ~ X is a transfinite sequence. Thus, an
injective transfinite sequence with range X is essentially just a way to well-
order the set X.

Subsequences

Suppose that f: 6 — A is a transfinite sequence. If 3 < ¢ and if g: 3 — 6 is a
strictly increasing function, then the composition fog:3 — A is called a
subsequence of f. A subsequence of a sequence f is just a way of selecting a
portion of the image of f, while at the same time preserving the original order
that f imparts to its image.

We can take a slightly different viewpoint of subsequences as follows. Suppose
that f:6 — A is a transfinite sequence and W C ¢ is a nonempty subset of 9,
with the well-order inherited from 6. Then there is a unique order isomorphism
g:a~ W, where a € ord. The map (f o g):« — A is a subsequence of f, but
it will sometimes be convenient to think of the map f|y:W — A as a
subsequence of f, which does no harm since W uniquely determines « and g.

As mentioned, the notation S = (a, | a < §) is often used to denote a
transfinite sequence f:6 — A, where f(a)=a,. Then a subsequence
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(fog):B— A of fis denoted by 7 = (ay) | a < 3). Thus, to say that an
element a) in S is in 7 is to say that a) = ay(,) for some o € (3.

Transfinite Induction

The well-known principle of induction for the natural numbers can be
generalized as follows.

Theorem 2.9 (Transfinite Induction: Version 1) Let P(x) be a property of
ordinals, that is, for each o € ord, the statement P(«) is either true or false. If
the following inductive hypothesis /olds:

P(B) holds forall < o« = P(«) holds

then P(a) holds for all ordinals c.

Proof. If P(«) does not hold for some « € ord, then let X be the nonempty set
of all ordinals § € « for which P([3) fails and let A be the least element of X.
Thus, P(\) fails, but P(() holds for every 3 € A, contradicting the inductive
hypothesis.[]

There is another common version of transfinite induction.

Theorem 2.10 (Transfinite Induction: Version 2) Let P(x) be a property of
ordinals, that is, for each « € ord, the statement P(«) is either true or false.

Assume that
Iy P(0) holds
2) If«is any ordinal, then

P(«a) holds = P(a+1) holds

3) If ais a limit ordinal, then
P(B) holds forall 3 < o« =  P(a) holds

Then P(«) holds for all ordinals.

Proof. If P(«) does not hold for some « € ord, then let X be the nonempty set
of all ordinals 3 < « for which P(3) fails and let A be the least element of X.
Thus, P(A) fails but P(3) holds for every 8 < A. If A =0, then we are in
violation of 1); if A = a + 1 is a successor ordinal, then we are in violation of
2) and if A is a limit ordinal, then we are in violation of 3).00

Cardinal Numbers

Cardinal numbers are special types of ordinal numbers.

Definition 7wo sets X and Y are equipotent (also called equipollent or
equinumerous) if there is a bijection between X and Y .[]
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We use the notation X — Y to denote the fact that there is an injection from X
to Y and the notation X «+ Y to denote the fact that there is a bijection from X
onto Y/, that is, that X and Y are equipotent.

Definition An ordinal « is an initial ordinal or a cardinal if o is not
equipotent to any smaller ordinal (3 € a. We denote the class of all cardinal
numbers by Cn.OJ

The natural numbers are initial ordinals, as is the ordinal w. Also, it is not hard
to show that any infinite cardinal number £ is a limit ordinal.

The Cardinality of a Set

In general, a well-orderable set X may have many well-orderings. For each
well-ordering < on X, the well-ordered set (X, <) has a unique order type
O<. The family of well-orderings on X is a set and therefore so is the set
OrdTypes(X) of all order types corresponding to the well-orderings of X. Since
an order isomorphism is also a bijection, each order type is equipotent to X and
o)

OrdTypes(X) C {3 € ord | § is equipotent to X'}

On the other hand, if a € ord is equipotent to X, then any bijection f:« < X
can be used to transfer the well-ordering from « to X, making (X, <) a well-
ordered set. Then f is an order isomorphism and so @ € OrdTypes(X). Thus,

OrdTypes(X) = {8 € ord | § is equipotent to X'}

Therefore, the least member « of OrdTypes(X) is an initial ordinal, since v € «
implies that v is not equipotent to X and therefore is not equipotent to c.
Theorem 2.11 Let X be a well-orderable set. Then

OrdTypes(X) = {8 € ord | § is equipotent to X }

and the smallest order type for X is an initial ordinal, called the cardinality of
X and denoted by | X| or card(X).0

Example 2.12 Consider the set N of natural numbers. When N is given the
usual order
O<l<2<---

then the resulting well-ordered set is denoted by w. We may also well-order N
by giving the positive integers the usual order and declaring that O is the largest
element, that is,

1<2<--- and n <0 forall positive integers n

Let us denote this well-ordered set by WW. Then the map
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fW—-w+l=wU{w}
defined by

k—1 fork >0
f(k)_{w fork=0

is an order isomorphism and so W ~ w + 1. In a similar way, we can well-order
N so that W ~ w + k for k& > 1. However, w is the smallest infinite ordinal and
so it is the least ordinal that is equipotent to N, that is, |N| = w.O

In this book, we will assume the axiom of choice and its equivalents (unless
otherwise noted). In particular, we assume that any set is well-orderable. Hence,
any set has a cardinal number, as we have defined the concept. (If one does not
assume that every set is well-orderable, then one can define a more general
notion of cardinal number or simply restrict the definition to well-orderable
sets.)

The Cantor—Schroder—Bernstein Theorem
The well known Cantor—Schroder—Bernstein theorem says that
X—=Y and Y =X = XV

This theorem is usually proved by actually constructing a bijection between
Xand Y. However, with our background in ordinal numbers, we can also prove
the theorem by proving that

X—=Y & |X|<|Y]
since the theorem, then follows from the trichotomy law
(X[ < Y] and [Y[<[X] = [X|=]Y]
It is easy to see that
X<Y <& |X|=|
since X < |X| for all sets X and no two distinct cardinal numbers are
equipotent. Now suppose that f: X — Y. If we well-order Y to have order type

B =1Y]|, then fX inherits this well-ordering and so has an order type a.
Moreover,

ax fXCY~(

and so « is order isomorphic to a subset of 3. This implies that 3 cannot be an
initial segment of o and so o < (3. Since « is an order type of X, we have

IX|<a<pB=1Y|
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For the converse, if X < Y, then |X| C |Y| and there are maps
X |X|<=Y|<Y
where the center map is inclusion. The composition is an injection from X into
Y. Thus,
X—Y & [X|<|Y]|
Incidentally, this justifies the introduction of the expression |X| < |Y| to mean

that X — Y, which one often finds in books that introduce the concept of the
“cardinality” of a set before introducing cardinal numbers.

Theorem 2.13 If'Y and X are sets then

D |X|<|Y|ifandonly if X — Y

2) |X|=|Y|ifandonly if X <Y

3) (Cantor—Schroder—Bernstein theorem)

X—=Y and Y —-X = XV O

Cantor's Theorem
Another famous theorem associated with Cantor shows that there are arbitrarily

large cardinal numbers.

Theorem 2.14 (Cantor's theorem) If X is a set then | X| < |p(X)].

Proof. Let f: X — p(X) be defined by f(x)= {x}. This is an injection,
showing that |X| < |p(X)|. But if |X| = |p(X)]|, then there is a bijection
9: X — p(X). Let

S={reX|z¢g(x)}

The surjectivity of g implies that S = g(s) for some s € X. But s € S implies
that s ¢ g(s) =S and s ¢ S implies that s € g(s) = S, both a contradiction.
Hence g cannot exist and so | X | = |p(X)| cannot hold.

We mention without proof that the cardinality of the set po(X) of all finite
subsets of an infinite set X is the same as the cardinality of X.

The Alephs

Cantor's theorem implies that the set

{ITeCn|S<II<|p(D)|}

is nonempty and so has a least element. This least element is the smallest
cardinal greater than 3.

Definition /'Y is a cardinal, then the smallest cardinal h(X) greater than 3 is
called the Hartogs number of >..01
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The Hartogs number and transfinite recursion (which we will not discuss
formally in this brief introduction) can be used to define a strictly increasing
transfinite sequence of cardinal numbers, indexed by ord.

Definition Define a strictly increasing transfinite sequence (X, | a € ord) as

follows:
1) No = w
2) Ifa+ 1isasuccessor ordinal, then

Na+1 = h(Na)
3) If \is a limit ordinal, then
Ny =sup{Ry | B <A} = J{Ns | B <A}

The numbers N, are called alephs.[]

Theorem 2.15 The alephs are precisely the infinite cardinal numbers.
Proof. Since 8, < h(X,) and since, for any limit ordinal A,

Ng < Vg <Ny

for any (8 < A, it follows that the sequence of alephs is strictly increasing.
Moreover, since N is an infinite set, all alephs are infinite cardinals.

For the converse, it is easy to see by transfinite induction on « that all cardinals
> less than R, are alephs. If a = 0, then the result holds vacuously. If the result
holds for o and ¥ < N, .1, then ¥ < XN,,. But if ¥ = XN,, then X is an aleph and
if 3 < N, then the inductive hypothesis implies that 3 is an aleph. Finally, if A
is a limit ordinal, then ¥ < R, implies that ¥ < X3 for some 3 < A and the
inductive hypothesis implies that ¥ is an aleph.

Thus, it is sufficient to show that any cardinal X is less than some aleph. For
this, we show by transfinite induction that any ordinal « satisfies a@ < N, since
then ¥ < Ny, < Wy ;. This is clear for « = 0. Also, 8, < h(X,) gives

a <R, = a+1§Na+1§h<Na):Nu+l

Finally, if A is a limit ordinal and o« < R, for all < A, then

)\:UaSUNa:N,\ O

aEN aEN

The question of how big a “jump” occurs in going from the cardinality of a set
X and the cardinality of its power set p(X) is a very famous one. The
continuum hypothesis is the statement that the cardinality of the power set
©(N), which is the same as the cardinality of the real numbers R, is equal to N;.
Kurt Godel showed in 1940 that the continuum hypothesis is consistent with,
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that is, cannot be disproven from, the usual Zermelo—Fraenkel axioms of set
theory, with or without the axiom of choice. In 1963, Paul Cohen showed that
the continuum hypothesis is independent of, that is, cannot be proven from, the
Zermelo—Fraenkel axioms, with the axiom of choice. Hence, the continuum
hypothesis is independent of the Zermel-Fraenkel axioms and the axiom of
choice. The generalized continuum hypothesis is the statement that
2% = N, for all ordinals cv.

Ordinal and Cardinal Arithmetic

The arithmetic of ordinal numbers is defined as follows.

Definition (Ordinal arithmetic)

Addition:

) a+0=«a

2) a+1=succ(a)

3 a+(B+1)=(a+pP)+1foral B € ord
4 a+A=Uzerla+ B} for all limit ordinals \.
Multiplication:

5) a-0=0

6) a-(b+1)=a-p+aforalecord
7)o X =Ugerla - B} for all limit ordinals \.
Exponentiation:

8 a'=1

9) o’ =a - aforall B € ord

10) o* = Uger{a”} for all limit ordinals X.00

Here is a short list of the first few infinite ordinals:

wwt+l,w+2,...,wtw=w-2,
w-24+1lw-242,.. ,w-24w=w-3,

wok+1,.we(k+1)

The next limit ordinal is

Ww=ww=wk

Now we begin again, replacing each w above by w? and continuing:

2

W wrw=w Wt Wk = ek

This process continues:
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WA, w

Note that
w-2#2-w

since the latter is

2 w=J@2 k) =w
keN

Thus, ordinal multiplication is not commutative.

Since cardinal numbers are ordinal numbers, we already have a definition of
sum, product and exponential for cardinal numbers. However, as measures of
the size of sets regardless of any order structure, there is a more appropriate set
of operations, called cardinal sum, cardinal product and cardinal
exponentiation.

These operations are defined in terms of set operations.

Definition (Cardinal arithmetic)
1) N, + N5 =|X, URg|, where U denotes the disjoint union.

2) N, -Ng =R, X Ng|, where x denotes the cartesian product.

3) R’ = [{f:R5 — R, }H.0O

We omit the proof of the following theorem.

Theorem 2.16 For infinite cardinal numbers 3. and 11, we have
Y4+ 1I=3% 1 =max{%,II}
Also, if po(X) is the set of all finite subsets of an infinite set X then
[oo(X)] = [X] U

Complete Posets

It is well known that the union of an arbitrary family of subgroups of a group G
need not be a subgroup of G. However, the union of a chain of subgroups of G
is a subgroup of G. More generally, the union of a directed family of subgroups
of GG is a subgroup of GG. Similar statements can be made in the context of other
algebraic structures, such as vector spaces or modules.

Actually, the statement about directed sets is not more general than the
statement about chains. We will prove that if every chain in a poset P has a join,
then every directed set also has a join.
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Definition Let P be a poset.

1) P is chain-complete or inductive if every chain in P, including the empty
chain, has a join. Thus, P has a smallest element.

2) P is complete or a CPO if P has a smallest element and if every directed
subset of P has a join.[J

We should mention that the adjective complete has a different meaning when
applied to posets than when applied to lattices. (We will define complete lattices
in a later chapter.)

The proof that chain-completeness implies completeness uses the fact that any
infinite directed set D is the union of a strictly increasing transfinite sequence of
directed subsets of D of cardinality less than that of D. Our proof of this result
follows the lines of Markowsky [43], which is a sharpening of Iwamura [35];
see also Maeda [41], Skornyakov [57] and Mayer-Kalkschmidt [44].

Theorem 2.17 An infinite directed poset D is the union of a strictly increasing
transfinite sequence

S= (D, |a<|DJ|)
of directed subsets D,, for which |D,| < |D|. In particular, if o is finite, then

|D,| is finite and if « is infinite, then |D,,| < |«|.
Proof. Well-order D using the cardinal ¥ = |D| as index set, that is,

D={d,|a<)
We will define the sequence S in such a way that for all & < X,

{d¢ | e <a} C D, (2.18)
Then for any 5 < X, we have dg € Dgyy C |JD,, and so D, = D.
The finite part of the sequence is easy to define: At each step, just include the
smallest element of D (under the well-ordering) not yet in the sequence, along

with an upper bound (under the partial order) for what has come before.
Specifically, let Dy = {dy} and let

Dyi1 = Dy U{epy1, upi1}

where ey is the least element not in Dy, and u; is any upper bound for the
finite set Dy U {ep41}. It is clear that (Dy | k € N) is a strictly increasing
sequence of finite directed (in fact, bounded above) sets. Moreover,

{d07"'7dk’} ng

It follows that if ¥ = w, then |JD) = D and the proof is complete. So assume
that ¥ > w.
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Assume that for § < X, we have constructed a strictly increasing sequence
(D, | a < ) of directed sets D,, for which |D,| < |a| and (2.18) holds for all
a < 3. This has been done for 5 = w. Construction of the next element Dy in
the sequence depends on the type of the index [3.

For a limit ordinal 3, we accumulate all that came before:

Dy=JDa

a<f

Then Dy is directed and o < 3 implies that D, C D41 € Dg. Also,
1Ds| <D 1Dal <181 - 18] = 18]

a<f

Moreover, (2.18) holds since if € < 3, then e + 1 < [ and so
de € Dey1 € Dy

If # = 6 + 1 is an infinite successor ordinal, we define Dy, in a manner that is
similar in spirit to the finite case. First, since |Ds| < |D|, the set D\ Ds is
nonempty and so we may adjoin a new element by setting

Dsi19=Ds U {es}

where es is the least element (under the well-ordering) not in Ds. Although
Ds.1,0 may not have an upper bound, we can include upper bounds (under the
partial order) for all finite subsets of Ds 1. But this process must be repeated,
since the inclusion of these upper bounds requires that additional upper bounds
be included as well. Specifically, for k£ € N, let

D51 p+1 = Dsy1, U {an upper bound up for each finite subset ' C Dsyq 1}

and let

Dsy1 = JDs i1
keN

Now, D5y is directed since any x,y € Dsq are also in some set Ds 1 . and so
have an upper bound in D51 j+1. Also, |Dst1 x| = |Ds+10| = |Ds| and so

|Dsi1| < Rg - |Ds| = |Ds| < |6] =16 + 1]

Moreover, (2.18) holds since if ¢ <6+ 1 then € < 6 or e = 6. If € < 6, the
induction hypothesis implies that d. € Ds C Ds.1. If € = 6, then since Dy
contains all d. with e < §, it follows that if ds ¢ Ds, then es = ds and so
ds € Dsi10 C Ds+q. Thus, the sequence (D, | o <X) has the desired
properties.[]

Theorem 2.19 4 poset P is complete if and only if it is chain-complete.
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Proof. If P is complete, then it is chain-complete, since every nonempty chain
is a directed set and since a complete poset has a smallest element by definition.
For the converse, we use transfinite induction on the cardinality > of the
directed set D. If ¥ is finite, then D has a join, so we may assume that > = R,
is infinite and that all finite directed sets and all directed sets of cardinality X,
for av < v have a join.

Theorem 2.17 implies that there is a strictly increasing transfinite sequence
S=(D,|a<¥)

of directed subsets with | D, | < |D| and

UDa:D

The induction hypothesis implies that each set D,, has a join a,,.

Since o < § implies that D, C Dg, the sequence (a, | @ < X) is a chain and so
it has a join a. Since D, < a, < a, it is clear that a is an upper bound for D.
However, if D < b, then D, < b and so a, < b, whence a < b. Thus, «a is the
join of D.J

Cofinality

The following concept will prove useful in our study of the completeness (or
rather the incompleteness) of lattices.

Definition Let P be a poset.
1) Aset AC P is cofinal in P if for any x € P, there is an a € A such that
x < a, that is, if

P=1]A
A transfinite sequence
(aa [a < B)

is cofinal in P if the underlying set {a, | o < B} is cofinal in P.
2) Dually, a set A C P is coinitial if for any x € P there is an a € A such
that a < x, that is, if

P=14A

A transfinite sequence (a, | « < (3) is coinitial in P if the underlying set
{ao | @ < B} is coinitial in P.O]

If A is cofinal in P, then any upper bound u for A must be in A and must be the
largest element of P. In particular, if P has no largest element, then a cofinal set
in P is unbounded.
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Of course, a poset (P, <) is cofinal in itself. However, we are more interested
in cofinal subsets that have some additional order properties. In particular, given
a well-ordering of P via an injective transfinite sequence

P ={(an|a<d)

we can always find a subsequence C of P with the following properties:

1) The underlying set C' of C is cofinal in P under the partial order, that is, for
any p € P, there is an a,, € C for which p < a,.
2) The well-order given by C is compatible with the partial order on P, that is,

ag,ap €C and a<f = a,<ag or a,l ag

In words, if a, comes before ag in the sequence C, then a, is less than or
parallel to ag in the original partial order.

The subsequence C is constructed by selecting the elements of P as follows:
az €C &  apis < -maximalin {a, | @ <}

To see that the order of C is compatible with the partial order on P, if a,,a3 € C
where a < 3, then the inclusion of az implies that ag is maximal in a set that
includes a,, and so a, < as or a, || ag.

To see that C' is cofinal in P, if ag ¢ C, then ag is not maximal in {(a,, | o < 3),
which therefore contains an element greater than ag. But then the first such
element (in sequential order) as is < -maximal in (a, | @ < §), since otherwise
it would not be the first element greater than az. Hence, as € C' and a5 > ag.

Theorem 2.20 Let (P, <) be a poset, well-ordered by an injective transfinite
sequence

P ={(an|a<d)
Then P has a cofinal subsequence C with the following properties:
1) The well-order of C is compatible with the order in (P, <), that is,
an,ap €C and o< f = ay<ag or aql ag

2)  The underlying set C of C is cofinal in (P, <), that is, if p € P then there
is an a,, € C for which p < a,.0

Exercises

1. Give an example of a linearly ordered set P for which there is a proper
down-set that is not an initial segment of P.

2. Let W be a well-ordered set for which oo ¢ W. Let W' = W U {co} and
extend the order on W so that a < co for all @ € W. Show that W' is a
well-ordered set.
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11.

12.

13.

14.
15.
16.
17.
18.

Lattices and Ordered Sets

Find an example of a strictly monotone function that is not inflationary.
Prove that a set X is transitive if and only if X C X.

Prove that the intersection of transitive sets is transitive.

Prove that the union of transitive sets is transitive.

Prove that o 4 1 covers « for any « € ord.

If o € ord show that O(a) = a + 1.

Prove that if &« € 8 € ord then eitheraw+1 € Sora+ 1 = (.
Prove that the following are equivalent for an ordinal o:

a) « is a limit ordinal

b) feord,fea=0+1€

¢) « is the union of all ordinals contained in «, that is,

a:Uﬂ

[B<a

Prove that if a set S’ of ordinals has no greatest element, then [ JS is a limit

ordinal.

Let f: W7 &= W, be an isomorphism between well-ordered sets.

a) Show that the restriction of f to Wi[a] is an isomorphism
f:Wila] = Wy[f(a)]. B

b) Show that the induced map f:p(W;) — p(Ws;) gives rise to a
bijection between the families of initial segments, given by

fWila]) = Ws[f(a)]

forall a € W7.
Let (W, <) be a well-ordered set and let co ¢ W. Let W' = W U {cc}
and order W' by extending the order on W and specifying that co > a for
all a € W. Show that the order type of W' is greater than that of W.
Prove that any natural number is an initial ordinal.
Prove that an infinite cardinal number £ is a limit ordinal.
Prove that if \ is a limit ordinal then o + A is also a limit ordinal.
Prove that the union of limit ordinals is a limit ordinal.
Prove that any ordinal « has the form o« = A + n where X is a limit ordinal
and n is a finite ordinal.



Chapter 3
Lattices

Closure and Inheritance

As we have remarked, a nonempty subset S of a poset P inherits the order
relation from P. However, S need not inherit existing meets and joins from P,
in particular, a subset A C S may have a meet or join as a subset of .S that is
different from its meet or join as a subset of P.

Closure

We will generally avoid the somewhat ambiguous term closure and instead use
the following terminology.

Definition Let P be a poset.

1) P has finite meets if any nonempty finite subset of P has a meet.

2) P has arbitrary meets if any subset of P has a meet.

3) P has arbitrary nonempty meets if any nonempty subset of P has a meet.
Dual definitions can be made with the word join in place of meet.[J

If every pair of elements of P has a meet, then P has finite meets. A similar
statement holds for joins.

Inheritance

As mentioned, if P is a poset, then a subset A C .S C P may have a meet as a
subset of S' and a different meet as a subset of P. We refer to the meet of A as a
subset of S as the S-meet of A and write /\¢A, and similarly for P. Similar
statements hold for joins as well.

Definition A4 nonempty subset S of a poset P inherits finite meets from P if
whenever the P-meet of a finite nonempty subset A C S exists, this P-meet is
also in S (and is therefore the S-meet of A). Similar definitions can be made for
the inheritance of arbitrary and arbitrary nonempty meets, as well as finite,
arbitrary and arbitrary nonempty joins.[]

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 3, 49
© Steven Roman 2008
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Note that it is possible that a subset A of S has an S-meet but no P-meet. For
example, consider the poset P = NU {a, b}, where N has the usual order and
the incomparable elements a and b are greater than all members of N. Then
{a,b} has no meet in P but has a meetin S = {0, a,b}.

Primeness
A concept related to inheritance is primeness.
Definition Let P be a poset and let S be a nonempty subset of P.
1) S is join-prime if
avbeS = a€S or besS
2) Dually, S is meet-prime if
aNbeS = a€S or besS O
At the element level, we have the following definition.
Definition
1) Let P be a poset with finite joins. An element x € P is join-prime if’
r<aVb = z<a or z<Vb

forall a,b € P.
2) Dually, let P be a poset with finite meets. An element x € P is meet-prime

if

aNb<z = a<z or b<zx

foralla,b € P.0O0
There is a simple connection between the two types of primeness.

Theorem 3.1 Let P be a poset.

1) An element a € P is join-prime if and only if the principal filter T x is join-
prime.

2) Dually, an element a € P is meet-prime if and only if the principal ideal
| x is meet-prime.[]

Complementary Properties

The connection between inheritance and primeness is also a simple one: In a
word, they are complementary. Let us say that two properties p and g of subsets
of a poset P are complementary if

S has property p < P\ S has property ¢

Theorem 3.2 Let P be a poset and let S C P. The following properties are
complementary:
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1) Up-set and down-set.
2) Inheriting finite meets and being meet-prime.
3) Inheriting finite joins and being join-prime..c]

Semilattices

Semilattices (and lattices) can be defined in two ways: one based on the
existence of an order relation satisfying certain properties and one based on the
existence of binary operations satisfying certain algebraic properties.

The order-based definition of semilattice is the following.

Definition
1) A poset P that has finite meets is called a meet-semilattice.
2) A poset P that has finite joins is called a join-semilattice.[]

Note that a meet-semilattice cannot have two distinct minimal elements, since
their meet contradicts the minimality of the elements. Hence, a meet-semilattice
either has no minimal elements or else it has a unique minimal element, that is, a
smallest element. In particular, a meet-semilattice with the DCC, such as a finite
meet-semilattice, has a smallest element. Similar statements can be made for
join-semilattices.

Semilattices Defined Algebraically
Semilattices can also be defined algebraically as follows.
Definition A semilattice is a nonempty set P with a binary operation o that

satisfies the following properties:
1) (associativity)

(aob)oc=ao(boc)
2) (commutativity)
aob=boa
3) (idempotency)
aoca=a O
Here is the connection between order semilattices and algebraic semilattices.
Theorem 3.3
1) A meet-semilattice P is a semilattice under the meet operation.

2) A join-semilattice P is a semilattice under the join operation.
3) a) A semilattice P is a meet-semilattice with order defined by

a<b if acb=a
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In this case, meet is
aANb=aob
b) A semilattice P is a join-semilattice with order defined by
a<b if aob=>b
In this case, join is
aVb=aob

Proof. Part 1) and part 2) are left to the reader. For part 3a), let P be a meet-
semilattice. The idempotency law shows that a < a. Ifa < b and b < a, then

a=aob=0b
Finally, if a < b and b < ¢, then
aoc=(aob)oc=ao(boc)=aocb=a

and so a < c¢. Thus, P is a poset. As to the meet, a o b is a lower bound for a
and b since

(aob)oa=(boa)oa=bo(aca)=boa=aobh
andsoaob < a, and
(aob)ob=ao(bob)=aob

andsoaob <b.

Also, if u < a and ©u < b, then
uoa=u=uob
and so
uo(aob)=(uoa)ob=uob=u

whence © < a o b. Thus, a o b is the greatest lower bound of a and b. The proof
of part 3b) is similar.[(]

Arbitrary Meets Equivalent to Arbitrary Joins

It may seem at first a bit surprising that a poset has arbitrary meets if and only if
it has arbitrary joins. However, there is a simple explanation for this: The join of
a family must be the meet of all elements that contain the members of the family
(and dually).

Theorem 3.4 A poset P has arbitrary meets if and only if it has arbitrary joins.
In particular:
1) If P has arbitrary meets, then the join is given by
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/A=A

for any subset A C P.
2)  Dually, if P has arbitrary joins, then the meet is given by

A=\
for any subset A C P.

Proof. Recall that for subsets X and Y, the expression X <Y means that

x<yforall z € X and y € Y. For part 1), let A be a nonempty subset of P.

To see that /A A" is the least upper bound of A, we first note that

A< AY = AgAm

so A\A" is an upper bound for A. Second, if x > A, then x € A", and so
x > NA", whence A\ A" is the least upper bound of A, that is, the join of A. O

The previous theorem does not hold for closure under finite meets (or joins): If
P is bounded and has finite meets, it does not necessarily have finite joins. A
simple example is P = {0,a,b} where a || b and 0 is the smallest element of P.
Here is a more interesting example, where P has a largest element.

Example 3.5 Let P = {0,z,y,(1,2] C R} be the poset with < defined as

follows:

1) 0 is the smallest element

2) x and y are less than any element of the half-open interval (1, 2] but not
comparable to each other

3) the order in (1, 2] is the usual one for real numbers.

Let S be a finite subset of P. If at least one of = or y is not in S, then the meet

of S is the smallest element of S. If z,y € S, then the meet of S is 0. On the

other hand, 2 is the largest element of P, but the set {x, y} has no join. I

Lattices

We now come to the principal object of study of the rest of this book.

Definition Let P be a poset.
1) P is alattice if every pair of elements of P has a meet and a join.
2) P is a complete lattice if P has arbitrary meets and arbitrary joins.[]

Note that a complete lattice is bounded. Also, we have seen that a poset P is
complete if and only if it has arbitrary meets or arbitrary joins, in which case it
has both.

We remind the reader that the adjective complete has a different meaning when
applied to posets than when applied to lattices. (Recall that a poset P is
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complete or a CPO if P has a smallest element and if every directed subset of
P, or equivalently by Theorem 2.19, every chain of P has a join.)

Example 3.6

1) A singleton set L = {a} is a lattice under the only possible order on L. This
is a trivial lattice. Any lattice with more than one element is a nontrivial
lattice.

2) Any totally ordered set is a lattice, but not necessarily a complete lattice.
For example, the set Z of integers under the natural order is a lattice, but
not a complete lattice.

3) The set N of natural numbers is a lattice under division, where

aNb=ged(a,b) and aVb=Ilem(a,b)

4) 1If S is a nonempty set, then the power set p(.5) is a complete lattice under
union and intersection.

5) If P is a poset, then the collection O(P) of down-sets of P is a complete
lattice, where meet is intersection and join is union.

6) If G is a group, then the family S(G) of subgroups of G is a complete
lattice under set inclusion, where meet is intersection. Similar statements
can be made for other algebraic objects, such as the ideals (or subrings) of a
ring, the submodules of a module or the subfields of a field.

7) Let S be a nonempty set. The finite-cofinite algebra F'C(S) is the set of
all subsets of .S that are either finite or cofinite. (A subset A is cofinite if its
complement is finite.) The set F'C(.S) is a lattice under set inclusion and as
we will see in a later chapter, it is also a Boolean algebra.[]

If a lattice L does not have a 0, then we can adjoin a 0 to the poset L. The set
L, is also a lattice since finite meets and finite joins of elements of L are not
affected and since 0 Aa =0 and 0V a =a. Of course, the adjoining of a
smallest element does create additional arbitrary meets. Similarly, we can adjoin
a 1 if L does not have 1.

The Direct Product of Lattices
The cartesian product of any nonempty family of lattices is a lattice under

componentwise operations.

Definition Let F = {L; |i € I} be a nonempty family of lattices. The direct
product [[L; is the lattice consisting of the cartesian product of the family F,
with componentwise operations, that is, if f,g € [[Li, then

(FAg@) = F@) Agli) and (fVg)(i) = f(i)Vg(i) U



Lattices 55

Meet-Structures and Closure Operators

Before discussing the properties of lattices, let us take a look at one important
source of these structures.

Definition

1) Let X be a nonempty set. A subset S of the power set ©(X) is called an
intersection-structure on X, abbreviated N-structure, if S inherits
arbitrary intersections from p(X), that is, if

{Silierycs = [({S}cs
il
2) More generally, a subset S of a complete lattice L is called a meet-

structure, abbreviated N-structure, if S inherits arbitrary meets from L.[]

Note that some authors define an N-structure as a subset that inherits arbitrary
nonempty intersections. Intersection-structures are also called closure systems,
but we prefer to avoid this rather nonspecific terminology.

Since a meet-structure has arbitrary meets, it is a complete lattice.

The main reason why meet-structures are important is that they characterize the
closed sets of a closure operator, and closure operators are quite common in
mathematics.

Definition 4 closure operator on a poset P is a unary operator cl on P with
the following properties:
1) (extensive)

p<cl(p)
2) (monotone)
p<q = cl(p) <clqg)
3) (idempotent)
cl(cl(p)) = cl(p)

The element cl(p) is called the closure of p. An element p € P is closed if it is
equal to its own closure, that is, if p = cl(p). We denote the closed elements in
P by CI(P). A closure operator on a power set p(X) is often referred to as a
closure operator on X.[J

We leave it to the reader to check that cl(p) is the smallest closed element of P
containing p and that if 1 € P, then 1 is closed.
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Now let L be a complete lattice. To see that CI(P) is a meet-structure, it is clear
that the empty meet (being the largest element) is closed and if

F={k|iel}
is a nonempty family in CI(L), then
/\Lki < k;

for all j. Taking closures gives

(A ki) < cllhky) = k;

and so

/\ka < Cl(/\Lk”) < /\ij
which shows that A, k; is closed. Thus, CI(L) is a meet-structure.

It follows that the closure of an element a € L is equal to the meet of all closed
elements containing a, that is,

cl(a) = \ {k € CI(L) | a < k}

Thus, the family CI(L) of closed sets completely determines the closure
operator, that is, the map I':cl — CI(L) is an injection from closure operators
on L to meet-structures in L.

To see that I is surjective, we take the hint from the previous display.

Theorem 3.7 If C' is a meet-structure in a complete lattice L, the C-closure of
a € L, defined by

E:/\{CGC|a§c}

is a closure operator on L.
Proof. It is easy to see that this map is extensive and monotone. As to
idempotence, we have

a<(@=N{ceCla<ci<a
where the final inequality holds because @ is a term in the meet.[]

Thus, the map T': ¢l — CI(L) is a bijection from closure operators on L to meet-
structures in L and its inverse is given by the C'-closure. To see this, if cl is a
closure operator on L and a +— @ is the CI(L)-closure operator corresponding to
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CI(L), then
E:/\{c eCIL)|a<ec}=cla)

Theorem 3.8 Let L be a complete lattice.
1) The maps

Iicl - CI(L) and 1I:C' — C-closure

are inverse bijections between the closure operators on L and the meet-
structures on L.

2) Ifclis a closure operator on L, then the CI(L)-join of A C CI(L) is the
closure of the L-join of A, that is,

\/CI(L)A =l (VLA>

Proof. For part 2), the right hand side is an upper bound for A in L that happens
to be in CI(L) and so

\/CI(L)A = Cl(\/LA) s CI(\/CI<L>A) - vCl<L>A =

Example 3.9 Let G be a group and let P be the collection of nonempty subsets
of G. Set cl(S) = (S), the subgroup generated by S. Then cl is a closure
operator on P, with corresponding N-structure S(G), the complete lattice of
subgroups of GG. Put another way, the closed subsets of GG are the subgroups of
G. Note that if H and K are subgroups of G, then the union H U K is not
closed in general.[]

Example 3.10 Let n = p{'---pS» be the prime decomposition of a positive
integer. Let L = (N,,, | ) be the lattice of all positive integers less than or equal
to n, under division. Fix an integer 1 < k < m. For a € L, let cl;(a) be the
integer formed by replacing the exponent of pj in a by ej. Then cly, is a closure
operator on L. In loose terms, clj is “max out the exponent of p;.” Thus, the
closed integers a are those for which p;* | a. Note that if @ and b are closed, then
aAb=gcd(a,b) and a Vb = lem(a, b) are also closed.[]

Example 3.11 Let (X,7) be a topological space. The topological closure
operator A — A is a closure operator in the sense defined above and so the
closed subsets of X form an N-structure, as is well known.[]

Closure operators on a power set o(X) can be divided into two classes.

Definition Let X be a nonempty set. A closure operator cl on p(X) is finitary
ifforany S C X,
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cl(S) = | J{el(F) | F C S, F finite}
A closure operator that is not finitary is infinitary.

The closure operators generally encountered in algebra are finitary. For
example, the subgroup generated by a nonempty subset S of a group G is the
union of the finitely-generated (even cyclic) subgroups generated by elements of
S. However, if (X,7) is a T} topological space (points are closed), then any

finite set is closed and so the closure operator is finitary if and only if for any
S C X,

S=|J{F|FCS,F finite} = S

Of course, this holds if and only if all sets are closed, that is, if and only if 7 is
the discrete topology. In summary, for a 7 space, topological closure is finitary
if and only if the topology is discrete.

We will have much more to say about the types of closure operators, and
corresponding meet-structures, related to the substructures of an algebraic
structure in a later chapter.

Galois Connections

We next describe an important construction that leads to closure operators.

Definition Let P and Q) be posets. A Galois connection on the pair (P, Q) is a
pair (I1, Q) of maps 1I: P — Q and Q2: Q — P, where we write I1(p) = p* and
Q(q) = ¢/, with the following properties:

1) (Order-reversing) For all p,q € Pandr,s € Q,

p<q=p">q¢ and r<s=1r >4
2) (Extensive) Forallpe P, q € Q,
p<p” and q<q” O
Example 3.12 If P is a poset, then the maps u, £: p(P) — p(P) defined by
u(A) = A" and ((A) = A

for any A C P form a Galois connection on the power set o (P), that is, the pair
(u, £) is a Galois connection for (p(P), p(P)).0

Example 3.13 Let X and Y be nonempty sets and let R C X x Y be a relation
on X x Y. Then the maps

SCX— S8 ={yeY |zRyforallxz € S}

and
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TCY—T ={xeX|xRyforally e T}
form a Galois connection on (p(X), p(Y)).0
Example 3.14 Let F' and F be fields with F C E. Let G = G(E/F) be the
group of all automorphisms of E that fix each element of F. The group G is
called the Galois group of the field extension F' < E. The most famous
example of a Galois connection is the Galois correspondence between the

intermediate fields /' C K C E and the subgroups H of the Galois group G.
This correspondence is given by

K—GE/K)={oeG|ox=xaforallz € K}
and
Hw—fix(H)={ze€ E|ox=xforalloc € H} |

Example 3.15 Let n > 1 and let F be a field. Let F'[xy,...,x,] denote the ring
of polynomials in n variables over F' and let F* denote the ring of all n-tuples
over F. Let

P= @(F[xla'--axn]) and Q = p(Fn)
Let IT: F'[zy,...,2,] — P(F") be defined by

T1(S) = Set of all common roots of the polynomials in S
={x e F"|p(x)=0forallp € S}

and let Q: P(F") — Flxy,...,x,] be defined by

Q(T) = Set of all polynomials whose root set includes T
={pe€ Flzy,...,z,) | p(t) =0forallt € T}

The pair (I1, Q) is a Galois connection on (P, Q).
There are two closure operators associated with a Galois connection.

Theorem 3.16 Let (11, Q) be a Galois connection on (P, Q). Then
P =p and " =d
forall p € Pand q € Q. It follows that the composite maps
p—p’ and q¢—q"

are closure operators on P and Q, respectively. Furthermore,

1) p*isclosed forall p € P.

2) ¢ is closed for all ¢ € Q.

3) The maps TL: P — CI(Q) and Q:Q — CI(P) are surjective and the
restricted maps I1: CI(P) — CI(Q) and Q:Cl(Q) — CI(P) are inverse
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bijections. Thus,
CIP)={d |qeQ} and CHQ)={p"|pe P}
Proof. Since p < p*, the order-reversing property of * gives
P <pt < ()"
and so p*”* = p*. We leave the rest of the proof to the reader.[]
Properties of Lattices
We now resume our discussion of the properties of lattices.
Lattices as Algebraic Structures

Since a lattice L is a meet-semilattice and a join-semilattice, Theorem 3.3
implies that meet and join are associative, commutative and idempotent
operations. The link between the two operations is provided by the absorption
laws

aN(aVb)=a
and

aV(aAbd)=a
In fact, these properties characterize lattices.

Theorem 3.17 The following properties hold in a lattice L:
L1) (associativity)

L2) (commutativity)

aVb=bVa
aANb=bAa

L3) (idempotency)
aVa=a
aNa=a
L4) (absorption)
aV(aNb)=a
an(aVbd)=a

Conversely, if L is a nonempty set with two binary operations N and NV
satisfying L1)-L4), then L is a lattice where meet is A, join is V' and the order
relation is given by
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a<b if avb=b
or equivalently,
a<b if aNb=a

Moreover, since the set of axioms LI1)-L4) is self-dual, it follows that if a
statement holds in every lattice, then any dual statement holds in every lattice.
Proof. As to the equivalence of the statements a Vb =10 and a A b = a, the
absorption laws imply that

aNb=a = aVb=(aAb)Vb=b
and
avVb=b = aAb=aA(aVbd)=a

Next we show that < is a partial order. The idempotency law implies that
a<a.Ifa<bandb < a, then

b=aVb=a
For transitivity, if a < b and b < ¢, then
aVe=aV(bVe)=(aVb)Ve=bVe=c

and so a < c. Finally, Theorem 3.3 implies that A and V are the meet and join
in .00

Varieties of Lattices

Theorem 3.17 shows that lattices can be defined equationally, that is, by
identities. More generally, a variety or equational class of lattices is a family of
lattices defined by a set of lattice identities. Theorem 3.17 says that the family of
all lattices is an 8-based variety of lattices, since there are 8 identities in
Theorem 3.17.

As another example, distributive lattices are those lattices L that satisfy the two
distributive identities

aN(bVe)=(anb)V(aAc)
aV({bAc)=(aVb)A(aVc)

for all a,b,c € L. Thus, the distributive lattices form a 10-based variety of
lattices.

There has been work done on identifying minimal sets of identities for varieties
of lattices. Padmanabhan [49] has shown that if ) is a variety of lattices defined
by a finite number of identities, then )V can also be defined by just two
identities. Also, McKenzie [45] has shown that lattice theory itself, that is, the
family of all lattices, is actually 1-based. In other words, there is a single
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identity that characterizes lattices among all equationally-based “algebras” with
two binary operations. However, as McKenzie writes “... although the resulting
equation to characterize lattices (equation A below) is so long, containing over
three hundred thousand symbols, that we can only represent it in abbreviated
form. This leaves open the problem of finding a really elegant equation to
characterize lattices.” McKenzie has also shown that no other variety of lattices,
except the variety at the other extreme, in which all equations are identities, is
1-based.

Tops and Unbounded Sequences

If a lattice L has no largest element, then L must be infinite and it seems
reasonable that L should have some form of strictly increasing infinite sequence
with no upper bound. This is easy to see when L is countably infinite. For if
L = (a1, as, ... ) has no largest element, the sequence of finite joins

S={(sp)= (a1 V- Vay)

has no upper bound, since S < u implies that L < u. Removing all duplicates
from S gives a strictly increasing infinite sequence with no upper bound.

For an arbitrary infinite lattice L with no largest element, we can well-order L
and then Theorem 2.20 implies that L contains a cofinal transfinite subsequence

S={(bs | a<)
compatible with the order of L, that is,
bo <bg = by <bg or b, || bs

Let us assume that all duplicates have been removed from this subsequence and
SO

bo < bﬂ = ba < b[g or b, || bg

To eliminate the problem of parallel elements, let C be a maximal chain in S
(with respect to the order of L), which must exist by the Hausdorff maximality
principle. Then /C also has no upper bound in L. For if K < u for some u € L,
then u must be the largest element of L. Otherwise, there is an a € L for which
u<a or ul a. In either case, L <u < uVa and the cofinality of S in L
implies that there is an s € S for which K < vV a < s. Hence, KU {s} is a
chain in S, which contradicts the maximality of . Thus, K is a strictly
increasing transfinite sequence in L with no upper bound.

Theorem 3.18

1) A countably infinite lattice L has no largest element if and only if L has a
nonempty strictly increasing sequence with no upper bound in L.

2) An infinite lattice L has no largest element if and only if it has a nonempty
strictly increasing transfinite sequence
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B=(by | a<k)
for some ordinal k, with no upper bound in L.O

Of course, the previous theorem has a dual, which we leave to the reader to
formulate.

Bounds for Subsets

On a related matter, given a nonempty subset of a lattice L, can we find a
strictly increasing sequence of elements of L that has the same set of upper
bounds as A? This is trivial if A is a finite set: Just take the one-element
sequence consisting of the join \/ A.

For a countably infinite set A, we can sequentially order A to get
A = (a1,as,...), then take the sequence of finite joins as before

S={(sp)={a1 V- Vag)
Removing all duplicate entries gives a sequence that has the same upper bounds
as A.
If A is an infinite set of arbitrary cardinality | A| = X, then we can well-order A
to get a transfinite sequence

A={a,]|a<)

of length . Since X is an initial ordinal, if € < 3, then |¢| < |X|. Thus, to
mimic the proof for the countably infinite case, we assume that every nonempty
subset of A of cardinality less than X has a join. Then for any € < X, the
transfinite subsequence

A ={(a, | <e¢)
of A has a join
u5:v<a@\a<e>
Moreover, the transfinite sequence of joins
B=(u|e<Xf)

is nondecreasing and B"* = A". As before, we can cast out any duplicate entries
in B to get a strictly increasing sequence.

Theorem 3.19 Let L be a lattice.
n I
A= {0,1,0,2,...}
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is a countably infinite subset of L, then there is a strictly increasing
sequence S in L for which S"* = A".

2) If A is an infinite subset of L of cardinality |A| = X and if every nonempty
subset of A of cardinality less than X has a join in L, then there is a strictly
increasing transfinite sequence

S={(sa|a<p)
in L for which S" = A*.0
Join-Irreducible and Meet-Irreducible Elements

The following types of elements play a special role in the representation theory
of lattices.

Definition Let L be a lattice.
1) A nonzero element j € L is join-irreducible if j is not the join of two
smaller elements, that is, if

j=aVvVb = j=a or j=b

The set of join-irreducible elements of L is denoted by J (L).
2) Dually, a nonunit element m € L is meet-irreducible if m is not the meet
of two larger elements, that is, if

m=aAb = m=a or m=2b

The set of meet-irreducible elements of L is denoted by M(L).O

Example 3.20

1) The atoms of any lattice are join-irreducible.

2) Ina chain, all nonzero elements are join-irreducible.

3) In the power set lattice p(X), the join-irreducible elements are the
singleton subsets.

4) In (N, |) an element is join-irreducible if and only if it is a prime power.
However, (N, | ) has no meet-irreducible elements, since for example
n = 2n A 3n.

5) In the lattice of all open subsets of the plane (under set inclusion), no
elements are join-irreducible.

6) If P is a finite poset, the join-irreducible elements of O(P) are precisely
the principal ideals in O(P). It is clear that | p is join-irreducible, since if
lp=DyUDs,, then pe D; for some 7 and so |p=D,. Also, if
D € O(P) is join-irreducible, then since

D=[J{ld}

deD

is a finite join, it follows that D = |d for some d € D and so D is
principal.Od
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Completeness
Let us take a closer look at completeness.
Chain Conditions and Completeness

Chain conditions are a form of finiteness condition. One aspect of that finiteness
is that the chain conditions imply that an arbitrary join (or meet) is equal to a
finite join (or meet), as described in the following theorem.

Theorem 3.21 Let L be a lattice.
1) If L has the ACC, then L has arbitrary nonempty joins. In fact, for every
nonempty subset A C L there is a finite subset Ay C A such that

\VA=\/4

Thus, a lattice with 0 and with ACC is complete.
2)  Dually, if L has the DCC then L has arbitrary nonempty meets. In fact, for
every nonempty subset A C L there is a finite subset Ay C A such that

A=A

Thus, a lattice with 1 and with DCC is complete.
Proof. For part 1), suppose that L has the ACC and let A be a nonempty subset
of L. Consider the family F of all joins of finite subsets of A. Since F is
nonempty, it has a maximal element, say

m:\/A()

Now if \/ Ay is not an upper bound for A, there is an a € A for which \/ 4y < a

or VA || a. In either case,
\/ A() U {a} \/AO

which contradicts the maximality of \/ Aj. Hence, \/ Ay is an upper bound for A.
Since it is clearly a least upper bound for A, we have \/A = \/ A,.0

Note that the converse does not hold: A complete lattice need not have the ACC.
Indeed, the bounded lattice Z* consisting of the integers under the usual order
with a smallest and a largest element adjoined is complete but has neither chain
condition.

Incompleteness and Coalescing Pairs of Sequences

It is not hard to find conditions that characterize the incompleteness of an
infinite lattice L. Again, we consider the countable case first, since this does not
involve the use of ordinals or transfinite sequences.
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The Countable Case

Let L be a countably infinite lattice. Of course, if L is missing either a largest
element or a smallest element, then L is not complete. We have seen that the
lack of a largest element is equivalent to the existence of a strictly increasing
infinite sequence in L with no upper bound. A similar statement holds for
smallest elements.

Intuitively speaking, the presence of a strictly increasing sequence with no
upper bound indicates that L is missing a “limit point” for the sequence. But a
lattice can be missing other limit points as well. This happens when there is a
strictly increasing sequence and a strictly decreasing sequence that are headed
toward each other on a collision course and, while they never actually meet,
they leave no space in between. This happens, for example, in the lattice of all
nonzero rational numbers (under the usual order) for the sequences (—1/n) and

(1/n).
For convenience, we make the following nonstandard definition.

Definition Let L be a lattice. A strictly increasing (possibly empty) sequence
B=(b <by<-:-)

and a strictly decreasing (possibly empty) sequence
C=(<ec<a)

coalesce if the following hold:
1) B <C, thatis, b; < cjforalli,j.
2) Thereisno a € L for which B < a < C, or equivalently,

B*NnC =10

In this case, we say that (B, C) is a coalescing pair in L.OI

Note that if (B, C) is a coalescing pair, then B cannot have a join and C' cannot
have a meet. In particular, B and C are either infinite or else empty. Moreover,
B is empty if and only if C is a strictly decreasing sequence with no lower
bound, that is, if and only if L has no smallest element. Dually, C' is empty if
and only if L has no largest element.

Now we can characterize incompleteness in a countably infinite lattice.

Theorem 3.22 4 countably infinite lattice L is incomplete if and only if it has a
coalescing pair (B, C) of sequences.
Proof. If L is bounded but incomplete, then there is an infinite subset

52{81782,...}
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of L that has no join in L. Since L has a largest element, the set S" is nonempty
and is, in fact, inherits meets and joins from L and so is a lattice. Moreover, S
has no smallest element, since such an element would be the join of S in L.
Now, we may apply Theorem 3.19 to S to get a strictly increasing sequence

B=(by<by<-)

for which B" = S*. Then we may apply the dual of Theorem 3.18 to B" to get
a strictly decreasing infinite sequence

C=(c;>co>")
with no lower bound in B*. Thus, B* N C* = (. It is also clear that B < C and
so the pair (B, C) is a coalescing pair.[]

The General Case
The general case is entirely analogous.

Definition Let L be a lattice. A strictly increasing (possibly empty) transfinite
sequence

B = (b, | o < k)
and a strictly decreasing (possibly empty) transfinite sequence
C={c,|a<b)

coalesce if the following hold:
1) B <C, thatis, b, < cgforall o < k and 3 < 6.
2) Thereisno a € L for which B < a < C, or equivalently,

B'nc =0
We refer to the pair (B,C) as a coalescing pair in L.[]

As in the countable case, if (B,C) is a coalescing pair, then B cannot have a join
and C cannot have a meet. Hence, B and C are either infinite or else empty.
Moreover, B is empty if and only if L has no smallest element and C is empty if
and only if L has no largest element.

Theorem 3.23 (Davis, 1955 [13]) 4 lattice L is incomplete if and only if L has
a coalescing pair (B,C).

Proof. If L is bounded but not complete, then there is a nonempty subset of L
that has no join. Pick such a subset of least cardinality, say

S=1{s|iel}

Thus, any subset of S of smaller cardinality has a join and Theorem 3.19
implies that there is a strictly increasing transfinite sequence



68 Lattices and Ordered Sets

B={by | a<é)
in .S that has no join in L.
Since L is bounded, the set B* is nonempty and inherits meets and joins from L
and so is a lattice. Moreover, since 53 has no join, B" has no smallest element.

Hence, Theorem 3.18 implies that B" has a strictly decreasing transfinite
sequence

C={c, | a<k)

with no lower bound in B* and so BN C! = (. It is clear that B < C and so
(B, () is a coalescing pair.]

Chain-Completeness

A lattice L is chain-complete if every chain in L, including the empty chain,
has a join. The previous characterization of incompleteness makes it easy to
show that a lattice is complete if and only if it is chain-complete.

Theorem 3.24 A4 lattice is complete if and only if it is chain-complete.

Proof. Assume that L is chain-complete but not complete. Since L is chain-
complete, it has a smallest element. Hence, Theorem 3.23 implies that L has a
coalescing pair (B,C), where B is nonempty. However, since 3 is a chain in L,
it has a join, which is not possible. Hence, L. must be complete.[]

Sublattices

A nonempty subset M of a lattice L inherits the order of L, but not necessarily
the meets and joins. When it does, it is called a sublattice of L.

Definition Let L be a lattice and let M C L be a nonempty subset of L.
1) M is a sublattice of L if M inherits finite meets and finite joins from L.
2) If L is complete, then M is a complete sublattice of L if M inherits
arbitrary meets and arbitrary joins from L.O]
Example 3.25 Let L. = {1, 2, 3,6, 12} under division (see Figure 3.1).
12

6

1

Figure 3.1



Lattices 69

The subset S = {1, 2,3, 12} is a lattice under division but not a sublattice of L.
The subset 7' = {1, 2, 3,6} is a sublattice of L.

Example 3.26 If L is a lattice and a < b, then the closed interval [a,b] is a
sublattice of L.OJ

Definition Let S be a nonempty set. A sublattice of a power set p(S) is called a
power set sublattice, or a ring of sets.[]

Thus, in a power set sublattice, meet is intersection and join is union. For
example, the down-sets O(P) of a poset form a power set sublattice. On the
other hand, the family S(V') of subspaces of a vector space V' is a lattice, where
meet is intersection but join is in general not union. Hence, S(V') is not a power
set sublattice.

If L is a lattice, then the intersection of any family of sublattices of L is either
empty or it is a sublattice. Thus, for any nonempty subset A C L, there is a
smallest sublattice of L containing A: It is just the intersection of all sublattices
containing A.

Definition If L is a lattice and A C L is nonempty, then the sublattice
generated by A, denoted by [A), is the smallest sublattice of L containing A.C]

Lattice Terms

We can also describe the sublattice generated by a nonempty subset in more
constructive terms using lattice polynomials and evaluation maps. Intuitively
speaking, [A] is simply the set of all “lattice legal” expressions that can be
formed using the elements of A and the meet and join operators (and
parentheses). But we wish to be a bit more formal.

Definition Let X be a nonempty set. A lattice term (or just term), also called a
lattice polynomial, over X is any expression defined as follows. Let || and T
be formal symbols.

1) The elements of X are terms of weight 1.

2) If'pand q are terms, then so are

(pMq) and (pUq)

whose weights are the sum of the weights of p and q.
3) An expression in the symbols X U {1, U, (,)} is a term if it can be formed
by a finite number of applications of 1) and 2).
We denote the set of all lattice terms over X by Tx. The elements of X are
called variables.[]

Two terms are equal if and only if they are identical. Thus, for example z; U
is not equal to xo LI x;.



70 Lattices and Ordered Sets

It is customary to omit the final pair of parentheses when writing lattice terms.
A lattice term involving some or all of the variables x;,,...,2;, € X but no
others is denoted by p(z;,, ..., x;,).

We now define two binary operations A and V, called meet and join
respectively, on 7x. For p,q € Tx, let

pAqg=pllq and pVqg=plgq

Then since x; Mx; = x; A x; for all 2;,z; € X and similarly for join, we can
write any lattice term p € 7x using only the variables and the meet and join
symbols (and parentheses).

Note that we do not claim that 7y is a lattice under meet and join. Indeed, 7x
consists of formal expressions and so, for example, z1 V x9 # 3 V 7.

Now, given a lattice L and a function f: X — A, where A C L, the evaluation
map e;: 7x — L is defined, for each p(x;,,...,x;,) € Tx by

Efp(xiﬂ"'?xin) :p(fxin"wfwin)
Note that for lattice terms p and g,
ef(pANq) =€spAerqg and €r(pVq) =€V esq

We can now describe the sublattice [A] as the set of all elements of L that are
images of all possible lattice terms under all possible evaluation maps into A.

Theorem 3.27 Let L be a lattice and let A C L be nonempty. Let
X = {xl,ﬂfg,...}. Then

[A] = {efp(xla---axn) |p€ TX,fﬁX—> A}

Proof. Let S be the set on the right above. It is clear that any element of S is in
[A] and since S is a sublattice of L, it follows that S = [A].O0

Denseness

Definition Let D be a nonempty subset of a poset P.
1) D is join-dense in P if for every p € P, there is a subset S C D for which

p:\/PS

2) D is finite-join-dense in P if for every p € P, there is a finite nonempty
subset S C D for which
p= \/PS

Meet-dense and finite-meet-dense are defined dually.[]
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Note that if D is join-dense in P, then any p € P is the join of all elements of D
that are contained in p, that is,

p=\/Di(p)

Example 3.28 It is clear that the singleton sets are join-dense in the power set
©(X). However, if X is infinite, then the singleton sets are not finite-join-
dense.[d

In a lattice with the DCC, the join-irreducible elements are finite-join-dense.

Theorem 3.29 Let L be a lattice.

1) If L has the DCC, then J (L) is finite-join-dense in L.

2) Dually, if L has the ACC, then M(L) is finite-meet-dense in L.

Proof. If some element of L is not the join of a finite number of join-irreducible
elements, then let a be a minimal such element. Thus, @ is not join-irreducible
and so it has the form @ = b V ¢ where b < @ and ¢ < a. The minimality of a
implies that b and ¢ are joins of a finite number of join-irreducible elements and
therefore so is a, which is a contradiction.[]

Lattice Homomorphisms

A monotone map f:L — M between lattices need not, in general, preserve
meets and joins. Even an order embedding need not preserve meets and joins.

Example 3.30 Consider the lattices of integers in Figure 3.2, where the order is

division.
12
12
6
2 3 2 3
1 1
L M
Figure 3.2

The inclusion map f: L — M defined by f(n) = n is an order embedding, but
F(2v3) = f(12) = 12

and
f2)vf3)=2v3=6

Hence, f does not preserve joins.[]
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A monotone map f: L — M does send a lower bound for a subset S C L to a
lower bound of f(.5) and so

F(AS) < A1)

and similarly

1(\V/s) = Vs

assuming that the relevant meets and joins exist. In fact, each of these conditions
is equivalent to f being monotone. For example, if ¢ < b, then a A b = @ and so

fla) = flanb) < fla) A f(b) < (D)

On the other hand, it is easy to see that an order isomorphism does preserve
meets and joins.

Definition Let L and M be lattices. A function f: L — M that preserves finite
meets and joins, that is, for which

flanb) = fa) A f(b)
flavb)=fa)V f(b)

is called a lattice homomorphism.

1) A lattice monomorphism or lattice embedding is an injective lattice
homomorphism.

2) A lattice epimorphism is a surjective lattice homomorphism.

3) A lattice endomorphism of L is a lattice homomorphism from L to itself.

4) A lattice isomorphism is a bijective lattice homomorphism, or
equivalently, an order isomorphism.

A lattice homomorphism f: L — M of bounded lattices for which f(0) = 0 and

f(1) = 1is called a {0, 1}-homomorphism. (]

To reiterate, we have the following (and no more):

lattice embedding = order embedding
lattice isomorphism < order isomorphism

A key property of lattice embeddings not shared by order embeddings is the
following.

Theorem 3.31 Let f: L. — M be a lattice embedding.

1) f(L) is a sublattice of M.

2) If L is complete, then so is f(L), but f(L) need not be a complete
sublattice of M.

Proof. For part 2), the map f: L — f(L) is a lattice isomorphism. We leave it to

the reader to show that f(L) is also complete. On the other hand, let
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L =NU {oco} have the usual order on N and let n < oo for all n € N. Let
M = NU {a, oo} with the usual order on N and n < a < oo for all n € N. Let
f: L — M be the inclusion map, which is a lattice embedding. However,

but
\/]\Jf(N):\/]uN:a#oo 0O

Meet and Join Homomorphisms

Definition Let L and M be lattices.
1) A function f: L — M that preserves finite meets, that is,

flanb) = f(a) A f(b)

is called a meet-homomorphism.
2) Dually, a function f: L — M that preserves finite joins, that is,

flavb) = f(a)V f(b)

is called a join-homomorphism. ]

A meet-homomorphism is order preserving, since
a<b < ahb=a = [flONfb)=Ffla) < [fla)<[b)
Dually, a join-homomorphism is order preserving as well.
The B-Down Map
The B-down map ¢p |: L — @(B), defined by
¢p.1(a) = Bi(a) = {be B[b<a}
is a meet-homomorphism, since
Bi(aAb) = Bi(a) N B(b)
but it is not a join-homomorphism, since in general
Bi(aVb) # Bi(a) UB|(b)
Of course, the B-down map is order preserving, that is,
<y = Bz)C By

but it need not be an order embedding.

Theorem 3.32 Let B be a nonempty subset of a lattice L and let
¢p,: L — p(B) be the B-down map. The following are equivalent:
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1) ¢, is an order embedding, that is, for all x,y € L,
r<y < Bz)< By
2)  ¢p, satisfies the following for all z,y € L,
r<y < Bz)CBy)
3) @B, is injective, equivalently, for all x,y € L,
r=y <& Bz)= By
4) ¢p,| preserves strict order, that is, for all z,y € L,
r<y = Bz)CBy)

5) B isjoin-dense in L.

If these conditions hold, then B is said to be a base for L.

Proof. We first show that 1) and 5) are equivalent. If 5) holds and B)(x) C
B (y), then

z=\/Bi(z) < \/Bi(y) =y

and since the B-down map is always order-preserving, it follows that 1) holds.
Conversely, if 1) holds, then B|(x) < x and if B|(z) < u, then B|(z) C B (u)
and so 1) implies that 2 < u. Thus, z = \/B|(x).
To complete the proof, we show that 2) = 4) = 1) = 3) = 2). Note first that
Bi(z) € Bi(y) < Bi(z)=B(zAy) (3.33)
It is clear that 2) implies 4). If 4) holds and B (z) C B|(y), then (3.33) implies
that B|(x) = B|(x Ay). Hence, 4) shows that x Ay < = cannot hold and so
x Ay =z, that is, x < y. Thus, 4) implies 1). It is easy to see that 1) implies 3).
Finally, (3.33) shows that 3) implies 1) and together they imply 2).[]

One often sees the definition of a base B given in the form

rLy << JdbeBwithb<zandb Ly

for all z,y € L. Of course, this is equivalent to

<y & B(z)C By

Ideals and Filters
The following are important substructures in lattices.
Definition Let L be a lattice.

1) Anideal of L is a nonempty down-set in L that inherits finite joins, that is,
a) ael,z<a=axel
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by a,bel=aVbel
In this case, we write I < L. A proper ideal, that is, an ideal I # L, is
denoted by I < L. The set of all ideals of L is denoted by T(L).

2) Dually, a filter in L is a nonempty up-set in L that inherits finite meets, that
is,
a) aeF,r>a=x¢cF
by a,be F=aNbeF
In this case, we write F'> L. A proper filter, that is, a filter F # L, is
denoted by F > L. The set of all filters of L is denoted by F(L).00

Note that the properties of being an ideal and being a filter are not

complementary.

Example 3.34 If L is a lattice and a € L, then the principal ideal
la={zel|z<a}

is an ideal of L and the principal filter T a is a filter.(

The intersection I N J of two ideals I and J of a lattice L is not empty, since if

i€landje J,theniAje INJ.Hence, I NJ is an ideal of L. On the other

hand, in the lattice Z of all integers under the usual order, the intersection of the

family { [ n | n € Z} of ideals is empty. This leaves us with two alternatives.

We can deal only with lattices with 0 for which Z(L) is an N-structure or we
can define

Iy(L) = Z(L) U {0}
which is an intersection-structure for any lattice L.
Theorem 3.35 Let L be a lattice.
1) Theset T(L)is a lattice, where meet is intersection and join is given by
IVJ={zxeL|x<iVjforsomeicIandjc J}

2)  The set Ty(L) is an N-structure and therefore a complete lattice, where the
Jjoin of a family F of ideals is given by

\/fz{xeL|:z:§a1\/~~~\/an,wherea,-GU]-‘ananl}
3) The down map ¢:L — Ty(L) is a lattice embedding, that is, for all
a,bel,
lan b= ](aAb) and |aV b= |(aVD)

The image of ¢, is the sublattice P(L) of Zy(L) consisting of all principal
ideals of L.
4)  The union of any directed family of ideals in L is an ideal in L.
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5) If L has the ACC, then all ideals are principal. Dually, if L has the DCC
then all filters are principal.
Proof. It is clear that the set

I:{xGL\x§a1v~~~\/an,whereai€UF}

is an ideal containing I and so \/F C I. Also, since a; V ---V a, € \/F, it
follows that I C \/F and so I = \/F.

For part 3), if it is easy to see that
lan b= ](aAb)

and

lav|b={xeL|z<ivjforie€ |aandje€ |b}
={rxel|z<aVbd}
= 1(aVb)
For part 4), let C be a directed family of ideals in Z(L) and let U = [JC. If

acUandb<a,thenaceC eCandsobe C CU. Also, ifa,b € U, then a
and b both lie in one of the ideals C' € Candsoa Vb e C C U.

For part 5), Theorem 3.21 implies that if I is an ideal, then there is a finite
subset Iy of I for which \/Iy = \/I. Hence, I = | (\/Iy) is principal.(]

The Ideal Generated by a Subset

Every nonempty subset A of a lattice L is contained in a smallest ideal, namely,

the intersection of all ideals of L containing A.

Definition Let A be a nonempty subset of a lattice L.

1) The ideal generated by A, denoted by (A], is the smallest ideal of L
containing A.

2) The filter generated by A, denoted by [A), is the smallest filter of L
containing A.OJ

We leave proof of the following to the reader.

Theorem 3.36 Let L be a lattice and let A C L be a nonempty subset of L.
1)
(Al = 1[A] = T4
2)
(A]:\/{la|aeA}:{xeL|xﬁal\/---\/anforaieA} O
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Prime and Maximal Ideals
The following special types of ideals play a key role in lattice theory.
Definition Let L be a lattice.
1) A proper ideal I of L is maximal if for any ideal I,
JCICL = I=J or I=1L
A proper filter F of L is maximal if for any filter X,
FCXCL = X=F or X=1L

A maximal filter is also called an ultrafilter.
2) A properideal J is prime if

aNbeJ = a€J or belJ

The set of prime ideals of L is called the spectrum of L and is denoted by
Spec(L). Dually, a proper filter F is prime if

aVbeF = a€F or beF O

Although the properties of being an ideal and being a filter are not
complementary, Theorem 3.2 does imply the following.

Theorem 3.37 The properties of being a prime ideal and being a prime filter
are complementary, that is, I is a prime ideal if and only if I¢ is a prime
Sfilter.OO

We leave proof of the following to the reader.

Theorem 3.38 Let f: L — M be a lattice homomorphism.

1) IfI <M, then f~1(I) < L.

2) If P € Spec(M), then f~1(P) € Spec(L).OI

In ring theory, maximal ideals are prime. This is not true in general for lattices.

Example 3.39 In the lattice M3 of Figure 3.3,

1

0
M,

Figure 3.3
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the ideal I = {0, 2} is maximal. However, y A z € I buty ¢ [ and z ¢ I and so
I is not prime.[J

Ideal Kernels and Homomorphisms

It is usual in discussions of homomorphisms of the common algebraic
structures, such as groups, rings and modules, to discuss the kernel of a
homomorphism. We will postpone a careful discussion of kernels of lattice
homomorphisms to a later chapter, but make a few remarks here in connection
with prime ideals.

If a lattice M has a smallest element, then the ideal kernel of a lattice
homomorphism f: L — M is the set

ker(f) = f7'(0) = {a € L| f(a) = 0}

This is easily seen to be an ideal of L. There is another type of kernel, related to
congruence relations, that will be discussed in a later chapter. This accounts for
the adjective ideal in the term ideal kernel.

On the other hand, not all ideals are ideal kernels.

Example 3.40 Consider again the lattice M3 in Figure 3.3, of which we will
have much to say throughout the book. The subset I = {0, z} is an ideal of M.
Suppose that f:Ms;— M is a lattice homomorphism for which
f(0) = f(2) =0. Then

f)=flyvz)=FfyVf(z)=[f(y)
Hence,
0=f(0)=flzAy)=fl@)ANfly)=fl@) A fQ1) = flzAl)= f(z)

and so x € ker(f). This shows that I is not the kernel of any lattice
homomorphism.[]

We will discuss in more detail the question of when an ideal of a lattice is a
kernel of some homomorphism in a later chapter. Nevertheless, we can address
the issue now for prime ideals. If L is a lattice and S C L, then the indicator
function of S’ is the function

fg: L — {0, 1}

defined by setting fs(z) =0 if and only if x € S. Here we consider the set
{0,1} as a two-element lattice with 0 < 1. In general, an indicator function need
not be a lattice homomorphism. However, the indicator function of a prime
ideal P is a lattice epimorphism, since
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frland)=0&aAbeP
Sac€PorbeP
& fr(a)=0or fp(b) =0
& fp(a) A fo(b) = 0

and since P¢ is a prime filter,

frlavbd)=1<aVbe P
& a€ Plorbe P°
& fr(a)=1Tor fp(b) =1
& fpla) v fp) =1

Of course, the ideal kernel of fp is P. Conversely, suppose that the indicator
function fg: L — {0, 1} is an epimorphism. Then

S = ker(fs) = f~{0}

is a prime ideal in L, since {0} is a prime ideal in {0, 1}. Thus, prime ideals can
be characterized as the ideal kernels of indicator epimorphisms.

Theorem 3.41 In a lattice L, the prime ideals in L are precisely the ideal
kernels of the indicator epimorphisms..]

Lattice Representations

A lattice homomorphism f: L — M is often referred to as a representation
map, or simply as the representation of L in M. The most useful
representations are the embeddings, since in this case, L is isomorphic to a
sublattice of M. Embeddings are also called faithful representations.

The advantages of a faithful representation appear when M provides a more
familiar setting than L. For example, intersections and unions of sets are more
familiar than general meets and joins. Thus, it is often desirable to represent the
elements of a lattice L by subsets of a set X, with meet and join represented by
intersection and union, if possible. When representing clements of a lattice by
subsets of a set X, the set X is called the carrier set for the representation.

As we will see, various versions of the B-down map ¢p |:a — | a, obtained by
varying the set B and the range of the map, are valuable tools for finding lattice
representations. For instance, Theorem 3.35 implies the following.

Theorem 3.42 (Representation theorem for lattices) For any lattice L, the
down map

¢: L — Iy(L)
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is a lattice embedding. If L is complete, then ¢|(L) is an intersection-structure
and so every complete lattice is isomorphic to an intersection-structure.
Proof. The second statement follows from Theorem 3.31.00

Note that in the range Zj(L) of this version of the down map, meet is
intersection but join is not in general union. We can change the range of the map
so that meet is intersection and join is union by replacing Zy(L) with O(L):

¢: L —O(L)

However, this map is a meet-homomorphism but not, in general, a join-
homomorphism. Indeed, an arbitrary lattice cannot be faithfully represented as a
power set sublattice, since power set sublattices are distributive (defined below).
On the other hand, we will see in a later chapter that an arbitrary distributive
lattice can be faithfully represented as a power set sublattice, via yet another
variation of the down map.

Special Types of Lattices

There are many special types of lattices. We introduce the most important types
here and go into more details in later chapters.

Atomic and Atomistic Lattices
Recall that an atom in a lattice L with O is a element @ € L that covers 0.
Definition

1) A lattice L is atomic if every nonzero element of L contains an atom.
2) A lattice L is atomistic if every nonzero element of L is the join of atoms.[]

It is clear that atomistic lattices are atomic. However, a finite chain of length at
least 3 is atomic but not atomistic.

For the record, we note some of the more common variations on the concept of
atomicity:

Definition
1) A lattice L is strongly atomic if every nontrivial interval [a,b] in L is
atomic, that is, if for any a < b in L, there exist u € L for which

aCu<b

2) A lattice L is weakly atomic if for any a < b in L, there exist u,v € L for
which

a<uC—v<b O
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Distributive Lattices

It is not hard to show that if a lattice L satisfies either one of the following
distributive laws:
aN(bVe)=(aAb)V(aAc)
aV({bAc)=(aVb)A(aVc)

for all elements in L, then it satisfies the other distributive law.

We also note that for each distributive law, one side is greater than or equal to
the other in a// lattices. For instance, we always have

aN(bVe)>(anb)V(aAc)

since each term on the left is greater than or equal to each term on the right.

Definition A lattice L for which the distributive laws hold is called a
distributive lattice.[J

It is well known that any ring of sets is a distributive lattice, since
AN(BUC)=(ANB)U((ANCQC)

If we adjoin a new largest element or smallest element to a distributive lattice L,
the resulting lattice is still distributive. Also, we leave it as an exercise to show
that if L is distributive, then so is the lattice Z(L).

As we will see, the distributive property is quite a strong property, making
distributive lattices much better behaved than their nondistributive cousins. One
example is that in a distributive lattice, all maximal ideals are prime. In fact, in
some sense, distributive lattices are closer in behavior to Boolean algebras than
to nondistributive lattices. In particular, in 1933, Garrett Birkhoff [6] published
his famous representation theorem for distributive lattices, which says that a
lattice is distributive if and only if it is isomorphic to a power set sublattice (ring
of sets). Thus, for distributive lattices, meet is essentially intersection and join is
essentially union.

Modular Lattices
The modular property is a special case of the distributive property.
Definition A4 lattice L is modular if it satisfies the modular law: For all
a,b,c €L,
a>c = aN(bVec)=(aAb)Ve O

Note that any distributive lattice is modular. Also, we leave it as an exercise to
show that if L is modular, then so is the lattice Z(L).
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One reason for the importance of modular lattices is that some very important
lattices are modular but not distributive. For example, the lattice of normal
subgroups N (G) of a group G is modular. (This will be easy to prove in the
next chapter.) On the other hand, it is not hard to see that the lattice of (normal)
subgroups of the Klein four-group is isomorphic to Mj;, which is not
distributive. We also note here that the lattice S(G) of all subgroups of a group
need not be modular; the alternating group Ay is an example.

Note that the modular law is equivalent to the identity
aN(dV(anc))=(aNb)V(aNc)

for all a,b, ¢ € L. This identity is obtained from the consequent of the modular
law by replacing ¢ by a A d, which represents an arbitrary element contained in
a (and then replacing d by c). Thus, modularity, like distributivity defined
below, is a variety of lattices.

Complemented Lattices
Lattice elements may have complements.
Definition Let L be a bounded lattice. A complement of a € L is an element
b € L for which
aNb=0 and aVvVb=1
In this case, we say that a and b are complementary.[]
Complements need not exist and they need not be unique when they do exist.
For instance, in a bounded chain, no elements other than 0 and 1 have

complements. Also, in both of the lattices in Figure 3.4, the element y has two
complements.

1 1
X
z y
Z
0 0
M, Ns
Figure 3.4

However, we will see that if a lattice is distributive, then complements, when
they exist, are unique.

Definition
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1) A bounded lattice L for which each element has a complement is called a
complemented lattice.

2) A bounded lattice L for which each element has a unique complement is
called a uniquely complemented lattice. [

It is also easy to see that in a complemented lattice any prime ideal is maximal.
In particular, in a complemented distributive lattice, otherwise known as a
Boolean algebra, the prime ideals are the same as the maximal ideals.

Here are a few simple properties of complements that hold in uniquely
complemented lattices that do not hold in arbitrary complemented lattices.

Theorem 3.43 Let L be a uniquely complemented lattice.

) Ifa€ Lthenad” =a.

2) Ifaisanatomin L, then ' is a coatom.

3) Ifaandb are distinct atoms in L, then a < V'

These statements do not hold in arbitrary complemented lattices.

Proof. The lattices M3 and N; show that these statements do not hold in
arbitrary complemented lattices (where @’ is interpreted as any complement of
a). Part 1) follows from the definition of complement. For part 2), if o' =1,
then a=a"=1 =0, which is false. Also, if a <z <1, then
aVz>aVa =1and so aVaz=1. Also, since a is an atom, a Az =0 or
a ANz = a.Buta Az = aimplies that a < x, which gives

l=aVvd <z
which is false. Hence, a A 2 = 0 and so x = a’. Thus, 1 covers a’, that is, a’ is a

coatom.

For part 3), since b’ is a coatom, a Vb = b" or a Vb’ = 1. In the former case,
a <V, as desired. In the case a V b’ = 1, we cannot have a A b’ = 0, since then
a’ = b’, which implies that a = b. Thus, a A b' = a, thatis, a < b'.00

Relatively Complemented Lattices
Relative complements are a generalization of complements.
Definition Let u < v be elements of a lattice L and let a € [u,v]. 4 relative

complement of a with respect to [u,v] is a complement of a in the sublattice
[w,v], that is, an element x € [u,v] for which

tANa=u and xTNVa=0v

The set of all relative complements of a with respect to [u, v] is denoted by aj, .
If the relative complement is unique, we will simply refer to it as ay,,). Use of
the notation ay, ) tacitly implies that a € [u,v].]

Theorem 3.44 Let L be a lattice. The following are equivalent:
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1) Relative complements, when they exist, are unique.
2) An element of L is uniquely determined by its meet and join with any other
element, that is, for all z,a,b € L

cAa=xAb
{x\/a—x\/b} - a=b -
Definition
1) A lattice L is relatively complemented if every closed interval [u,v] in L is
complemented.

2) A lattice L is uniquely relatively complemented if every closed interval
[w,v] in L is uniquely complemented.(]

A complemented lattice need not be relatively complemented. For instance, in
the lattice N5 of Figure 3.4, the element z has no relative complement with
respect to the interval [0, 2]. On the other hand, this cannot happen in a modular
lattice.

Theorem 3.45 Let L be a bounded modular lattice. If x € L has a complement
a', then x also has a relative complement x, with respect to any interval [a, )]
containing x. In fact, x, is formed by projecting x' into the interval [a,b] as
follows:

r,= @' Va)Ab= (' AD)Va

Proof. Since b > a, the modular law shows that the two expressions above are
equal. Also,

e N[ AD)Val=[z A Ab)|Va=a
and
xVI[Z' Ab)Val=zV (Z'Ab)=(xV2)ANb=D
and so (' A D)V a € xpy.0
Sectionally Complemented Lattices

In some cases, all we need in order to prove a result is that the lattice in question
has relative complements with respect to intervals of the form [0, v].

Definition A lattice L is sectionally complemented if it has a smallest element
and if every interval of the form [0,v] in L is complemented.]

Recall that any atom in a lattice is join-irreducible. In sectionally complemented
lattices, the converse is also true. Also, a sectionally complemented lattice is

atomistic if and only if it is atomic.

Theorem 3.46 Let L be a sectionally complemented lattice.
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1) Anelement a € L is join-irreducible if and only if it is an atom, that is,
J(L) = A(L)

2) L is atomistic if and only if it is atomic.

Proof. For part 1), we have A(L) C J(L) in any lattice. If @ is not an atom,
then there is a b € L for which 0 < b < a. If ¢ € by ), then ¢ V b = a and since
cANb=0, it follows that ¢ # a. Hence, a is not join-irreducible. Thus,

J(L) € A(L).

For part 2), assume that L is atomic. For = # 0, it is clear that A (z) < z. If
A (z) < u, then

A(z)<m=zAu<z

and m > 0. But if 0 < m < z, then m has a relative complement m/' in [0, z]
and 0 < m/' < x. Since L is atomic, there is an atom a < m' <z and so
a € Aj(z). Hence, a <m and so a <mAm’' =0, which is false. Thus,
m = x, which is equivalent to x < w. This shows that x = \/.A|(z) and so L is
atomistic.[J

The Dedekind—MacNeille Completion

Any poset P can be order embedded in a complete lattice L. When this happens,
it is customary to say that L is a completion of P. For example, the down map
¢,: P — O(P) is an order embedding of P into O(P). However, although the
image ¢ (P), which is the family of principal ideals, is join-dense in O(P), it is
not generally meet-dense.

On the other hand, by restricting the range O(P) of the down map, we can get
an order embedding of P into a complete lattice in such a way that the image is
both join-dense and meet-dense in the range. To this end, note that for any
a€ P,

l a = aué’

where u, £: p(P) — o (P) are the maps defined by
u(A) = A" and ((A) = A

for any A C P. For readability, we also write {a}" as a" and similarly for £.
Thus, the image of the down map belongs to the family of all subsets of P of the
form A“ for A C P.

Now, it is easy to see that the pair (u, £) is a Galois connection on p(P), that is,
for the pair (p(P), p(P)). Therefore, the composition ¢ is a closure operator
on P and so the family of subsets of the form A"’ is the family of closed subsets
of this closure operator and is therefore an N-structure.
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Theorem 3.47 Let P be a poset. The maps u, £: o(P) — ©(P) defined by
uw(A) = A" and ((A)= A’

Jfor any A C P form a Galois connection on o(P), that is, the following hold:
1) Forany A,B C P,

ACA™ and BCB"“
2) Forany A,BC P,
ACB = B'CA' and B"C A"

Hence:
3) Forall ACP,

Aé’ué’ _ A( and Aué”u, — A%

4) The compositions {u and ul are closure operators on @(P) and so the
Sfamilies of closed sets

Cu=1{SCP|S=8" and Cp={SCP|S=8"

are N-structures and hence complete lattices.[]
The complete lattice of closed sets under the closure operator «f has a name.

Definition Let P be a poset. The N-structure consisting of the closed sets of the
operator ul:

DM(P)={ACP| A" =A}={A" | AC P}

is called the Dedekind—MacNeille (DM) completion, the MacNeille
completion, z2e completion by cuts or the normal completion of P.[J

The next theorem justifies the term completion for DM(P).

Theorem 3.48 Let P be a poset and let DM(P) be its Dedekind—MacNeille
completion. Let

be the down map with range DM(P), that is,
¢i(a) = la=a"

foralla € P.
1) The image ¢|(P) is both join-dense and meet-dense in DM(P). In
particular, for any A C P,
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A" = (o (z) |z € A"}
and

A% =N/ 61(@) [a € A}

2) ¢, preserves existing meets and joins in P, that is, if A C P has a meet,
then

o1 (A pA) = Nforla) [a e 4}
and if A has a join, then

o1 (V,A) = 4 = \/p plei(a) la € 4)

In particular:

a) If Pis a lattice, then ¢|: P — DM(P) is a lattice embedding.

b) If P is a complete lattice, then ¢|: P ~ DM(P) is an isomorphism.
Proof. For the first equation in part 1), we have

ace A% & a< A"
Sa<gforallz € AY
s aezforallz € AY

@aeﬂ{x“‘\xeA“}

For the second equation, since a € A implies that a*’ C A", it follows that A"
is an upper bound for the family F := {a"* | a € A} in DM(P). But if B is an
upper bound for F in DM(P), then A C B and so A* C B" = B. Hence, A"
is the least upper bound of F.

The first statement in 2) is clear and the second statement follows from part 1),

using the fact that
o (V) = (V1) =

Moreover, if P is complete, then for any A € DM(P), we have

A=A =g (\/,4)

and so ¢, is surjective.[]

Theorem 3.48 says that P is order isomorphic to a join-dense and meet-dense
subset ¢| (P) of DM(P). Moreover, if L is a lattice, then ¢, (L) is a sublattice
of DM(P) and if L is complete, then ¢| (L) = DM(L). This is what we expect
from a true completion of P.
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The Dedekind-MacNeille completion DM(P) is characterized, up to
isomorphism, by the fact that it is a complete lattice L in which P is both join-
dense and meet-dense.

Theorem 3.49 Let L be a complete lattice. If a subset P C L is both join-dense
and meet-dense in L, then L =~ DM(P), via the P-down map ¢p |: L ~ DM(P)
defined by

¢p.i(a) = P(a)

Proof. We must first show that P|(a) € DM(P), that is, that

Py(a)""" = P(a)
However, since P is join-dense in L, we have

a=\/P(a)
and so
z€P(a)" & ze€Pandzr>a < z€ Pila)

that is,

P(a)" = Pi(a)
Similarly, the meet-denseness of P in L implies that

PL(a)"" = Py(a)"
= Pi(a)'NP
- {/\PT(a)rﬁP
= Py(a)

Thus, ¢p, does map L into DM(P). Moreover, ¢p | is an order embedding,
since

ar<ay < Pa) CPla) & ¢p, (a1) C dp,(as)

For surjectivity, the elements A € DM(P) satisfy A = A", where A C P.
Butif @ = \/ A4, then

A=A =a' = P(a)" = Py(a) = ¢p,(a)
and so ¢p | is surjective.[]
Example 3.50 Consider the rational numbers QQ with the usual order, as a subset

of the real numbers R. Adjoin a largest element co and a smallest element —oco
to R and let R = {—00, 00} UR. Then R’ is a complete lattice.
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Moreover, for any r € R, we have

r= \/RQL(T) and r= /\RQT(T)

and

00o=\/,Q and —oo=A Q

and so Q is both join-dense and meet-dense in R’. Hence, R’ is isomorphic to
the Dedekind—MacNeille completion of Q.1

Let us remark that if L is a distributive lattice, it does not necessarily follow that
its Dedekind—MacNeille completion is distributive. Funayama [21] (see also
page 238 of Balbes [1]) has found a rather involved example of a distributive
lattice L for which the completion DM(L) has a sublattice isomorphic to the
nondistributive lattice N5 and is therefore not distributive.

Exercises

1. Prove that if L is a distributive lattice, then any maximal ideal is prime.

2. Prove that if L is a complemented lattice then any prime ideal of L is
maximal.

3. Let f: L — M be a lattice embedding. Show that f(L) is a sublattice of M.

What are the largest and smallest elements of the lattice (N, | )?

5. If (P, <)is ameet-semilattice then (P, o) is a semilattice where

b

aob=aANb

What does the corresponding join-semilattice look like?

6. Prove that the set Z* of integers, under the usual order and with a smallest
element —oo and a largest element oo adjoined, is complete but has neither
chain condition.

7. Show that the following are equivalent for a lattice homomorphism
f: L — M between uniquely complemented lattices:

a) f preserves complements, thatis, f(a’) = (fa) foralla € L.
b) fisa{0,1}-homomorphism.

8. What are the join-irreducible elements of (Z*, < )? What are the join-
irreducible elements of (ZT, | )?

9. Let A={aj,ay,...} and B = {by,bs,...} be disjoint countably infinite
sets. Define a relation R on the union A U B by

aiHRa,;, b7+1Rb7 and b,Ra,

for i =1,2,.... Show that R is a covering relation. Draw a picture of the
corresponding poset L. Show that L is a lattice. Find the join-irreducible
elements. Find an element of L that is not the join of join-irreducibles.

10. Find a lattice L that has no join-irreducible elements, other than the one in
the text.
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11.

12.

13.

14.

15.

16.

17.

18.
19.
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Let L be a lattice and let @ € L. Let X be a generating set for L. For any
subset S of L, let P(.S) be the property that for any finite subset Sy C .5,

ag\/Sg = a < sforsomes € S,

Show that if P(X) holds then P(L) holds. Hint: Show that if P(F') holds
for some X C F, then for any u,v € F, it follows that P(F U {u V v}) and
P(F U{uAwv}) hold.

Let P be a finite poset. Theorem 1.11 says that for each finite poset P, the
down map ¢p: P — O(P) defined by ¢p (a) = |a is an order
embedding whose image is the set of principal ideals in O(P):

im(¢p,) ={lalae P}

Prove that the principal ideals are precisely the join-irreducibles in O(P)
and so the map

(ﬁp’l:P ~ j(O(P))

is an order isomorphism.

Let (T1, Q) be a Galois connection on (P, Q). If P and @ are lattices, show
that de Morgan's laws hold in CI(P) and CI(Q), that is, for p,q € CI(P)
and r, s € Cl(Q),

(pAg)" =p"Vvg, (pVa =p A
and
(ras) =r'vs, (rvs)=rns

A lattice L is atomistic if every nonzero element of L is the join of atoms.
What is the relationship, if any, between atomic and atomistic?

Let L be a lattice. Show that if @ € L then the join map j,: L — L defined
by j,x = x V a is monotone. Is it an order embedding?

Prove that if we adjoin a O (or 1) to a distributive lattice L that does not
have a smallest element (or largest element), the resulting lattice is still
distributive. Prove similar statement concerning modular lattices.

Let P be a poset and let {a; ; | i € I,j € J} be a doubly-indexed subset of
P. Show that if for all w € I and v € J, the joins

Vo Vi and \/f(\/ja”>

exist then \/; ;a; j and /;(V,a; ;) exist and

\/i,jai’j - \/1 (vjai’j) - \/j (via,]>

Prove that the down map ¢|: L — O(L) is a lattice homomorphism.
Let L be a lattice. Prove that I C L is an ideal of L if and only if [ is a
sublattice and thatz € I,a € Limplya A i € 1.
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21.

22.

23.

24,

25.

26.

27.

28.
29.

30.

31.

32.

33.

34.

35.
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Prove that a lattice L has the property that every ideal is prime if and only if

L is a chain.

Let L be a distributive lattice. Prove that if a € L has a complement a’ then

for any prime ideal I, exactly one of @ or ¢’ isin I.

Let L be a lattice.

a) Show that if L is modular, then so is Z(L).

b) Show that if L is distributive, then so is Z(L).

If f: L — M is a lattice homomorphism, show that f~!(I) < L for every

19 M.

Prove that if o: P — ) is an order isomorphism, its induced map

o:O(P) — O(Q) is a lattice isomorphism.

Let I be an ideal of a lattice L and let a ¢ I. Describe the smallest ideal

containing [ and a.

Let L be a lattice and let A,BC L be nonempty. Prove that

L[A] N 1[B] = 0 if and only if for all nonempty finite subsets Ay C A and

By C B, we have \/ Ay # A\Bo.

Let V' be a vector space and let 0: V' — V' be a linear operator on V. Show

that the family of o-invariant subspaces of V' is an N-structure.

Describe the ideals of (ZT, | ).

Prove that a nonempty subset S of a lattice L is a convex sublattice of L if

and only if S = I N F, where [ is an ideal and F is a filter.

Let L be a lattice.

a) Let S be a nonempty subset of L. Show that S is contained in a
directed subset D of L with the same join as S, that is, \/S exists if
and only if \/ D exists, in which case the two are equal.

b) Use part a) to prove that if L is chain-complete then L is complete.

Let L be a lattice. Prove that the following are equivalent.

a) Relative complements, when they exist, are unique.

b) An element of L is uniquely determined by its meet and join with any
another element. That is, for all a,b,c € L

aNb=aAlc o hee
aVb=aVe -

Let P be a poset and let O(P) be the poset of down-sets in P, under set
inclusion.

a) Show that any principal ideal | a is join-irreducible in O(P).

b) If P is finite, show that 7 (O(P)) is the set of principal ideals.

Let L be a relatively complemented lattice. Prove the following:

a) «c€ Ala,g] < A = ,3

b) (e Aja,5) & 0 =

) a€appSa=a=/f

Let L be a lattice. Prove that the congruences classes of a congruence
relation on L are convex sublattices of L.

A lattice L with 0 is disjunctive if a £ b implies that there is an z € L such
that
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zANa>0 and zAb=0

Prove that a lattice L with O has a base consisting of atoms of L if and only
if L is atomic and disjunctive.

36. Prove directly (without using the concept of a base) that if L is a lattice
with the DCC then J (L) is join-dense in L.

The Dedekind—MacNeille Completion

37. Let X be a nonempty set. Find the smallest family F of subsets of X for
which DM(F) =~ p(X).
38. Find the Dedekind—MacNeille completion of an antichain P.
39. Let X be an infinite set and let L be the finite-cofinite algebra of X. Find
the Dedekind—MacNeille completion of L.
40. Describe conditions on P that characterize the statement ) € DM(P).
41. Prove that a poset P is a complete lattice if and only if every subset A of P
for which A = A" is a principal ideal.
42. Let L be a lattice. Prove that an ideal I < L is DM-closed if and only if it is
the intersection of principal ideals.
43. Let P be a poset.
a) Suppose that o: P — (@ is an order embedding and that o(P) is both
join-dense and meet-dense in (). Show that there is an order embedding
7:(Q) — DM(P) such that 7 0 0 = ¢,.
b) Prove that if ) is a complete lattice then 7 is an isomorphism.
44. Prove that if L is a lattice with no infinite chains (ACC and DCC) then L is
isomorphic to the DM completion of 7 (L) U M(L).

MacNeille Extensions

Let f: L — M be a monotone function between lattices L and M, thought of as
subsets of their DM-completions. Define the lower MacNeille extension
f:DM(L) — DM(M) of f by

fx)=\/{f(a)|a € La<z}
and the upper MacNeille extension f*: DM(L) — DM(M) of f by
f'(z)= N\lf(a)|a€ Lz <a}

The map f is called smooth if f° = f°.

45. Show that
a) f°and f* are extensions of f
b) f(z) < f*(z) forallz € L
¢) f°and f* are monotone.

46. Show that the join map \/: L x L — L is smooth and that \/° = \/* is the
join in DM(L). A dual statement holds for the meet.

47. Let L be the finite-cofinite algebra of N and let 2 = {0,1} be the two-
element lattice. Let f: L — 2 be defined by
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1 if A is cofinite
fA) = { 0 if A is finite

Find the Dedekind—MacNeille completion of L. Find the extensions f° and
f° of f. Show that f is a lattice homomorphism but that f° does not
preserve joins and f° does not preserve meets.

48. Let L be a distributive lattice L containing two elements x and z for which
L’ =DM(L) has a sublattice isomorphic to N5 (see Figure 11.4) and is
therefore not distributive. Let f: L — L be defined by

fluy=2zVvu

a) Show that f preserves meets.
b) Find f° and show that it does not preserve meets.

Galois Connections

49. Show that a pair of maps (I, 2) is a Galois connection for (P, Q) if and
only ifforallp € Pandq € Q,

p>q <« p<Qq

50. Let P be a poset and let PI be the set of principal ideals and PF be the set
of principal filters in P, each of which is ordered by set inclusion. Show
that the maps II( | z) — T2 and w: (Tx) — | = form a Galois connection.






Chapter 4
Modular and Distributive Lattices

In this chapter, we examine modularity and distributivity in more detail.

Quadrilaterals

At various times throughout the remainder of the book, we will have use for the
following concept.

Definition Let L be a lattice. As shown on the left in Figure 4.1, a

quadrilateral in L is a set consisting of two elements a,b € L, together with
their meet and join. We write this in the form of a 4-tuple

Q= (aNb,a,b,aVD)

A quadrilateral () is degenerate if () has fewer than 4 distinct elements (in
which case, QQ has either 1 or 2 elements).[]

avb BVX
a bl B VX

anb a

Figure 4.1

Note that the edges in Figure 4.1 are not necessarily meant to indicate the
covering relation. Also, a quadrilateral () is degenerate if and only if @ and b are
comparable.

The Definitions

For convenience, we repeat the definitions.

Definition

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 4, 95
© Steven Roman 2008
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1) A lattice L is modular if it satisfies the modular law.: For all a,b,c € L,
a>c = aNAbVe)=(aAb) Ve
2) A lattice L is distributive if it satisfies the distributive laws: For all
a,b,ce L,
aN(bVec)=(aNb)V(aAc)
aV((bAc)=(aVb)A(aVec) |

We leave it to the reader to verify that the modular law is self-dual. It follows
that a lattice is modular if and only if its dual is modular.

Theorem 4.1 If either of the distributive laws holds for all elements of a lattice
L, then so does the other.

Proof. Suppose that the first distributive law holds. Then applying it to the right
side of the second distributive law and using absorption gives

(aVb)A(aVe)=T[aVbd)Aa]lV[(aVDb)Ac]
=aV[(aVb)Ac]
=aV[anc)V(bAc)]
=aV(bAc)

which shows that the second law holds.[d
Note that the distributive laws are dual to one another and so a lattice is

distributive if and only if its dual lattice is distributive. It is clear that a
distributive lattice is modular, but the converse is false, as we will see.

The usual definitions of modular and distributive lattices given above are not as
“sharp” as possible. For example, a lattice is distributive if and only if either of
the following inequalities holds:

aN(dVe)<(aAb)V(aAc)
aV(bAc)>(aVb)A(aVec)

since the reverse inequalities hold in all lattices. Similarly, a lattice is modular if
and only if

a>c = aAbVe)<(aAb)Ve
since the reverse inequality holds in all lattices.
Examples

Let us consider some examples.

Example 4.2 The lattice S(G) of subgroups of a group need not be modular.
The alternating group A4 provides an example: Let
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a=1{(12)(34),(13)(24)), b=((123)) and c¢={(12)(34))

On the other hand, it is easy to see that the sublattice of normal subgroups
N (G) of a group G is modular. In N'(G), meet is intersection and join is the set
product, that is, if A, B € N'(G), then

ANB=ANB and AV B=AB
and the modular law is

A>C = ANBC=(ANB)C

a fact known in group theory as Dedekind's law.

It can be shown that S(G) is distributive if and only if G is locally cyclic (that
is, any finite nonempty subset of G generates a cyclic subgroup). The proof is a
bit complex (see Hall, The Theory of Groups [31]). Thus, if G is finite, then
S(G) is distributive if and only if G is cyclic. The proof that a finite cyclic
group has a distributive subgroup lattice is not hard and is left as an exercise.[]

Example 4.3 The lattice of subspaces of a vector space of dimension at least 2
is modular but not distributive.[]

Example 4.4

1) Any sublattice of a power set lattice p(.5) is distributive.
2) Any chain is distributive.

3) The lattice (N, | ) is distributive.

4) The lattice of subgroups of Z is distributive.

5) The lattices M3 and N5 of Figure 4.2 are not distributive.[]

Of course, distributivity extends to finite joins and meets, but not necessarily to
infinite ones.

Example 4.5 The complete lattice (N, | ) is distributive. However, let A be the
set of odd natural numbers. Then \/A = 0 and so

21 (\/4) =2

On the other hand, 2 A a = 1 for all odd numbers and so

\/(@nra)=1#0

acA

This example indicates one way in which arbitrary distributive lattices differ
fundamentally from power sets: In a power set, for example, meet distributes
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over infinite joins, that is,
AN (UBZ-) =JanBy) O

Inheritance by Z(L)

We have seen (Theorem 3.35) that if L is a lattice, then so is the set Z(L) of all
ideals of L. Moreover, the down map ¢: L — Z(L) is a lattice embedding.
Therefore, if Z(L) is modular, then so is L and if Z (L) is distributive, then so is
L. The converse is also true.

Theorem 4.6 Let L be a lattice.

1) L is modular if and only if T(L) is modular.

2) L is distributive if and only if T(L) is distributive.
Proof. For part 1), suppose that A O C'. We must show that

AN(BvVC)C(AnB)vC
Ifre AN(BVvC),thenz =a€ Aandx <bVcforbe Bandc e C. Thus,

since a V ¢ € A, we have

z<aAN(bVe)<(aVe)A(bVe)=[aVe)AbVee (ANB)VC

and so Z(L) is modular.

For part 2), if L is distributive, we must show that
(AvB)NnC C(AnC)v(BNQC)

Ifre(AvB)NC,thenz <aVbforsomea € Aandb € Bandz =c € C,
whence

z<(aVb)Ac=(anc)V(bAc)e(ANC)V (BNC)
fora € A,b € Bandc € C. Hence, Z(L) is distributive.[]

Characterizations

There are several useful ways to characterize modularity and distributivity. Let
us look at some of the most important ones.

Characterizations by Forbidden Sublattice

Modularity and distributivity can be characterized by the absence of certain
sublattices. As we shall see, these characterizations can be extremely useful in
showing that certain properties imply modularity or distributivity. The offending
lattices are shown in Figure 4.2. From now on, we will reserve the notations M3
and Nj; for these lattices. The lattice M3 is called a diamond and the lattice V;
is called a pentagon. Note that some authors use the notation M; rather than
Ms. (Grétzer [24] uses M; but Birkhoff [5] uses M5.)
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b b
X
z y
Z
a a
M, Ns
Figure 4.2

Theorem 4.7

1) A lattice L is modular if and only if it does not have a sublattice isomorphic
to Ns.

2) A lattice L is distributive if and only if it does not have a sublattice
isomorphic to either N5 or Ms.

Proof. For part 1), it is easy to see that N5 is not modular and so any lattice with

a sublattice isomorphic to N is not modular. Conversely, if L is not modular,

then there exist a, b, ¢ € L such that

a>c and xz:=aA(bVc)>z=(aAb)Ve
To see that S = {x, b, z,x Ab,x V b} is an Nj sublattice of L, we have z < z
and
zVb=(aANb)VeVb=cVb>ux
and so z Vb > x V b. But the reverse inequality is clear and so 2 Vb =2z V b.
Also,
xAb=aANbVc)Ab=aAb<z

and so z A b < z A b. But the reverse inequality is clear and so 2 Ab =z A b.
Finally, to show that « || b and z || b, we have the following:

1) Ifb < z,then b < a and since ¢ < a, it follows that z = z, a contradiction.
2) If z < b, then ¢ < b and since ¢ < a, it follows that x = z, a contradiction.
3) Ifx <b,then z < x < b, which is false by 2).

4) Ifb < zimplies b < z < x, which is false by 1).

Thus, b is parallel to both « and 2z and S is N5.

For part 2), if L contains one of M3 or Nj, then L is not distributive since these
lattices are not distributive. Conversely, suppose that L is not distributive. If L
is not modular, then it has an embedded N5, so we may assume that L is
modular.
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Since L is not distributive, there exist a, b, ¢ € L such that
zi=aN(bVc)>z=(aAb) V(aNc)

We use this inequality to rule out certain relationships between a, b and c. In
particular, we must have the following:

1) a,b,c must be distinct

2) a¥£canda £b

3) a > canda > b cannot both hold
4) b ec.

Thus, we are left with two possibilities:

5) a>c,al b,b] c(orsymmetrically, a || ¢, a > b,b || ¢)
6) allc,alb bl ec

In case 5), we have a > ¢ and the modularity of L implies that
z=aAN(bVe)=(aAb)Ve=2z

which is false. Thus, 5) can be eliminated as well.

Thus, we are left with the case in which «a, b and ¢ are pairwise incomparable.
We clain that the elements

p=(aNb)V(anc)V(bAc)
qg=(aVb)A(aVec)A(bVc)
u=(aNqg)Vp
vi=(0bAq)Vp
wi=(cAq)Vp

form an M3 sublattice S of L, where u, v and w are the incomparable elements
of S, p is the smallest element and ¢ is the largest element. We need to show
that these elements are distinct and that

p=uNv=uANw=vAw

and
g=uVv=uVw=vVuw
It is clear that p < ¢. To see that p # ¢, note that
aNg=aAN(bVe)==x

and, using the modular law,
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aANp=aA[(anb)V(aAc)V (bAc)
=laNOA)]VI[(anb)V(anc)
=(aNb)V(aNc)

and since = > z, we must have p < q.

To show that u A v = p, we have
unv=[ang) VI A[bAg)Vp]
and since (a A ¢) V p > p and ¢ > p, multiple applications of the modular law
give
unv=[[(aNg)Vp|A(bAQ]Vp
=[lgn(avpnnglvp
[(bvVp)Alang]Vp

Now, bVp=>bV (aAc)and aAqg=aA (bVc) and so a bit of rearranging
gives

uAv=A{bV(aAc)]Alan(bV)]}VDp
={an[OVe)A[(ane)VD]]}Vp

Another application of the modular law using the fact that b V ¢ > b and then
yet another using the fact that a > a A c gives

uAv={aA[[(bVe)A(aNec)VD}Vp
={an[(anc)VD]}VDp
={(anb)V(aAc)}Vp
=P

In a similar way, it can be shown that the other equalities hold.

As to uniqueness, if u = v, for example, then p = u A v =u V v = ¢, which is
false. Thus, we see that u, v and w are distinct. If u = ¢, then v = u V v and so
v < v and similarly, w < u, whence v = v A u = w A u = w, which is false. In
this way, we see that all five elements are distinct.[]

Characterization by Relative Complements

The characterizations by forbidden sublattice can be rephrased in terms of
relative complements. Indeed, saying that V5 is a sublattice of L is equivalent to
saying that there are elements x,y, 2, a,b in L for which z > z and z, 2 € y[q)-
Thus, N; is not a sublattice of L if and only if no set y, of relative
complements has two distinct comparable elements.
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Similarly, saying that either one of M3 or Nj is a sublattice of L is equivalent to
saying that there are elements z,y, z,a,b in L for which x,2 € y,;, where
either x > z or = || z. Hence, neither M3 nor Nj is a sublattice of L if and only
if the sets y,,) are either empty or singletons.

Theorem 4.8

1) A lattice L is modular if and only if every set ay, ) of relative complements
is either empty or is an antichain.

2) A lattice L is distributive if and only if relative complements in L, when
they exist, are unique or equivalently, if and only if every element of L is
uniquely determined by its meet and join with any other element, that is,

rAb=xANc o hee
xrVb=axVe o

In particular, uniquely relatively complemented lattices are distributive.(]

Thus, uniquely relatively complemented lattices are distributive. However, the
converse fails: Distributive lattices need not be complemented, let alone
relatively complemented, as witnessed by any chain with more than two
elements, or by the lattice in Figure 4.3.

1

0

Figure 4.3

Unique Complementation and Distributivity

In 1904, E. V. Huntington [34] conjectured that any uniquely complemented
lattice was distributive. For over 40 years this remained one of the main
problems of lattice theory. It was not until 1945 that Dilworth [16], in a rather
grueling 32 pages, showed that every lattice is a sublattice of a uniquely
complemented lattice. Hence, unique complementation cannot imply
distributivity, since otherwise every lattice would be distributive.

Much work has been done on the question of what additional properties are
required of a uniquely complemented lattice in order to imply distributivity. We
will discuss this question in some detail when we discuss Boolean algebras in a
later chapter. (A complemented distributive lattice is a Boolean algebra.) As a
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preview, for a uniquely complemented lattice L, any one of the following
conditions implies distributivity:

1) L is modular

2) L satisfies de Morgan's laws
3) L is atomic

4) L has finite width.

In view of these conditions, it is not surprising that it is hard to find a “natural”
example of a nondistributive, uniquely complemented lattice.
Characterization Using the Join and Meet Maps

The modular and distributive laws can also be described in terms of the join
maps j,: L — L and the meet maps m,: L — L, defined by

Ja(z)=2zVa and my(r) =2z Aa
Distributivity has a simple characterization in terms of these maps.

Theorem 4.9 Let L be a lattice.

1) L is distributive if and only if the join map j, is a lattice homomorphism for
alla € L.

2) Dually, L is distributive if and only if the meet map m, is a lattice
homomorphism for all a € L.

Proof. It is easy to see that j, preserves joins. As to preservation of meets, the

equation

ja(x A y) = ]a(x) A J(l(y)
is none other than the distributive law
aV(xAy)=(aVz)A(aVy) |

As to modularity, with reference to the quadrilateral in Figure 4.4, if L is
modular, then for any a,b € L and z € [a A D, a],

meofp(z) =(xVbd)Aa=zV(bAa)==zx

and so m,, o j, = ¢ is the identity map on the interval [a A b, a].
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Figure 4.4

Conversely, if L is not modular, then L contains a sublattice /N5, where
z € [r Ay, z]. But

mzojy(z) =Vy ANe=x#=z
Hence, m, o j, # ¢. Thus, L is modular if and only if m, o j, = ¢ on [a A ), al,
foralla,b € L.
Theorem 4.10 Let L be a lattice and let
gilaAbyal = [b,aVb] and my:[byaV b — [aADb,d]
be the join and meet maps, restricted to the opposite sides of the quadrilateral
in Figure 4.4. The following are equivalent:

1) L is modular.
2) Foralla,be L,

Me O Jp =1
on[a Ab,a).
3) Dually, for all a,b € L,
Jpome =1t
on [b,a V bl.
4) For all a,b € L, the restricted maps m, and j, are inverse lattice
isomorphisms on these intervals.
Proof. We have seen that 1)-3) are equivalent and since m, and j, are order-

preserving, 2) and 3) imply that these maps are inverse order (lattice)
isomorphisms and so 4) holds. If 4) holds, then clearly 2) holds.(d

Modularity and Semimodularity

Recall that @ = b means that a covers b and a C b means thata ” b ora = b. It
is too much to expect that the join map j,: L — L preserves covering, that is,
that

aCb = aVaxCbVu

for if x > b, then a Vo = bV = x. On the other hand, it is possible that the
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join map weakly preserves covering, that is,

aCb = aVzCbVz

Indeed, this happens in any modular lattice L. To see this, suppose that a C— b
andthata Ve < u < bV x. Since u > a V z, the modular law gives

u=uAbBV(aVva)=(uAb)V(aVz)

But since aC b and a <uAb <b, it follows that u Ab=a or u Ab=0.
Hence, w = a V x oru = bV x, which shows thata Vz T b V .

The weak preservation of covering is equivalent to the condition

aANfCa = p[fCaVp (4.11)

for all a,0 € L. To see that (4.11) is implied by the weak preservation of
covering, let aAfC«a and set a=aAfB, b=a and x=0. Then
aVx Cb\Vx, where

aVe=(aNpB)VB=p and bVz=aVp

and so S C oV (. But § = a V [ implies that & A 3 = «, which contradicts the
fact that « A B C . Hence, 5 C o V f3.

Conversely, assume that (4.11) holds and that a 0. Then
a<bA(aVz)<b

andso b A (aVz)=aorbA (aVx)=>. Butin the latter case, b < a V 2 and
sobVax=aVz Inthe case bA (a V) =a, we have b A (aV ) C b and so
(4.11) implies that

aVzCbV(aVe)=bVz

as desired. The two equivalent conditions are shown in Figure 4.5 and have a
name (see Grétzer [24]).

bvx aVvp

b{{\pavx . ;\@B

a anP

Figure 4.5

Definition Let L be a lattice.
1) As shown in Figure 4.5, the upper covering condition on L is the
condition that the join map j,: L — L weakly preserves covering, that is,
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2)

aCb = aVaxzLbVzx
forall a,b,z € L, or equivalently
aANbCa = bCaVd

forall a,b € L. A lattice that has the upper covering condition is called an
upper semimodular /attice.

Dually, the lower covering condition on L is the condition that the meet
map my: L — L weakly preserves covering, that is,

aCb = aNzCTbAx
forall a,b,x € L, or equivalently
bCaVvVb = aAbCa

for all a,b € L. A lattice that has the lower covering condition is called a
lower semimodular /attice.[]

Theorem 4.12 Every modular lattice is upper semimodular and lower
semimodular.C]

Example 4.13 The lattice in Figure 4.6 is upper semimodular but not
modular.[]

Figure 4.6

For lattices with no infinite chains, the converse of Theorem 4.12 holds. To
explore this, we need a preliminary result.

Theorem 4.14 Let L be a lattice with no infinite chains and let h: L — N be the

height function.

1) If L is upper semimodular, then L satisfies the Jordan—Dedekind chain
condition, that is, any two maximal chains from a to b have the same
length.

2) Dually, if L is lower semimodular, then L satisfies the Jordan—Dedekind
chain condition.

3) L is upper semimodular if and only if

h(a) + h(b) > h(a Ab) + h(a VD)
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4) Dually, L is lower semimodular if and only if
h(a)+ h(b) < h(a Ab) + h(a VD)

Proof. Note first that since L has no infinite chains, a chain from a to b is
maximal if and only if each step in the chain is a covering. We prove part 1) by
induction on n that if L has a maximal chain of length n from a to b, then all
maximal chains from a to b have length n. If n =1, then a C b. But if
alC u; C -+ C u, = bis a maximal chain from a to b, then a < u; < b and so
u; = b and this chain also has length 1.

Assume that the result is true for all chains of length less than n. With reference
to Figure 4.7,

Figure 4.7

let
C={aCo1CaaC - Capy Cb}
and
D={aCyiCy2 T C Yn1 C b}
be maximal chains from a to b. If z; = y;, then the induction hypothesis implies

that n — 1 = m — 1, so assume that x1 # ;.

Since a7 and a C y;, the upper covering condition implies that
x1 Cx1 Vy, and y; C z1 V y;1. Let £ be a maximal chain from xq V y; to b.
Prefixing £ with x; gives a maximal chain from z; to b and so the induction
hypothesis implies that len(€) =n — 1. Similarly, len(§) =m —1 and so
m=n.

Part 3) can be rephrased by saying that L is upper semimodular if and only if
d(aNb,a) > d(b,aVDb)
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for all a,b € L, where d(x,y) is the length of any maximal chain from x to y.
But, as shown in Figure 4.8,

avb

Figure 4.8
if
aANbC 1 CasC - Cxp1 Ca

is a maximal chain from a Ab to a of length n, then the upper covering
condition gives

bEx;VbEzoVbE---Cx, 1 VbCaVb
and so there is a maximal chain from b to a V b of length at most n. Hence,
d(aANbya) > d(b,a VD)
Conversely, if 3) holds and a A b CC a, then
1=d(aNb,a)>d(b,aVDb)
But b #aAb and so d(b,aVb)=1, that is, bC a Vb and so L is upper

semimodular.[J

Theorem 4.15 Let L be a lattice with no infinite chains. The following are
equivalent:

1) L is modular

2) L is upper and lower semimodular

3) The height function h satisfies

h(a) + h(b) = h(a Ab) + h(a Vb)
or, equivalently,
d(aNb,a) =d(b,aVb)

forall a,b € L.
Proof. We have seen that 1) implies 2) and that 2) implies 3). Suppose that 3)
holds. If L is not modular, then it contains a sublattice N5, as shown in Figure
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4.2. Hence,

h(z) + h(y) = h(z Vy) + h(z Ay)
and

h(z)+ h(y) = h(zVy)+ h(z Ay)

But the right-hand sides of these two equations are equal and so h(z) = h(z),
which is false.[]

The definition of upper and lower covering condition is that of Gritzer [24].
Birkhoff [5] employs a somewhat stronger form of covering condition that is
equivalent when L has no infinite chains. We will refer to it by the nonstandard
name double upper covering condition.

Definition Let L be a lattice. With reference to Figure 4.9, we make the
following definitions.

avb avb

anb anb

Figure 4.9
1) The double upper covering condition is

aANbCa,aNDCb = aCaVb bCaVbd

2) Dually, the double lower covering condition is

aCaVb,bCaVvVb = aAbCa,aANbLCD) O

It is clear that the upper covering condition implies the double upper covering
condition. The converse holds if L has no infinite chains.

Theorem 4.16 A lattice with no infinite chains has the upper covering condition
if and only if it has the double upper covering condition. A similar statement
holds for lower in place of upper.

Proof. Suppose that the double upper covering condition holds and that a C 0.
We show that a V2 C b V x for any x € L. We may assume that a V = £ bV x
and so b ¢ [a,a V z]. Consider a maximal chain

a=uyyCuC---Cup—1Cu,=aVze

from a to a V x, as shown in Figure 4.10.
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Figure 4.10

Since uy C bV ug and uy C uy, the double upper covering condition implies
that

up CbVu, and DVuyCTbVu
More generally, we have forall k =0,...,n — 1,

up CbVugand ug C Upr1 = Upp1 C OV uppand b Vug T 0V upyg

Hence, u,, T bV u,, thatis,a Vx C bV z.0d

For more on semimodular lattices, we refer the reader to Grétzer [24] or Stern
[58].

Partition Lattices and Representations

We begin with the definition of a partition.

Definition A partition of a nonempty set X is a collection {A; |i € I} of
nonempty subsets of S, called the blocks of the partition, for which

]) AiﬂAjZ(Z)foralli;éj

2) S=UA.

A block is trivial if it has size 1.0

It is well known that there is a bijection between the family Equ(X) of
equivalence relations on a nonempty set X and the family Part(X) of partitions
of S. When we write Equ(X) or Part(X), it is with the understanding that X is
a nonempty set.

Thinking of equivalence relations as subsets of X2, it is clear that Equ(X) is a
poset under set inclusion. For Part(X), we have the following order.
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Definition Let P and @) be partitions of a nonempty set X. Then P is a
refinement of Q, written P < @, if each block of Q) is a union of one or more
blocks of P. If P < Q, we say that P is finer than ) and Q) is coarser than
r.O

Theorem 4.17 Let X be a nonempty set. The bijection 11: Equ(X) — Part(X)
that maps an equivalence relation 6 to the corresponding partition Py is an
order isomorphism, that is,

0 Co & P<P, O

In view of this theorem, we will describe our results in terms of either partitions
or equivalence relations, whichever seems clearer at the time.

Since Equ(X) is an intersection-structure, it is a complete lattice. To describe
the join of equivalence relations, we use the following concept.

Definition Let F be a family of binary relations on a nonempty set X. If
a,b € X, then a witness sequence firom a to b is a sequence

a:alva/?a"'uanflyan:b

in X for which

(91 92 an—l
a=a =w=a3=-=ay_1=0a, =0
where 0; € F. If there is a witness sequence from a to b, we say that b is
reachable from a using F. The length of a witness sequence is the number of

terms in the sequence, not including the first and last. Thus, a = x =b has
length 1.01

Theorem 4.18 Let X be a nonempty set. The poset Equ(X) is an intersection-
structure and therefore a complete lattice. Let F = {0; | i € I'} be a family of
equivalence relations on X, with corresponding partitions P = {P; |i € I},
where P; = P,

1) The meet is given by

NF =\
and so

a(/\]—')b if abbforalld e F

The meet of the family P can be described as the coarsest common
refinement of P. Thus, the blocks of \P are the largest subsets of X that fit
inside a single block from each member of P.
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The join

0=\/F

of F is the transitive closure of the union | JF. Specifically, adb if and only
if there is a witness sequence

0 iy 0;
2 2 — — m-1
a=a1:a2:a3:---:an_1:an:b

from a to b using F. The join of P can be described as follows: Two
elements a,b € X are equivalent under the join if there is a finite sequence
of “jumps” starting with a and ending with b, where each jump must lie
within a single block of some member of P.

Proof. We leave the proof that Equ(X) is an intersection-structure to the reader.

For

part 2), let 6 =\/F. The reachable relation R is ecasily seen to be an

equivalence relation. Moreover, since 6; C 0, it follows that a Rb implies a0b,
that is, R C 0. But 6, C R forall k and so # C R. Thus, § = R.O

We

leave proof of the following for the exercises.

Theorem 4.19 Let X be a nonempty set.

1) The atoms in Part(X) are the partitions with only one nontrivial block,
which has size 2.

2) For the covering relation in Part(X), we have o C 0 if and only if 0 is
obtained from o by taking the union of exactly two distinct blocks of .

3) Part(X) is atomistic and strongly atomic.

4) Part(X) is semimodular.

5)  Part(X) is relatively complemented..]

Representations

Cayley's theorem of group theory says that any group can be embedded in (is
isomorphic to a subgroup of) a permutation group. Thus, permutation groups are
universal, in the sense that they “contain” all groups. Partition lattices play the
analogous role for lattices.

Definition Let L be a lattice.

1)

2)

A representation of a lattice L is a lattice embedding

A: L — Part(X)

for some nonempty set X.
A representation A has
a) typelifforalla,b e Landz,y € X,

z(AaVAD)y = z(Aa)z(Ab)y

for some z € X.
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b) type2ifforalla,b € L andz,y € X,
x(AaV Ab)y = x(Aa)z(Ab)z(Aa)y

for some z1, 29 € X.
c) type3ifforalla,b e Landzx,yc X,
(AaV Ab)y = x(Aa)z(Ab)ze(Aa)zs(Ab)y

for some z1, 29, 23 € X.[O

Note that the definition of type and the commutativity of join imply that there is
a witness sequence from z to y that starts with Ab as well.

In 1946, P. M. Whitman [67] proved that every lattice has a representation. In
1953, Bjarni Jonsson [37] proved that every lattice has a type 3 representation.
We follow the proof more or less as given in Grétzer [24] and for this proof, we
require two definitions.

Definition 4 meet representation of a lattice L is a meet-preserving bijection
from L to Part(X), for some nonempty set X.[

Definition Let L be a lattice with 0 and let X be a nonempty set. A function
0: X x X — L is a distance function if

1) 6 is surjective.

2) 6 is symmetric, that is,

6(z,y) = 8(y, x)

forall x,y € X.
3) ¢ is normalized, that is,

6(x,z) =0

forallz € X.
4) ¢ satisfies the triangle inequality, that is,

6(z,2) < O(z,y) Vo(y,2)
forall z,y,z € X.O

For example, the function ¢: L x L — L given by

aVb ifa#b
5(a,b) = {o ol

is a distance function.

Theorem 4.20 Let L be a lattice. A distance function 6: X x X — L defines a
meet-representation
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6: L — Part(X)
of L by (in equivalence relation language)
W(a)y if (z,y) <a

foralla € Aand z,y € X.

Proof. It is clear that §(a) is reflexive and symmetric. If x6(a)yd(a)z, then
6(z,y) <a and 6(y,z) <a and so the triangle inequality shows that
6(x,2z) < a. Hence, z6(a)z and so 6(a) is transitive and therefore an
equivalence relation.

Now,

xd(aAb)yseVy<aAb
SzrxVy<aandzVy<Db

< z6(a)y and 26 (b)y

& z[6(a) N6(b)]y
and so & preserves meets. To see that ¢ is injective, if 6(a) = &(b), then
6(z,y) < a if and only if §(z,y) < b. However, if a # b, we may assume that

a £ b and since § is surjective, there are x,y € X for which 6(z,y) = a, but
then 6(x,y) £ b. Hence, 6 is a meet representation of L.

Definition Let X CY and let : X x X — L and e:Y XY — L be distance
functions. Then e extends 6 if €| xxx = 6.0

It is clear that if € extends 8, then & < € on X.

Theorem 4.21 (Jonsson [37])

1) Every lattice L has a type 3 representation.

2) A lattice L has a type 2 representation if and only if it is modular.

Proof. We first prove that any lattice L with a type 2 representation is modular.
For convenience, let us identify an element a € L with its image Aa under the
representation A: L — Part(X). We must show that for a,b, ¢ € L witha > ¢,

aN(bVec)<(anb)Vec
that is, for any x,y € X,
zla N (bVe)ly <z[(and)Vcly

Now, the left side implies that zay and x(b V ¢)y and since the representation
has type 2, there are 21, 2o € X for which

xez bzocy

Thus, zjczayczs and so ¢ < a implies that z;az; and since z1bzo, it follows that



Modular and Distributive Lattices 115

z1(a A b)z2, whence z[(a A b) V c]y, which is the right-hand side of the modular
inequality. Hence, L is modular.

For part 1) and the remaining direction of part 2), suppose that 6: X x X — L
is a distance function, with corresponding meet representation 6: L — Part(X).
Suppose further that u6(a V b)v for some a,b € L and u, v € X, that is,

6(u,v) <aVvbd

Then it may fail to hold that u[8(a) V &(b)]v, but we can adjoin some elements
to X (3 elements in general and 2 elements when L is modular) and extend ¢ so
that this is the case, with a witness sequence from u to v of length 3 in general
and of length 2 when L is modular. This is done as follows.
For any L (modular or not), let z1, 29 and z3 be symbols not in X and let

X* =XU {Zl, 29, 2’3}
Extend 6 to 6* by setting

(5*(2’1,,22) :b
6" (29,23) = a
6" (z1,23) =a Vb

and forall x € X,

6" (x,21) = 6(x,u) Va
0" (x,29) = 6(z,u) VaVvb
6% (x,z3) = 6(z,v) Vb

and require also that 6* be symmetric and normalized.

These extensions may seem arbitrary at first, but they are designed so that the
resulting function 6*: X* x X* — L will satisfy the triangle inequality and
therefore be a distance function. In particular, by matching a and b as above, the
right side of the triangle inequality

6" (x,zj) < 6%(z, 2i) V 6" (2, 2;) (4.22)
has the form
6(z,uorv)VaVvb
whereas the left side has the form
6(z,uorv) Ve
where ¢ < a V b. Moreover, since ¢ satisfies the triangle inequality, we have

6(z,u) < 6(z,v) Vo(v,u) < 8(x,v)VaVvb
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and similarly,
6(xz,v) < 6(x,u)VaVvbd

Hence, it is clear that (4.22) holds. We leave it to the reader to check the other
cases of the triangle inequality.

Thus, 6* is a distance function. Moreover, the extension also satisfies

8" (u,z1) < a
6 (Zl,ZQ) S b
6%(29,23) < a
6"(z3,v) < b

that is,
ud*(a)216%(b)226*(a)z36* (b)v

which is a witness sequence from w to v under 5*(a) Vv 6*(b) of length 3, as
promised. Let us refer to (X*,6*) as the 3-extension of (X,6) by (a,b,u,v)
and write

(X*,6%) = (X,6) 1 (a,b,u,v)

When L is modular, we can accomplish the same goal by adjoining only two
new symbols,

X=X @] {21722}
and extending 6 to 6* by setting

6" (z1,29) = (6(u,v) Va)Ab
6 (x,z1) = 6(x,u)

( Va
6" (x,29) = 6(z,v) Va

for all x € X and by requiring that 6* be symmetric and normalized. This is also
a distance function. As for the only nontrivial case of the triangle inequality,
6" (x,2z9) < 8™(x,21) V 6% (21, 22)
the right-hand side is
6" (x,21) V 8" (21,20) = 6(x,u) VaV [(6(u,v) Va)ADb]
Since a < 6(u,v) V a, the modular law gives
= O(x,u) V[(6(u,v) Va) A (aVb)]
But 6(u,v) < aVbandso é(u,v)Va < aVb, which reduces this to
=6(x,u) Vé(u,v) Va
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Finally, the triangle inequality for d gives
=6(x,v)Va=8(x,z2)
which is the left-hand side. Thus, ¢* is a distance function. Moreover,

6*(“’721) <a
(5*(21,2’2) S b
6*(227’0) <a

that is,
ubd*(a) 216 (b) 200*(a)v
which is a witness sequence from u to v under 6*(a) V 6*(b) of length 2, as

promised. Let us refer to this pair (X*,6*) as the 2-extension of (X, ) by
(a,b,u,v) and also write

(X*,6%) = (X,6) T (a,b,u,v)

Now, for either case, we need an exten_sion X" of X and 6" of § so that given
any a,b € L and u,v € X for which ué+(a V b)v, that is, for which

5T (u,v) <aVvb

then u[6+ (a) V 6+ (b)]v, with witness sequence of length 3 in general and length
2 when L is modular. To this end, we first well-order the set of all quadruples
(a,b,u,v) where a,b € L, u,v € X and

5" (u,v) <aVvd
to form a transfinite sequence
(s boy Uy Vo) | 0 < A)
Then we accumulate extensions. First, let
(Xo,60) = (X,6) T (ao, by, ug, vo)

where | stands for the 3-extension in general or the 2-extension when L is
modular.

For each ordinal 3 < «, suppose we have defined (X3, 03) in such a way that if
v < B < a,then X, C Xjand 6, C 3. Then the union of the 5's is a distance
function

Ure Ui U] =

and we let
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(Xa7 6&) = <Uﬂ<aXﬂ’ U6<a6ﬂ> T (aaa boz; Uq, Ua)
and

+ a—
Xt ={J,  Xo and 6" =[] &

a<x @

Then 67 is also a distance function.

Thus, for any set X and any distance function 6: X x X — L, there is a set

XT2X and 6726 with the property that if wu[6(aVb)]v, then
u[6t(a) V 6+ (b)]v, with witness sequence of length 3 in general or length 2
when L is modular. It follows that 6 preserves join in the restricted sense that

5(aVb) =5 (a) V¥ (b)

To finish the proof, note that if L does not have a smallest element, we can
adjoin one to get a lattice L. If Ly is isomorphic to a sublattice of Part(X), then
so is L. Therefore, we may as well assume that . has a smallest element. Define
a distance function 6y: L x L — L by

aVb ifa#b
bola,b) = {o ol

and let Xy = L. Define a sequence of pairs (X, 6;,) for k = 0,1, ... by
Xpy1 =X and  Gpy1 =6
and then set
X=X [k=01,..}
and
s=J{o 1 k=0,1,...}

Then §: X x X — L is a distance function.

Moreover, if | is the 3-extension and ué(a \V b)v for u,v € X, then u,v € X,
for some k and so udy(a V b)v, which implies that

ub (a)216; (b)2207 (a) 2367 (b)v
for some 21, 25, z3 € X. Since 6, = 6341 C 6, we have
ub(a)z16(b)226(a)z36(b)v

and so u[d(a) V §(b)]v. Hence, the embedding 6: L — Part(X) is a lattice
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embedding of type 3. A similar argument holds for the 2-extension when L is
modular.[]

Theorem 4.21 prompts us to wonder about type 1 representations.

Definition Let x, 1, T2, Yo, Y1, y2 be variables and let

wi ;= (x; Vx;) A (yi V)
w = wWo,1 A (’w()_g V ’U)Lg)

The Arguesian identity is
(o Vyo) A (@1 Vyr) A2 Vyz) < ((wVar) Awo) V ((wVy1) Ayo)

and a lattice that satisfies the Arguesian identity is Arguesian.[]

It can be shown that the following implications hold, but their converses do not
hold:

Distributive = Arguesian = Modular

Theorem 4.23 (Jénsson [37]) Any lattice that has a type 1 representation is
Arguesian.

Proof. We may assume that L is a sublattice of Part(X). Let a;,b; € L for
1=20,1,2. If x,y € X are related under

(ap V bo) A (a1 Vby) A (a2 V b)

then x(a; V b;)y and so there exist ug, u; and u in X for which

zauiby
fori =0,1,2. Let

¢ij = (a; Vaj) A (b Vb))

for 0 < i < j < 3. Then

Ui jU;
forall 0 <7 < j < 3. Set

c=co1 A (co2Vera)

Then ugcuq and so

z[((e V ar) A ap)lug
up[((c V b1) Abo)ly

and so z and y are related under the join
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((C vV a1> A a()) V ((C vV bl) A b())

as required by the Arguesian identity.[]

The converse of Theorem 4.23 is not true. M. Haiman [29] and [30] has shown
that there are Arguesian lattices that do not have type 1 representations.

Note that the embedding A: L — Part(X) of Theorem 4.21 involves an infinite
set X and for many years, it remained an open question as to whether or not a
finite lattice could be embedded into a finite partition lattice. In 1980, Pudlak
and Tlima [50] showed that this is the case, but the proof is quite difficult.

One of the most interesting consequences of Theorem 4.23 is the following.

Theorem 4.24 (Whitman [67]) Every lattice L is isomorphic to a sublattice of
the lattice S(G) of all subgroups of some group G.

Proof. We may assume that L is a sublattice of Part(X). Let Sy be the group of
all permutations of X. For each a € L, let S, be the subgroup of Sy generated
by all transpositions (zy) for which zay. If 7 € S,, then 7 is a product of
transpositions

= (1) (a)

where x;ay;. If the transpositions on the right are not disjoint, then we may
reorder (if necessary) and combine two adjacent transpositions with a common
element. If the transpositons are identical, they cancel. If they have exactly one
element in common, then we get a 3-cycle in which all three elements are
related under a. This process continues until we reach a product of disjoint
cycles in which all elements in each cycle are related under a. In other words,
the unique (up to order) cyclic decomposition of 7 has the property that all
elements in a given cycle are related under a.

In particular, any transposition (uv) in S, has the property that uav and so a
transposition (uv) is in S, if and only if wav, which implies that the map
a+— S, is injective. Also, 7 € S, N S}, if and only if the cycles in its unique
cycle decomposition have the property that every element in each cycle is
related by a and by b, and so by a Ab. Thus, S, NS, = S, Finally,
S, C Suvp and Sy C S,y imply that S, V' S, C S,yp. For the reverse inclusion,
if 7 € S,vp, then

= (1))

where x;ay; or x;by;. Thus, each transposition (z;y;) is in S, or S, and
therefore in S, V S,. Hence, 7 € S, V S;, which shows that S, V S, = S, and
so the map a — S, is a lattice embedding from L into S(G).OI
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Distributive Lattices

Let us explore some of the basic properties of distributive lattices. First, in a
distributive lattice, maximal ideals are prime.

Theorem 4.25 In a distributive lattice L, all maximal ideals are prime.
Proof. Let M be a maximal ideal of L. Suppose that a Ab € M but a ¢ M.
Then |aV M = Landsob < aV m for some m € M. Hence,

b=bA(avm)=(bAa)V(bAm)eM

which shows that M is prime.[]

In a distributive lattice, elements are join-irreducible if and only if they are join-
prime.

Theorem 4.26 Let L be a distributive lattice.
1) The following are equivalent for x € L:
a) x is join-irreducible
b) x is join-prime
¢) lxis aprime filter, or equivalently, (1 x) is a prime ideal.
2) Dually, the following are equivalent for x € L:
a) x is meet-irreducible
b) x is meet-prime
¢) |z isaprime ideal.
Proof. If x is join-irreducible, then

r<aVb < zA(aVb)=z & (zAha)V(zAb) ==z

andsozVa=xorxAb=uz,thatis, x < a orx <b. Hence, x is join-prime.
Conversely, if = is join-prime and x = a V b, then z < a V b and so we may
assume that x < a, in which case x < a < x, that is, z = a. Hence, x is join-
irreducible. The rest follows from Theorem 3.37.[1

We have seen that the down map ¢| is an order embedding and so its restriction
¢: M(L) — Spec(L) is an order embedding of meet-irreducibles into prime
ideals. Similarly, the up map is an anti-embedding and so the not-up map
¢-1: T (L) — Spec(L) defined by

¢-i(a) = (Ta)*

is an order embedding of join-irreducibles into prime ideals. More can be said if
L has a chain condition.

Theorem 4.27 Let L be a distributive lattice.
1) The not-up map ¢-1: J (L) — Spec(L) defined by

¢-1(a) = (Ta)"
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is an order embedding. If L has the DCC, then all prime ideals have the
Jorm (Ta) for a € J(L) and so

¢-1:J (L) =~ Spec(L)

is an order isomorphism.
2) The down map ¢|: M(L) — Spec(L) defined by

¢ (m) = Lm
is an order embedding. If L has the ACC, then
¢: M(L) ~ Spec(L)

is an order isomorphism.

3) If L is finite, then
¢ro¢-1:J(L) ~ M(L)

and so J (L) and M(L) are isomorphic.
Proof. For part 1), if L has the DCC, then the prime filters are principal and so
have the form Ta, where a is join-irreducible. Hence, the prime ideals (being

complements of the prime filters) have the form (1a)¢, where a is join-
irreducible. Thus, ¢ is surjective. Part 2) is similar.[]

Distributive lattices also have nice properties with respect to finiteness.

Theorem 4.28 For a distributive lattice L, the following are equivalent:

1) L is finite

2) L has finite length

3) L has no infinite chains (equivalently, L has both chain conditions).

Proof. Clearly a finite lattice has finite length and a lattice with finite length has
no infinite chains. Suppose that L has no infinite chains. Since L has the DCC,
Theorem 3.29 implies that the set 7 (L) of join-irreducibles in L is finite-join-
dense in L. Hence, it is sufficient to show that 7 (L) is a finite set.

Certainly, 7 (L) has no infinite chains and so Theorem 1.14 implies that it is
sufficient to show that 7 (L) has no infinite antichains. If A = (a1, ag,...) is an
infinite antichain in 7 (L), the ACC on L implies that the sequence of joins

ai,ar Vag, a1 VasVas,...
is eventually constant and so there is an n > 0 for which
arV---Va,Vapyr =a1V---Vay,
that is,

(p+1 Sal\/"'\/an

Since a,,11 is join-irreducible, it is join-prime and so a,+; < a; for some k < n,
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contradicting the fact that A is an antichain. Hence, J (L) has no infinite
antichains.[]

Irredundant Join-Irreducible Representations

Theorem 3.29 implies that if a lattice L has the DCC, then J (L) is finite-join-
dense in L. For a € L, an expression of the form

a=u V---Vu,
where the u;'s are distinct join-irreducibles is irredundant if « is not the join of
any proper subset of U = {uy, ..., u,}. Clearly, if the join is irredundant, then
U must be an antichain. Moreover, if L is distributive, then the join is

irredundant if and only if U is an antichain. Let us refer to such a representation
of a as an irredundant join-irreducible representation of a.

In the presence of modularity, we can say some things about the uniqueness of
irredundant join-irreducible representations of elements.

Theorem 4.29 (Kurosh—Ore theorem, [40], [48]) Let L be a modular lattice.
Suppose that a € L has two irredundant join-irreducible representations

a=x1V---NVNrp=y1V--Viyn
1) (Kurosh—Ore replacement property) For any x;, we can substitute some
y; to get another join-irreducible representation of a.
2) n=m
Thus, if L has the DCC, then every element a € L has an irredundant join-
irreducible representation

a=x1V---Vax,

and all such representatioms have the same number of terms.
Proof. For part 1), it is sufficient to prove the theorem for ;. Let

Ty=xzoV---Vaz, and ¢ =y, V7T
Then we must find an index k for which ¢, = a. Now, it is true that
a=c V-V,

However, « is join-irreducible in the interval [Ty, a], which contains each ¢y,
because the modularity of L implies that

[£1 A By, 1] = [Ty, 71 V 31 = [T1, a
and because x; is join-irreducible in the interval [zy A Ty, x1]. Thus, a = ¢, for

some k.

For part 2), suppose that n < m. Then we can replace all of the z's by ¥'s to get
a shorter join-irreducible representation of a using only y's, which contradicts
the irredundancy of the original representation of « in terms of the y's.[]
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When L is distributive, there is uniqueness, since
VeV, =y V- Vy,
implies that
Yi SV Vay

and so y; < x; for some j. By a symmetric argument, y; < z; <y, for some k
and since {y1, ..., y,} is an antichain, equality must hold and so

{z1, ..,z =4y, - unt

Theorem 4.30 Let L be a distributive lattice.
1) Every a € L has at most one irredundant join-irreducible representation

a=x1V---Vx,

2) If L has the DCC, then every a € L has exactly one irredundant join-
irreducible representation.]

Exercises

1. Prove that the modular law is self-dual.
2. Find an infinite lattice with no infinite chains.
3. Show that the lattice of normal subgroups of the noncyclic four-group

V ={1,a,b,ab}

is isomorphic to M;, which is not distributive.
4. If G is a group, prove that S(G) need not be modular. Hint: Consider the
alternating group A4 of order 12. Let

A= ((12)(34)), B = ((12)(34), (13)(24)) and C = ((123))

5. Prove that the family A'(G) of normal subgroups of a group G is modular.
6. Prove that a lattice is distributive if and only if

aV(bAe)>(aVb)Ac

forall a,b,c € L.
7. Let L be a distributive lattice and let A and B be ideals in L. Prove that

AVvB={aVb|ac Abe B}

8. Prove that a lattice is distributive if and only if the map ¢,: L — L x L
defined by

da(x) = (x Na,zVa)

is a lattice embedding, for all @ € L.
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Prove that a lattice is distributive if and only if for all a,b, ¢ € L, the self-
dual median property holds

(anNdD)V(ane)V(bAc)=(aVD)A(aVe)A(bVe)
If L is a distributive lattice, show that an expression

a:ul\/...\/un

with wu; join-irreducible is irredundant if and only if the terms are distinct
and form an antichain.

Prove that a finite lattice L is modular if and only if for all a,b € L, the
opposite sides of the quadrilateral in Figure 4.4 are isomorphic, that is,

[aAb,a) ~ [bya Vb

Is a relatively complemented lattice complemented?

Show that the subspaces of a vector space V' form a complemented modular
lattice under set inclusion. Describe the relative complements of elements.
Is the lattice distributive?

Prove that the lattice (N, | ) is distributive.

Prove that the lattice of subgroups of a finite cyclic group G of order n is
distributive.

Using the fact that if the lattice S(G) is distributive then G is cyclic,
describe all finite groups whose lattice of subgroups is isomorphic to a
power set lattice p(X).

Let L be a bounded distributive lattice. Prove that the set S of
complemented elements of L form a sublattice of L.

Let X be a nonempty set. Let P be the family of all partitions of X. Order
P as follows: A < o if A is a refinement of o, that is, if every block of o is a
union of blocks of A.

a) Show that (P, <) is a complete lattice. Describe the meet and join.

b) Describe the largest and smallest elements of P.

c) Describe the covering relation.

d) Show that the height of a partition X is equal to | X| — ||

e) Prove thatif n > 4 then P is not modular.

Let L be a distributive lattice. If a and o are complementary then
a A a = 0.Prove that a’ is the largest - for which a A z = 0.

Let L be a distributive lattice in which J(L) = A(L) and A(L) is join-
dense. Suppose that a € L has a complement a’. Let

Aj(a)={z € A(L) | < a}
and

A(d) = {v € A(L) | 2 < )
Prove that A(L) = A|(a) U A (da’).
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21. Let L be a distributive lattice and let  be a proper ideal of L and let F" be a
proper filter in L. Suppose that M is a maximal element of the set of all
ideals of L that contain I and are disjoint from F'. Prove that M is prime in
L. Hint: Suppose that a A b € M but that a,b ¢ M and consider the ideals

Jy = {zvm|me M}

forx =aand x =D.

22. Let L be a lattice and let A C L be a nonempty subset of L. Then the
lattice generated by A, denoted by (A), is defined to be the intersection of
all sublattices of L containing A. If L is distributive, show that (A) can be
constructed as follows: First, take the meets of all nonempty finite subsets
of A. Then (A) is the set of joins of all nonempty finite subsets of these
meets.

23. Prove part 2) of Theorem 4.30 using duality.

The Partition Lattice

24. Let G be a group. Show that there is a very well known representation of
the lattice A/(G) of normal subgroups of G in Part(G). Show that this
representation is of type 1 and so N'(G) is Arguesian.

25. Prove that Part(X) is strongly atomic.

26. Prove that Part(X) is semimodular.

27. Prove that Part(X) is relatively complemented.

28. Prove that an Arguesian lattice is modular by showing that N5 is not
Arguesian. Hint: let

To=U0n =Y
T =T2 =Y ==
Y=

Pseudocomplements

Let L be a lattice with a smallest element. For @ € L, an element z € L such
that

aNz =0

is called a semicomplement of a. The set S(a) of semicomplements of a is
clearly a down-set. If S(a) is a principal ideal, that is, if S(a) has a greatest
element, this element is called a pseudocomplement of a. A lattice in which
every clement has a pseudocomplement is called a pseudocomplemented
lattice.

More generally, if a,b € L and if the set
{reL|lanz<b}

has a greatest element, it is called a relative pseudocomplement of a in b. We
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denote this element by a ~ b. (There does not appear to be a generally accepted
notation for relative pseudocomplement.) If every pair of elements has a relative
pseudocomplement, then L is said to be relatively pseudocomplemented. A
relatively pseudocomplemented lattice is also called a Heyting lattice or a
Heyting algebra.

The dual of a Heyting algebra is a lattice L that satisfies the following
condition: For every a,b € L, the set

{reLlaVvz>b}

has a smallest element, which we will denote by a v b. If a v~ b exists for
every pair of elements in L, then L is called a Brouwerian lattice. (Birkhoff
refers to Heyting lattices as Brouwerian lattices but others refer to the dual of a
Heyting algebra as a Brouwerian lattice.)

29. Prove that every Brouwerian or Heyting lattice is distributive.

30. Show that any finite distributive lattice is Brouwerian and Heyting.

31. Let L be a distributive lattice. Suppose that a and a’ are complementary in
L.

a) Provethata ~b=ad' VD.
b) Show that the ordinary complement @’ is a special type of relative
pseudocomplement.

32. Let L = (N, | ). Show that a ~ b exists for all a, b € L but that the relative
pseudocomplement a ~ b does not exist. Thus, L is Brouwerian but not
Heyting.

33. Let P be a finite poset. Let L = O(P) be the lattice of down-sets in P.
Show that L is pseudocomplemented. Hint: What does it imply to say that a
down-set D is disjoint from a down-set A?






Chapter 5
Boolean Algebras

Boolean Lattices

Complemented distributive lattices have particularly nice properties.
Definition 4 complemented distributive lattice is called a Boolean lattice.[]

Since a distributive lattice has the property that the sets aj,, are empty or
singletons, Boolean lattices are uniquely complemented. Some simple properties
of Boolean lattices follow.

Theorem 5.1 Let L be a Boolean lattice. Let a,b € L. Then
1)
0=1,17"=0 and d'=a

2) (de Morgan's laws)

(anb) =d Vi

(avb) =d AV
3) (Order and complements)

a<b < aANl=0 < dvb=1

In particular,
3a) (Order-reversing)

a<b & b<d
3b) (Atoms) If'a € A(L), then for any x € L,
a<x or a<zx butnotboth

Proof. For part 3), if a < b, then a A b’ is less than or equal to both b and b’ and
soa Ab = 0. Conversely, if a A b = 0, then

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 5, 129
© Steven Roman 2008
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b=bV(aAb)=OVa)ADVD)=bVa

and so a < b. The other part is dual. We leave the rest of the proof to the
reader.(]

Theorem 3.45 (projecting a complement into an interval to get a relative
complement) implies that a Boolean lattice is relatively complemented.
Therefore, distributivity implies that L is uniquely relatively complemented.

Theorem 5.2 A Boolean lattice L is uniquely relatively complemented. Hence,
the following hold in L:
1) Foranya € [u,v], we have

) = (@' Vu) Av=(a Av)Vu

2) The join-irreducible elements of L are precisely the atoms of L, that is,
J(L) = A(L)

3) A Boolean lattice is atomic if and only if it is atomistic..C]

We have seen that in a distributive lattice, all maximal ideals are prime. In a
Boolean lattice, the converse is also true.

Theorem 5.3 Let L be a Boolean lattice and let I be a proper ideal of L. The
following are equivalent:

1) I is maximal.

2) I is prime.

3) Foralla € L, exactly one of a or a' is in I.

Proof. We have seen that maximal ideals are prime. If I is prime, then
aNad €I and so a€ I or o' € I. However, if both are in I, then so is
aV a’ =1, which is false since I is proper. Finally, if 3) holds and I C .J, then
for a € J\ I, we have o’ € I and so 1 =aVa' € J, whence J = L. This
shows that I is maximal.[]

Boolean Algebras

Just as a lattice can be defined algebraically as a nonempty set with two
operations A and V satisfying certain requirements, with no explicit mention
of the underlying partial order, Boolean lattices can also be defined
algebraically as a set with operations. In this context, the term Boolean algebra
is usual.

Definition 4 Boolean algebra (B, A, V,0,1,") is a sextuple, where B is a
nonempty set with two binary operations N\ and V , one unary operation' and
two nullary operations (constants) 0 and 1, having the following properties:
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1) AN and NV are associative, commutative, idempotent and satisfy the
absorption laws, that is, the triple (B, A, V) is a lattice as defined
algebraically in Theorem 3.17.

2) A and V satisfy the distributive laws.

3) 0 is the identity for join and 1 is the identity for meet, that is,

aVO=a and aNl=a

foralla € L.
4) The unary operation’ satisfies the definition of complement:

ava =1 and aNd =0 O

Thus, a Boolean algebra (B, A, V,’,0,1) is a Boolean lattice with smallest
element 0 and largest element 1. Conversely, any Boolean lattice is a Boolean
algebra.

Definition 4 nonempty subset S of a Boolean algebra B is a Boolean
subalgebra if S inherits the bounds 0 and 1 as well as finite meets, joins and
complements from B.[J

Example 5.4

1) The power set p(S) of a set S is a Boolean algebra, called the power set
algebra, or just the power set of S. In fact, these are very general algebras:
We will prove in a later chapter that every finite Boolean algebra is
isomorphic to p(S) for some finite set S and, more generally, every
complete atomic Boolean algebra is isomorphic to a power set p(S). A
Boolean subalgebra B of a power set algbera p(.5) is called a power set
subalgebra or an algebra of sets or a field of sets. Put another way, a
family F of sets is an algebra of sets if it has finite unions, finite
intersections and complements.

2) Let S be a nonempty set. The finite-cofinite algebra F'C(S) is the family
of all subsets of S that are either finite or cofinite. (A subset is cofinite if its
complement is finite.) For a countably infinite set .S, this Boolean algebra is
not isomorphic to any power set p(X) because |FC(S)| = Xy whereas
| (X)| is either finite or uncountable. Alternatively, we can observe that
FC(S) is not complete for any infinite set .S, but any lattice of the form
p(X) is complete.T

Boolean Rings

There is yet another way to view Boolean algebras algebraically.

Definition 4 Boolean ring is a ring (R, +, -,0,1) with identity 1 in which
every element is idempotent, that is,

forallr € R.O
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We leave proof of the following to the reader.
Theorem 5.5 A Boolean ring is commutative and 2r = 0 for all r € R.OJ
Theorem 5.6

1) Let (R, +, -,0,1) be a Boolean ring. Define binary operations N\ and V
and a unary operation’ in R by

rANs=rs
rvVvs=r-—+s-+rs
P =1+r

Then (R, A, V,0,1,’) is a Boolean algebra.
2) Conversely, let (B, N, V,0,1,") be a Boolean algebra. Define binary
operations by

rs=rAs

r+s=0Vs)AFIVs)=0rAs)V (I As)

Then (B, +, -,0,1) is a Boolean ring.
The maps

a (R7 + b) : ’07 1) = (R’ /\ b \/ 705 17/)
and
p:(R7 /\7 \/’0717/)'_>(R7 +7 .70’1)

described above are inverses of each other. Moreover, a nonempty subset
S C R is a lattice ideal if and only if it is a ring ideal.

Proof. For part 1), it is clear that meet is associative, commutative and
idempotent and that join is commutative and idempotent. Verification of
associativity of join is straightforward, and is left to the reader. Finally, the
absorption laws hold since

aN(aVd)=ala+b+ab)=a
aV(aAb)=a+ab+aab=ua

Note that the absorption laws do not hold if join is defined simply as addition.

For part 2), let B be a Boolean algebra. As to addition, a straightforward but

tedious calculation shows that addition is associative. The zero of B is 0, since
r+0= (VoA V1) =r

It is clear that addition is commutative and so B is an abelian group. It is clear
that multiplication is associative and the identity of B is 1. We leave verification
of distributivity
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for the reader. Finally,

and so B is a Boolean ring.

Given a Boolean algebra B = (B, A, V,0,1,’), the Boolean ring
p(B) = (B, +, -,0,1) satisfies

In the Boolean algebra a(p(B)) = (B, A, V,0,1,7), we have
P=1+r=(1Vr)A(0

and so complements in B and a(p(B)) are the same. Meets are also the same,
since

TAS=rs=rASs
For the join, first note that
(r+s) =[rvs)A(r'Vvs) =rnAs)V (' As)
and so

rVs=r+s+rs
=[(rvs)A(@T' V) +(rns)
={[(rVvs)A(T'VSVIrAs)}A{[(rAs)V AV (FVs)}
= Vs)A[(FVS)V(IrA)A[rAs)V (Vs

=(rVs)A[r Vs V(ras)
=(rVvs)Al(rAs) V(rAs)
=rVvs

Thus, meet, join and complement are the same in 5 and a(p(B)), which implies
that the order is the same and so 0 =0 and 1= 1. Thus, a(p(B)) = B as
Boolean algebras and so v o p = ¢.

Given a Boolean ring R = (R, +, -,0, 1), the Boolean algebra (R ) satisfies

rANsS=rs
rVvs=r+s+rs
v =1+r

In the corresponding Boolean ring p(c(R)) = (B, +,=,0, 1), we have
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r=s=rAs=rs
and

r+s=(rAs)V(I As)

=rs'Vr's

! ! /!

=rs +rs+rsrs
r(l+s)+ (1 +7r)s+r(1+s)(1+7r)s
=r+rs+s+rs+rs(l+s+r+rs)
=r4+rs+s+rs+rs+rs+rs+rs
=r—+s

Since addition and multiplication are the same in R and «(p(R)), we have
R =a(p(R)) asrings and so po o = ¢.

Finally, let (R, +, -,0,1) be a Boolean ring and let (R, A, V,0,1) be the
corresponding Boolean algebra. To see that a ring ideal I C R is a lattice ideal,
leta,b € I. Then

aVb=a+b+abel

and if r < a,thenr =r Aa =ra € I and so I is a down-set. Thus, [ is a lattice
ideal. Conversely, if I C R is a lattice ideal, then for a,b € I,

a+b=(aANb)V(dNDb)ET
Also, if r € R and a € I, then
ra=rANa¢cl
Hence, [ is a ring ideal.[]
Boolean Homomorphisms
Boolean homomorphisms preserve the Boolean algebra structure.
Definition Let L and M be Boolean algebras. A Boolean homomorphism

from L to M is a function f: L — M with the following properties:
1) f preserves meets and joins, that is,

flanb) = f(a) A f(b)
flavb) = f(a)V f(b)

2) f preserves 0 and 1, that is,
f0=0 and fl1=1
3) f preserves complements, that is,

fla) = (fa) U



Boolean Algebras 135

It is not hard to see that in a uniquely complemented lattice, preservation of
bounds (0 and 1) is equivalent to preservation of complements.

Theorem 5.7 The following are equivalent for a lattice homomorphism
f: L — M between uniquely complemented lattices:
1) [ preserves complements, that is,

7(d) = (fay
foralla € L.
2) fisad{0,1}-homomorphism, that is,
f(0O)=0 and f(1)=1

Proof. This follows easily from the equations

f(0) = fland) = f(a) A f(d)
fQ) =flavd) = f(a) Vv f(d) O

Note that a Boolean homomorphism is just a lattice {0,1}-homomorphism
between Boolean algebras.

One place to find Boolean homomorphisms is in induced maps. If f: A — B is

a function between nonempty sets, the induced inverse map
f L p(B) — p(A) is defined by

V) ={ac Al f(a) eV}
If f is bijective, the symbol f~! usually denotes the ordinary inverse map

defined on the elements of B, rather than the induced inverse map defined on
the power set p(B).

We leave proof of the following to the reader.

Theorem 5.8 Let f: A — B be a function between nonempty sets. The induced
inverse map f~': p(B) — p(A) is a Boolean homomorphism. In fact, for any
subset U of B and any family {U; | i € I} of subsets of B, we have

Yo =Ur

o) =N
o =)y O
Note that if B is a Boolean lattice, then its dual B? is also a Boolean lattice,
with meet in B? equal to join in B and join in B? equal to meet in B. However,

complement is self-dual: The complement in B? is the same as the complement
in B.
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In a Boolean lattice B, the complement map o:x — x’ is order-reversing and
bijective and so is a lattice-isomorphism from B to its dual B?. Also, de
Morgan's laws say precisely that o is a Boolean algebra isomorphism.

Theorem 5.9 Let B be a Boolean lattice. The complement map x — ' is a
Boolean isomorphism from B onto the dual B?.0]

Characterizing Boolean Lattices

We have discussed the fact that if a lattice L is uniquely relatively
complemented, then it is distributive, but that being uniquely complemented it
not sufficient to imply distributivity. This follows from a theorem of Robert
Dilworth.

Theorem 5.10 (Dilworth, 1945 [16]) Every lattice is a sublattice of a uniquely
complemented lattice.]

Thus, we are prompted to look at conditions that imply that a uniquely
complemented lattice is distributive, and therefore Boolean. One such condition
is the following special form of modularity.

Definition Let L be a complemented lattice.
1) L satisfies SMP1 (for special modular property) if

a>c = aA(dVe)=c

foralla,c € L.
2) Dually, L satisfies SMP2 if

c>a = aV(dAc)=c

If L satisfies both SMP1 and SMP2, we say that L satisfies SMP.[]

We can now describe conditions that characterize distributivity (and therefore
Booleanness) among uniquely complemented lattices.

Theorem 5.11 Let L be a uniquely complemented lattice. The following are
equivalent:

1) L is distributive (and therefore a Boolean lattice).

2) L is modular (due to Birkhoff and von Neumann).

3) L satisfies SMP.

4) L satisfies de Morgan's laws.

Proof. It is clear that 1) = 2) = 3). To see that 3) = 1), we show that the sets
aj., are empty or singletons, which implies distributivity by Theorem 4.8.
Actually, SMP is precisely what is needed to prove that any relative
complement is also a complement and is therefore unique by assumption.
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Specifically, we will show that if b € ay,,,), then b is the complement of the
element

e=(anu )V
which is formed by projecting a into the interval [/, u']. First, SMP1 and the
fact that v > a A v/ imply that
eANb<eAv=[aANd)VI]Av=aAn

and so e A b is contained in a, b and v’ and since a A b = w, it follows that e A b
is contained in u and u’, whence e A b = 0. Dually, SMP2 implies that

evVb>eVu=vV(aAu)Vu=1vVa

Hence, e Vb contains v/,a and b and since a Vb = v, it follows that e V b
contains v as well, and so e V b = 1. Thus, b = ¢’ and 1)-3) are equivalent.

We leave it to the reader to show that the distributive law implies de Morgan's
laws. Finally, we show that de Morgan's laws imply SMP. For SMP2, it is
sufficient to show that

r>a = [(@Ad)Va] =2
which, using de Morgan's laws, is
zr>a = (zAd)Nd =2

The consequent is equivalent to

A [(zAd) Nd]
xV[(xzAd) Nd]

The first of these equations is true. For the second equation, since 2’ < a/, we
have

0
1

zV[zAd)ANd]=xV[z' Va)Ad]>xzV[z' Va)Ad|=zVva =1

Hence, SMP2 holds. Condition SMP1 follows by duality.[]
We also have the following result.

Theorem 5.12

1) (Birkhoff and Ward [9]) A uniquely complemented atomic lattice is
distributive.

2) A uniquely complemented lattice of finite width is distributive.

Proof. For part 1), let L be a uniquely complemented lattice and let A = A(L)

be the set of atoms of L. We first show that the A-down map ¢4 : L — p(L)

preserves strict order, that is,
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r<y = Alx) CAy)

It then follows from Theorem 3.32 that the .A-down map is injective. Now, if
x < yand «’ is the complement of z, then 2’ VV y = 1. It follows that 2’ A y > 0,
since otherwise, ¥ and x would be distinct complements of 2’. Hence, there is an
atom a <z’ Ay. In particular, a <y and a <z’. Hence, a £ z and so
a€ A/(y)\ A/ (x). Thus, the A-down map is injective.

The A-down map is a meet-homomorphism (as are all B-down maps). To show
that the .A-down map is a join-homomorphism, we show that

A(zVy) € A(z) U A(y)

since the reverse inclusion is clear. This is equivalent to
a<xVy = a<x or a<y
for all atoms a. If a is not contained in x, then Theorem 3.43, which says that

every atom is contained in the complement of all atoms other than itself, implies
that the atoms contained in x are also contained in a’ and so

.Al(:L') = .Al(a’ A :E)
which implies that x = a’ A x, that is, © < @’. Similarly, if a £ y, then y < d/.
But then a < x V y < d/, which is false. Hence, eithera < z ora < v.

Thus, the A-down map is a lattice embedding of L into the distributive lattice
©(L) and so L is distributive (in fact, L is isomorphic to a power set sublattice).

To prove part 2), we show that L has the DCC, in which case it is atomic and so
part 1) completes the proof. If L does not have the DCC, then L has a strictly
descending sequence

ap > Qg > -+

If by = ap A aj, then ai V @), > ap1 V aj,,; = 1 and so by, cannot be equal
to 0, since otherwise, we have aj, = aj_,, which implies that a; = aj1. Thus,
by, # 0 for all k. Moreover, for k < j,

by /\bj < bp Nbpyy = (ak /\a§f+1) A (ak+1 /\Q;H_Q) =0

and so the infinite family {b;} is an antichain, which is not possible. Thus, L
has the DCC.J

Complete and Infinite Distributivity

We now wish to look at various generalizations of distributivity to infinite meets
or joins.
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Infinite Distributivity
Perhaps the simplest generalization is given by the following definition.

Definition Let L be a complete lattice.
1) L is join-infinitely distributive if for any x € L and any {a; | i € I} C L,

T A (\/ai> = \/(x/\ai)
iel iel

2) L is meet-infinitely distributive if for any x €L and any
{a; |ie I} CL,

xV (/\ai> :/\(x\/ai)
iel iel

We say that L is infinitely distributive if both 2) and 3) hold.(]

We leave it as an exercise to show that the join-infinite distributive law implies
that

(\/ (Ii) A (\/ b]> = \/ (az- A bJ)
iel jeJ (1,7)elxJ

and similarly for meets.

Example 4.5 shows that if A is the set of odd natural numbers in the complete
lattice (N, | ), then

2 A <\/ a) # \/(2/\a)
acA acA

and so a complete distributive lattice need not be infinitely distributive.
However, the infinite distributive laws hold in a Boolean lattice, whenever the
relevant meets and joins exist.

Theorem 5.13 In a Boolean algebra, the infinite meet and join distributive laws
hold whenever the relevant meets and joins exist. In particular, a complete
Boolean algebra is infinitely distributive.

Proof. Let B be a Boolean algebra and let {a; | i € I} C B. To establish join-
infinite distributivity, it is clear that for any x € B,

\/(x ANa;)) <z A (\/az)

For the reverse inequality, note that in any Boolean algebra we have
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a<z'Va=z'V(aAz)

and so

\ai <\ (@ V(@ Az) <a'v <\/($ A ai))

Hence, (finite) distributivity gives

z A (\/aj> <zA [:c’ v (\/(z A aj))}
=z A (\/(m A ai))
<\(@Ara)

A dual argument will establish meet-infinite distributivity.[]
Complete Distributivity

Consider now an arbitrary meet of arbitrary joins in a lattice L. Let us index the
joins by an index set 7" and so, for each ¢ € T', we have

Tt = \/ Gt

i€l

where a;; € L. Thus, the full expression is

. /\<\/>

teT \icl;

The most general form of distributivity can be described in words as follows:
Choose a term from each join x;, take the meet of these terms and then take the
join of all such meets. Moreover, the choice can be accomplished by a choice
function, which can be thought of as a function f that maps each ¢t € 7" to an
element of the index set Iy, thus choosing the member z; ;(;) from x;. The maps
f:T — UL for which f(t) € I; are precisely the elements of the cartesian
product [[I;. Hence, this form of distributivity can be expressed as follows:

/\<\/%i> = \/ (/\at-,f@))

tel \iel; felll, \teT

Definition Let L be a complete lattice. Let {I; |t € T} be any family of
nonempty sets and let a;; € L for eacht € T and i € I;. Then L is completely
distributive if the following hold:
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/\(\/%) =V (/\at-,ﬂt)) (5.14)

teT \iel; felll; \teT

and, dually,

\/(/\%) = A (\/‘%,f(t)) (5.150

teT \icl, Felll \teT

It is not hard to see that (5.14) implies join-infinite distributivity and (5.15)
implies meet-infinite distributivity.

Let B be a complete Boolean algebra and assume that (5.14) holds. Consider the
special case of the meet of the joins b Vv ¥’, for all b € B:

N\ ® V)

beB

Of course, this is equal to 1. If we index the set {b,b'} by setting b = by and
b = by, then I, = {0,1} for all b € B and so we do not need double indexing
on the elements of B. Complete distributivity gives

1= ANovi)=\ (/\bf(b)>

beB felll, \beB

Each term

vy = N\bro)

beB

is the meet of the set of elements described as follows: For each b € B, choose b
or b'. If zy # 0, then it must be an atom, for if b < x, then none of the terms in
xy is equal to b and so one of the terms is b’, whence b < zy < b" and so b = 0.
Thus, 2 = 0 or z; is an atom. It follows that 1 is the join of atoms, say

1= \/CLZ‘
Then by join-infinite distributivity, for any nonzero b € B, we have
b=bA (\/a) =\ ra)

and so b is the join of atoms. Thus, B is atomistic (and atomic).

The converse is also true. Indeed, we will see in a later chapter that a complete
atomic Boolean algebra is isomorphic to a power set algebra, which is
completely distributive.
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Theorem 5.16 Let B be a complete Boolean algebra.
1) B satisfies (5.14) if and only if B is atomic.
2) B is completely distributive if and only if it is atomic.[]

Exercises

1. Prove that for an infinite set X, the finite-cofinite algebra F'C'(X) is not
complete.

2. Prove that if B is a Boolean lattice then its dual B? is also a Boolean lattice,
with meet in B? equal to join in B and join in B? equal to meet in B. Prove
that complement is self-dual: the complement in B? is the same as the
complement in B.

3. If Bis a Boolean algebra show that @ € B is an atom if and only if @’ is a
coatom.

4. Let B be a Boolean lattice. If A is a nonempty subset of B, describe the
Boolean sublattice (A) generated by A, that is, the smallest Boolean
sublattice of B containing A. (Thus, (A) contains all finite joins, meets and
complements formed in B using elements of A.)

5. Prove that a Boolean lattice with the DCC also has the ACC.

6. Prove that a Boolean algebra B is finite if and only if 1 is the join of a finite
number of atoms.

7. Prove that a Boolean ring is commutative and that 2r = 0 for all » € R.

8. In the correspondence between ring ideals of a Boolean ring R and lattice
ideals in the Boolean lattice R, what can be said about the properties of
being principal, prime or maximal?

9. Those who enjoy arithmetic with meets and joins can show that the
operation

r+s=(rAs)V(I As)

in a Boolean algebra is associative.
10. Prove that the join-infinite distributive law implies that

(Va) (Vo) = V@

iel jeJ (t,7)elxJ
11. Let B be the collection of all finite unions of intervals of the real line R of
the form
(7007 a)7 [CL, b)7 [ba OO)
together with the empty set. Show that B is a Boolean algebra under set
inclusion but has no atoms.

12. Prove that every Boolean lattice is Brouwerian and Heyting.
13. A lattice L is disjunctive if @ £ b implies that there is an € L such that

xrAa>0 and zAb=0

a) Formulate the dual concept of being conjunctive.
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b) Show that a Boolean algebra is both disjunctive and conjunctive.

For the following exercises, let f: A — B and g: B — C' be functions between
nonempty sets. Let f*: p(A) — p(B) be the induced map defined by

f(S)={f(s) [ s €S}

for S € p(A) and let f~': p(B) — p(A) be the induced inverse map defined
by

fUS)={ac Al f(a) €S}

forall S € p(B), and similarly for g. Prove the following statements.

14. Forall T € p(B),
fofT(D)CT

with equality if and only if f is surjective.
15. Forall S € p(A),

flof(s)28
with equality if and only if f is injective.
16. a) f is injective (surjective) if and only if f~! is surjective (injective).
b) f is injective (surjective) if and only if (f~!)~! is injective (surjective).
17. (go f) ' =flog™!
18. f~!is a Boolean homomorphism, that is, for subsets U, U; of B,
-1 (UUz) — Uf71
—1 ( U) _ ﬂf—l
S(A\U)=B\ fI(U )
19. The induced map f*: p(A) — p(B) preserves union, that is, for U; C A,

() -

20. If f: A — B is a bijection then
=1

Frink's Condition and Distributivity

Definition 4 poset P has Frink's condition if it has finite meets and if there is
a function f: P — P and an element e € P for which

u<v & uAf(v)=e
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21. Assume that P is a poset satisfying Frink's condition. Prove the following
statements about P:

a)
b)

<)
d)

e)
2)
h)
i)
J)
k)

)

e is the smallest element of P, so we will denote it by 0.
x A f(x) =0 forall x.

f2(z) <z forall z.

f is order-reversing:

<y < [y <f(o)

£(0) is the largest element of P, so we write it as 1.

f?(z) =z forall z.

f is unique, that is, if any function g: P — P has the same property as
ftheng = f.

P has finite joins. Hence P is a lattice. Look at f(f(a) A f(D)).

de Morgan's laws hold in P.

The function f is a complement hence P is a complemented lattice.
Complements are unique, hence P is a uniquely complemented lattice
and we can write f(z) = 2.

Conclude that P is a uniquely complemented lattice in which de
Morgan's laws hold and so P is a Boolean lattice.



Chapter 6
The Representation of Distributive Lattices

We now turn to the issue of representing distributive lattices as power set
sublattices.

The Representation of Distributive Lattices with DCC

The B-down map ¢p|:L — p(B) is the key to several important
representation theorems for distributive lattices. The B-down map is a meet-
homomorphism, that is,

Bi(z Ay) = By(z) N By(y)
for all z,y € L. Furthermore, ¢ | is a join-homomorphism if and only if
B|(zVy) C By(x)UB|(y)
for all =,y € L, since the reverse inclusion is always true. But this is equivalent
to the statement that every b € B is join-prime:
b<zVy = b<z or b<y
Thus, ¢, is a lattice homomorphism if and only if every element of B is join-

prime. Also, Theorem 3.32 implies that ¢p | is injective if and only if B is join-
dense in L.

Theorem 6.1 Let B be a nonempty subset of a lattice L and let
(]53_]12 L — p(B)

be the B-down map. Then the following hold:

1) ¢, is a lattice homomorphism if and only if every element of B is join-
prime in L.

2) g, is injective if and only if B is join-dense in L.

3) ¢, is a lattice embedding if and only if B is a join-dense set of join-prime
elements..]

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 6, 145
© Steven Roman 2008
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Now, if L is distributive, then the join-prime elements are the join-irreducible
elements 7 (L). Moreover, if L also has the DCC, then Theorem 3.29 implies
that J (L) is join-dense in L. Thus, we have the following representation
theorem for distributive lattices with the DCC.

Theorem 6.2 (Representation theorem for distributive lattices with DCC)
Let L be a distributive lattice with the DCC and let

¢7.1: L — O(T)

be the J-down map, where J = J (L).
1) ¢z, is a lattice embedding and so L is isomorphic to a power set sublattice

of p(J).

2) (Birkhoff [6], 1933) If L is also finite, then ¢y, is a lattice isomorphism
and so L = O(J).

Proof. For part 2), to see that ¢ 7| is surjective, we have ¢ 7 | (0) = 0. Let

D={dy,...,d,} € O(TJ)
be a nonempty down-set of join-irreducibles in L and let a =\/d;. If j € T
satisfies j < a, then j < dj, for some k and so j € D. Thus, D = J|(a).0

Note that by duality, a distributive lattice with the ACC is also isomorphic to a
power set sublattice.

The Representation of Atomic Boolean Algebras

If L is a bounded lattice, then the J-down map is a {0, 1}-homomorphism,
since

¢7.(0)=0 and ¢7,(1)=J(L)

Hence, if B is a Boolean algebra, then the J-down map is a Boolean
homomorphism. Moreover, Theorem 5.2 implies that

J(B) = A(B)

and that A(DB) is join-dense (that is, B is atomistic) if and only if B is atomic.
Also, since A = A(B) is an antichain, it follows that

O(A) = p(A)

This leads to the following representation theorem for Boolean algebras.

Theorem 6.3 (Representation theorem for atomic Boolean algebras) Let B
be an atomic Boolean algebra and let

Pa:B— p(A)
be the A-down map, where A = A(DB).
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1) ¢a, is a Boolean algebra embedding and so B is isomorphic to a power
set subalgebra of p(A).

2) (Lindenbaum and Tarski, see [62]) If B is complete, then ¢p | is a
Boolean algebra isomorphism and so B =~ o(A). Conversely, any power
set is complete and atomic. Thus, up to isomorphism, the complete atomic
Boolean algebras are precisely the power set algebras.

Proof. For part 2), to see that ¢4 | is surjective, we have ¢4 (0) = 0. Let

ACA be nonempty. We wish to show that A= A (\/A). Clearly,

A C A|(\VA). For the reverse inclusion, if o € A (\/A), then infinite join-

distributivity implies that

a:a/\(\/A) :\/QGA(a/\a)

Since «v is an atom, it follows that & = a A a for some a € A, that is, o < a.
But a is also an atom and so « = a € A. We leave proof of the converse to the
reader.[]

The Representation of Arbitrary Distributive Lattices

Garrett Birkhoff also showed that an arbitrary distributive lattice L is
isomorphic to a power set sublattice, using the family of prime ideals as a carrier
set. Fora € L, let

P, ={P € Spec(L) | a € P}
and let
P-o=(P.)={P € Spec(L) | a ¢ P}

The first order of business is to show that P-, is nonempty for a > 0.

Theorem 6.4 Let L be a distributive lattice.

1) Ifa £ b, then there is a prime ideal containing b but not a.

2) Ifa >0, then P-, is nonempty.

3) Ifa#b, then P, # P-y.

Proof. For part 1), since a ¢ | b, the family F of all ideals containing b but not
@ is nonempty. Since the union of any chain in F is in F, Zorn's lemma implies
that F has a maximal ideal M. But M is also prime, for if x Ay € M but
x,y¢ M, then MV |x=L and MV |y=1L. Thus, a <mVz and
a <nVy for some m,n € M. Setting p=mVné& M gives a < pVa and
a < pVyandso

a<(pVa)A(pVy)=pV(zAy) €M

whence a € M, a contradiction. Thus, M is prime. The other parts follow from
part 1).00
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It is easy to see that
PuNPy=Par, PaUPy=Pyn and (P,) =Py
the latter when a has a complement. Thus
P-a N P-t = Poant)yy P-a UP-p =P-apy and (P-o)" = P
the latter when a has a complement. In other words, the set
S={P.,|aelL}

is a sublattice of the power set p(Spec(L)) and if L is complemented, then S is
a subalgebra of p(Spec(L)).

Also, the map p: L — O(Spec(L)) defined by
p(a) = P

which we will call the rho map for L, is a lattice homomorphism that preserves
existing complements. Moreover, Theorem 6.4 shows that the rho map is a
lattice embedding.

We can now summarize.

Theorem 6.5 Let L be a lattice and let
S={P.|lacL}
1) S is a sublattice of the power set lattice p(Spec(L)), in fact,

P-o NPy = Poanyy and  P-o U Py = Pap)

Also, if L is complemented, then S is a subalgebra of p(Spec(L)), that is,

(P-a)" = P-w)
2)  The rho map p: L — O(Spec(L)) defined by
p(a) = P-a

is a lattice embedding if and only if L is distributive.[]

If L is a finite distributive lattice, then the rho map is also surjective. To see this,
Theorem 4.27 says that all prime ideals have the form (1 )¢ for j € J(L). Let

D ={(151)"-.-,(17x)} € O(Spec(L))

We show that D = P_,, where a = \/j;. Now, if j is join-irreducible, then since
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D is a down-set, the following are equivalent:

(15)° € P
og (1
Jj<a= \/jk

j < ji for some k
(1)< (T4k)°
(15)°€D

Thus, D = P, and so p is surjective and hence a lattice isomorphism.

Theorem 6.6 Let L be a nontrivial distributive lattice and let
p: L — O(Spec(L))

be the rho map for L.

1) (Representation theorem for distributive lattices, Birkhoff, 1933 [6])
The rho map p is an embedding of L into the power set p(Spec(L)) and so
L is isomorphic to a power set sublattice (ring of sets). Moreover, if L is
finite, then p is an isomorphism and L ~ O(Spec(L)).

2) (Representation theorem for Boolean algebras) If L is a Boolean
algebra, then p is a Boolean algebra embedding of L into the power set
©(Spec(L)) and so L is isomorphic to a power set subalgebra (field of
sets). Moreover, if L is finite, then p is an isomorphism.[]

In the case of a finite distributive lattice L, the rho map
p: L ~ O(Spec(L))

has image O(Spec(L)). However, to describe the image of the rho map for an
arbitrary distributive lattice requires some topological notions and so we
postpone this matter until the chapter on duality theory, where the requisite
topological notions are developed.

Summary

Let us summarize our results on lattice representations.

Theorem 6.7 (Representation theorems)

1) (Arbitrary lattices) Any lattice L is isomorphic to the lattice P(L) of
principal ideals of L, via the down map ¢|: L — I (L).

2) (Distributive lattices) Any distributive lattice L is isomorphic to a power
set sublattice (ring of subsets), via the rho map p: L — O(Spec(L)). If L
has a chain condition, then the J-down map ¢ : L — O(J) is also an
embedding and is an isomorphism if L is finite.

3) (Boolean algebras) Any Boolean algebra B is isomorphic to a power set
subalgebra (field of subsets), via the rho map p: L — O(Spec(B)).
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4) (Complete atomic Boolean algebras) Any complete atomic Boolean
algebra B is isomorphic to the power set o(A), via the A-down map
¢a,: B — p(A). Conversely, any power set is complete and atomic.C]

Exercises

1. Let L be a nontrivial lattice and let
S={P.|acL}

Prove that S is a sublattice of the power set sublattice o(Spec(L)), in
particular,
a) 7Dﬂ(a/\b) =P NPy
b) ,Pﬂ(a\/b) =P, UPy
Prove that if L is complemented then S is a subalgebra of p(Spec(L)), in
particular,
C) ’Pia = ’Pﬁ(al)
2. Let L be a distributive lattice with the DCC. Show that L can be embedded
in a Boolean lattice B. If n = |L| is finite, then show that B can be chosen
with |B| < 2"1.
Find a lattice L for which 7 (L) = A(L) but L is not a Boolean algebra.
4. Let P be a finite poset.
a) Describe the covering relation in the lattice O(P).
b) What is the length of O(P).
c) Show that the length of a finite distributive lattice L is equal to |7 (L)].
5. Let L be a lattice with the DCC. Show that

W

p=0¢-1007,

where p is the rtho map, ¢-; is the not-up map and J = J (L).
6. Show that the map p?: L — U(Spec(L)) defined by

p?(a) = P, = {P € Spec(L) | a € P}
is a lattice anti-homomorphism, that is,

o(anb) = p’(a) U 2 (b)
p’(avb)p®(a)n p’(b)

and if L is Boolean then p? is a Boolean algebra anti-homomorphism, that
is,

7. Let L be alattice and let
Po = (P-,) ={P € Spec(L) | a € P}

and
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Pﬂ(%b = Pﬂa N Pb
Let
S={P.ulacLl} and B={P..]|abelL}

Prove that B3 contains S and is closed under intersection and complement,
in particular,

a) Poy=P-o and P, =Py

b)) Povy by N Pty = Prfarnas),(bivi)

c) P

Prove that if L is complemented then

a,b - ,Pﬁb#l

,Pﬁa,,b = ,Pﬁ(a/\b’)

and so B =S.
Let L be a lattice. We define, for any ideal I of L,

P-r:={P eSpec(L) | I Z P}
Prove that if 7, J < L then
1¢cJ & PCPy
Also, forany a € L,
Potg) = Pa

and for any nonempty subset X C L,
P =Py

zeX






Chapter 7
Algebraic Lattices

Motivation

We have seen in Theorem 3.8 that the meet-structures in a complete lattice L are
the families of closed sets of the closure operators on L. Specifically, the
intersection-structures on a nonempty set X are the families of closed sets of the
closure operators on X. We have also seen that there are two types of closure
operators on X: finitary and infinitary. A finitary closure operator is one for
which the closure operator is completely determined by its behavior on finite
sets, in the sense that

cl(S) = J{cl(F) | F € S, F finite}

The closure operators one meets (no pun intended) in algebra tend to be finitary,
but as we remarked earlier, topological closure operators on 7; spaces are
finitary if and only if the topology is discrete. In a sense that we will make more
precise, the property of being finitary is the dividing line between closure
operators that come from algebraic structures and other types of closure
operators.

To explain this more clearly, we define the concept of a “general algebraic
structure,” which encompasses some of the common algebraic structures, such
as groups, rings and lattices (but not fields).

Definition

1) If'nis a positive integer, an n-ary operation on a nonempty set A is a map
f: A" — A. A O-ary operation on A is a distinguished element of A. The 0-
ary, 1-ary and 2-ary operations are also called nullary, unary and binary
operations, respectively. An operation that is n-ary for some n > 0 is said
to be a finitary operation. (One can also define infinitary r-ary
operations f: A" — A, where k is any infinite cardinal.)

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 7, 153
© Steven Roman 2008
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2) An Q-algebra (or just an algebra), also called a universal algebra, is a set
A, together with a set ) of finitary operations on A. We denote an algebra
by (A; Q), or simply by A when the set of operators is understood.

3) Let (A;Q) be an algebra. If a subset Y C A is invariant under [ € <, that

is, if
Y- €Y = fly,...,yn) €Y

then the restriction f|y:Y" — Y is an n-ary operation on'Y. (4 set'Y is
invariant under a nullary operation x € A ifx € Y.) IfY is f-invariant for
all f € Q, then the set Y, together with the restrictions {f|y | f € Q} is a
subalgebra of (A; Q). When the operations are understood, we simply refer
to Y as a subalgebra of A. Let Sub({A;Q)) denote the family of
subalgebras of an algebra (A;2).00

To clarify an earlier remark, a field is not an algebra, since the inverse operation
is only a partial operation: 0 has no inverse.

The family Sub(A) of subalgebras of an algebra A is easily seen to be an N-
structure, called a subalgebra lattice. Note also that the empty set is a
subalgebra of A if and only if Q2 has no nullary operations. If A is an algebra
and S C A, then the subalgebra generated by S is the smallest subalgebra of
A containing .S, which is the intersection of all subalgebras containing S. The
subalgebra generated by a finite nonempty set S is said to be finitely-
generated.

Our ultimate goal is to characterize the N-structures that are subalgebra lattices.
As we will see, these N-structures can be characterized in several ways. In
terms of the N-structure itself:

1) They are the N-structures that inherit directed unions from @(X). For
example, the directed union of subgroups is a subgroup. Note that this is not
true for nondirected (even finite) unions. While these N-structures are most
commonly referred to as algebraic N-structures, reflecting their usual
origin, we will use the more descriptive name NU -structures.

2) They are the N-structures for which the compact subsets (defined later) are
join-dense. For example, every subgroup H of a group is the join of all
finitely-generated subgroups of H.

In terms of the corresponding closure operator:

3) They are the families of closed sets of finitary closure operators. For
example, the “subgroup generated by’ operator is finitary.
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4) They are the families of closed sets of join-continuous closure operators,
that is, closure operators with the property that for a directed set D,

cl (UdeDd> - \/deDCI(d)

A word on notation: The symbols

N —
\/D and \/ D
denote the join of a directed subset D, referred to as a directed join. Note that a

finite directed set has a maximum element. Hence, the join of a finite directed
set is equal to the maximum element.

Algebraic Lattices

The finitely-generated subalgebras of an algebra A have a special property,
namely, if a finitely-generated subalgebra S is contained in the join of an
arbitrary family F of subalgebras, then S is contained in the join of a finite
subfamily of F, that is,

sc\/F = sc\/x
for some finite subfamily F, of F. This motivates the following definitions.

Definition Let L be a complete lattice and let a € L.
1) A join-cover of a is a subset B of L for which

a§\/B

2) The element a is compact if every join-cover of a has a finite join-subcover,
that is,

a< \/B = a< \/Bofor some finite subset By C B

The set of compact elements of L is denoted by K(L).O

Theorem 7.1 Let L be a complete lattice. An element a € L is compact if and
only if every directed join-cover of a has a finite (therefore singleton) join-
subcover, that is,

_
ag\/D = a<dforsomed e D

Proof. It is clear that compact elements have this property. Conversely, suppose
that this property holds and a < \/B for some set B, then

a:\/B:\/{\/S‘SgB,Sﬁnite}
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But the set { S| S C B, S finite} is directed and so a < S for some finite
subset S C B.O

Example 7.2

1) All elements of a finite lattice are compact.

2) The compact elements of p(X) are the finite subsets of X.

3) The compact elements of the subgroup lattice S(G) of a group G are the
finitely-generated subgroups.

4) The compact elements of the subspace lattice S(V') of a vector space V' are
the finite-dimensional subspaces.[]

Theorem 7.3 Let L be a complete lattice.

1) 0 € Liscompact.

2) The compact elements KC(L) inherit finite joins from L and so KC(L) is a
Jjoin-semilattice with (.

3) The ideals of IC(L) are precisely the sets of the form IC| (a) for a € L.

Proof. For part 3), let / € Z and let a = \/ " 1. Then I C K|(a). On the other

hand, if « € K|(a), then z is compact and = < \/"'I and so = < i for some

i € I, whence x € I. Thus, I = K|(a).00

Definition 4 complete lattice L is algebraic, or compactly-generated if the
compact elements of L are join-dense in L.[]

Note that not all authors require completeness in the definition of an algebraic
lattice.

All finite lattices are algebraic. We have just seen that the subalgebra lattice
Sub(A) of an algebra is algebraic and we will show that every algebraic lattice
is the subalgebra lattice for some algebra.

é
MU -Structures

Subalgebra lattices are N-structures but, in general, they do not inherit arbitrary
unions from o (X). However, they do inherit directed unions. This follows from
the finitary nature of the operations in an algebra. For if F = {S, |i € I} is a
directed subfamily of S and if U = |J~ F, then

ri,...,x, €U = x1,...,2, € F forsome ' € F

and so f(x1,...,2,) € F CU for all f € Q. Hence, U is a subalgebra of X.
The following definition is motivated by this example.

Definition If a nonempty subset M of a power set p(X) inherits arbitrary
meets and directed joins, we call M an ﬂU -structure.]
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Some authors refer to NU -structures as algebraic intersection-structures, but
we prefer to avoid this terminology, since intersection-structures are complete
lattices and the term algebraic has a different definition when applied to
complete lattices (as we will see a bit later).

It is not hard to characterize the compact subsets of an NU -structure M in X

and to show that an NU -structure is an algebraic lattice. Recall that the M-
closure of a subset S of X is defined by

(S)=({MeM|ScM}

Definition Let M be an AU -structure in X. A set in M that is the M-closure
(S) of a finite subset S of X is called a finitely-generated element of M.O

Any finitely-generated element (F') of M is compact, for if
—
(F) | J{M; | Mie M,ie I}

then F is also contained in this directed union and so F' C M for some j € .
Hence, (F') C Mj. Conversely, suppose that K is compact in M. The family of
all M-closures (F) of finite subsets of K is directed, for if F} and F} are finite,
then (F), (F2) C (Fy U F3). Hence,

K C|J{(F) | F C K, F finite}

and so there is a finite subset F' of K for which K C (F'). Since the reverse
inclusion is clear, we have K = (F').

Theorem 7.4 Let M be an NU -structure in p(X).

1) The compact elements of M are the finitely-generated elements of M.
2) M is an algebraic lattice.

Proof. The last statement follows from the fact that for any M € M,

-~
M = J{(F) | F C M, F finite} O

Thus, AU -structures are algebraic lattices. On the other hand, every algebraic
lattice is isomorphic to an AU -structure. To see this, we show that every
algebraic lattice is isomorphic to the ideal lattices of a join-semilattice with 0
and that these lattices are NU -structures. Note that the notion of an ideal makes
sense in a join-semilattice L: An ideal is a nonempty down-set that inherits
binary joins from L.

Theorem 7.5 An algebraic lattice L is isomorphic to the ideal lattice of a join-
semilattice with 0. In particular, if I = KC(L), then the K-down map
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o, L ~I(K(L))
defined by
¢x.1(a) =Ky (a)

is an isomorphism. Moreover, Z(IC(L)) is an NU -structure in ©(K(L)) and so

every algebraic lattice is isomorphic to an AU -structure.

Proof. Theorem 7.3 implies that (L) is a join-semilattice with 0 and that
T =Z(K(L)) is an N-structure whose elements are the sets K(a) for a € L.
Hence, the K-down map ¢ : L — T is surjective. If L is algebraic, then (L)
is join-dense in L and so Theorem 3.32 implies that ¢ | is an order embedding
and therefore a lattice isomorphism.

To see that Z has directed unions, let {IC(d) | d € D} be a directed family in
Z. Since ¢k, is an order isomorphism, it follows that D is also directed.
Moreover,

JiKi(d) | d € D} = {k € K(L) | k < d for some d € D}
={kek(L)|k<\/ D}
-5 (Vo)
and so Z has directed unions and is an NU -structure.[]

Algebraic Closure Operators

. . — .
As we mentioned earlier, NU -structures correspond to finitary closure
operators. Such operators have another name.

Definition A finitary closure operator on a set X is called an algebraic closure
operator.

Algebraic closure operators are continuous in the following sense.
Definition Let P and ) be posets that have directed joins. A function

f: P — @ is continuous (also called join-continuous) if for any directed
subset D in P, the set f(D) is also directed and

f ( \7 deDd) - \7 aepd (@) =

A continuous map is monotone, for if a < b, then the set {a, b} is directed and
o)

f(0) = flaVvb) = fla)V f(b)
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which implies that f(a) < f(b). The converse is not true, however, but we can
say that any monotone map sends directed sets to directed sets and that

Viof@ = 1(V o)

Example 7.6 Let f: p(N) — ©(N) be defined by f(S) =0 for S a finite set,
f(S) = N otherwise. Then f is monotone but not continuous, since if g (N) is
the family of all finite subsets of N, then

F(Jpo(N) = f(N) =N
but
U @) =Jo=0 O

Theorem 7.7 A closure operator on a set X is algebraic if and only if it is
continuous.

Proof. Suppose that cl is algebraic and D = {d; | i € I} is directed in p(X).
Then {cl(d;) | i € I} is also directed, since cl(d;), cl(d;) < cl(d; V d;). Also,

cl(Ud) U{ )‘xﬁmtexCUd}
:U{clx ‘J;QdiforsomedieD}

CU{cl )| d; € D}

and since the reverse inclusion is clear, we have equality and so cl is join-
continuous. Conversely, if cl is join-continuous, then for any a € L,

N
a=|J{k|Fk finite, k C a}

and so join-continuity gives

cl(a) = D {cl(k) | k finite, k C a}
which shows that cl is algebraic.[]
The Main Correspondence
If L is a complete lattice, then we have seen in an earlier chapter that the maps
I':cl - CI(X) and II:C' — C-closure

are inverse bijections between closure operators on a set X and N-structures on
©(X). As pictured in Figure 7.1, under these bijections, the algebraic closure

_
operators correspond to the NU -structures.
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C-closure
%

operators

Closed sets
—_—

Closure operators N-Structures

Figure 7.1

Theorem 7.8 Let X be a nonempty set. The maps
I':cl = CI(X) and TI:C — C-closure

are inverse bijections between the closure operators on X and the N-structures

on p(X). These bijections map algebraic closure operators onto nU -
structures.

Proof. Suppose that cl is algebraic and that D = {d; | i € I} is directed in
CI(X). Since cl is join-continuous,

cl< U d,;> = L_j cl(d;) = L_j d;

Hence, |J D € CI(X) and so CI(X) is an NU -structure. Conversely, if cl is
join-continuous and if a € p(X), then

— —

a= U {z | z finite,x C a} C U {cl(z) | x finite,x C a} C cl(a)

But the element
_
b=|J{cl(z) | = finite, z C a}

is closed by the join-continuity of the closure operator and so taking closures
gives cl(a) = b and so cl is algebraic..d

Subalgebra Lattices

We can now characterize subalgebra lattices.

Theorem 7.9 (Birkhoff-Frink, 1948 [8]) A lattice L is isomorphic to the
subalgebra lattice Sub({A,Q)) of some algebra (A,Q) if and only if L is
algebraic.

Proof. Since a subalgebra lattice is an nu -structure, it is algebraic. Let us give
two proofs that algebraic lattices are isomorphic to subalgebra lattices. First,
Theorem 7.5 implies that L is isomorphic to the ideal lattice Z(.J) of the join-
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semilattice J = K(L) with 0. Thus, all we need to do is find operations €2 on .J
so that the subalgebras of the algebra (.J; ) are precisely the ideals of .J.

At the start, J is an algebra with no operations and so every subset is a
subalgebra. To reduce this family to the ideals of J, we first include the binary
join operation and so Sub(J) is now the family of subsets of J that inherit
binary joins. Ideals are also down-sets and to restrict the subalgebras to down-
sets, that is, to force

reS,a<zr = acf

for every subalgebra S, we include a unary operation

f(:(:):{a ifa <z

x otherwise

for each a € J. Then x € S and a <z implies that a = f,(x) € S. Now
Sub(.J) is the family of all down-sets that inherit binary joins. These are
precisely the ideals of J with one exception. Our definition of ideal requires that
ideals be nonempty. Thus, we include the nullary operation 0 € J to remove the
empty set from Sub(.J ). Now we have

Sub((J, ) =Z(J)~ L

As a second proof, L is isomorphic to an AU -structure M on a set X and so
M is the family CI(X) of closed sets of a finitary closure operator cl on X.
Thus, for any S C X,

cl(S) = J{cl(F) | F € S, F finite}
and so S is closed if and only if it has the property that
F CS,Ffinite = cl(F)CS (7.10)

We seek operations on X for which this characterizes the subalgebras as well.

Given a finite set /' C X of size n > 0 and an a € cl(F) \ F, we can force a
subalgebra S of X that contains F' to also contain a by requiring that S be
invariant under any n-ary operation f, ) satisfying

Jarp) (@, x,) =a if F={x,... .}
when n > 1 and under the nullary operation f, ) = a when n = 0.
But we also need S to be f(, p)-invariant even if S does not contain F'. Of

course, this is only an issue when F' is nonempty, that is, when n > 1. In this
case, f(q,r)(Z1,...,T,) can be any member of S, so we set
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a ifF={x,...,2,}
x1 otherwise

f((t,F)(xlv"'vxn) = {

Then a nonempty subset .S of X is Q-invariant, that is, S is a subalgebra of X if
and only if (7.10) holds.Od

Congruence Lattices

We have seen (Theorem 7.9) that the subalgebra lattices of algebras are
precisely the algebraic lattices. There has been much work done on the question
of characterizing the congruence lattices of an algebra.

Definition 4 congruence relation on an algebra (X;Q) is an equivalence
relation = on X with the property that for each n-ary operation f € ) and for
all v;,y; € X,

zi=yiforl<i<n = f(z1,...,22) = f(y1,---, Un)

The family of all congruence relations on (X; <) is denoted by Con((X;)) or
Con(X).O0

The meet and join of congruence relations is again a congruence relation and so
Con(X) is a complete sublattice of the lattice of equivalence relations on X.
The lattice Con(X) is called the congruence lattice of X. We will study
congruence lattices in some detail in a later chapter.

In 1963, Gritzer and Schmidt proved that the congruence lattices of algebras are
also precisely the algebraic lattices.

Theorem 7.11 (Gritzer and Schmidt, 1963 [27]) A4 lattice L is isomorphic to
the congruence lattice Con((A,Q)) of some algebra (A,QY) if and only if L is
algebraic.]

The proof of Theorem 7.11 is rather difficult and several proofs have appeared
as time has gone by (some published and others not). However, as Grétzer [26]
points out in his recent survey article, the proof is somehow inherently complex,
as witnessed by the work of Freese, Lampe and Taylor.

Theorem 7.12 (Freese, Lampe, and Taylor, 1979 [20]) Let V' be an infinite-
dimensional vector space whose base field has uncountable cardinality k and
let Sub(V') be the subalgebra lattice of 'V, which is algebraic. If Sub(V') is
isomorphic to a congruence lattice of an algebra (A;Y), then || > &, that is,
(X, Q) has at least k operations.[]

It is also natural to ask in particular whether every algebraic lattice is
isomorphic to the congruence lattice Con(L) of some lattice L. (A latttice is an
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algebra.) In a later chapter, we will study the congruence lattice Con(L) of a
lattice L. We will show that Con(L) is distributive and this brings us to one of
the most important and longstanding problems in lattice theory: The
congruence lattice problem (CLP) is the problem of whether all distributive,
algebraic lattices are isomorphic to Con(L) for some lattice L. For the finite
case, we have the following positive result.

Theorem 7.13

1) (Dilworth) Every finite distributive lattice is isomorphic to Con(L) for
some finite lattice L.

2) (Gritzer and Schmidt, 1963 [27]) Every finite distributive lattice is
isomorphic to Con(L) for some finite sectionally complemented lattice L.0OJ

There is a modestly amusing story behind the theorem of Dilworth stated above.
Apparently, Dilworth did not publish this theorem, but it did appear as an
exercise (marked with an asterisk to indicate that it is hard) in Birkhoff's book
[5]. As Gritzer states in [26]:

E. T. Schmidt and I got really interested in the result and inquired
from G. Birkhoff where the result came from, but he did not know
and encouraged us to write to R. P. Dilworth. Unfortunately,
Dilworth was busy editing the proceedings of a lattice theory
meeting, but eventually we got a response. Yes, he proved the
result, and the proof was in his lecture notes. No, copies of his
lecture notes were no longer available.

On the other hand, the general congruence lattice problem has very recently
(2006) been solved in the negative by Wehrung [64].

Meet-Representations

We have defined a meet-irreducible element m € L to be a nonunit element
with the property that

m=aAb = m=aorm=25b
We can define an analogous notion for arbitrary meets.
Definition Let L be a complete lattice.
1) An element a € L is completely meet-irreducible if a = A\S for a subset
S C L implies that a = s for some s € S.

2) An element a € L is strictly meet-irreducible if a =1 or if the set
1a\ {a} of elements properly containing a has a smallest element.[]

We leave it as an exercise to show that these two concepts are equivalent.
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Theorem 7.14 An element of a complete lattice is completely meet-irreducible if
and only if it is strictly meet-irreducible.C]

Example 7.15 To illustrate the concept, let S be a proper subspace of a vector
space V and let S© = (15)\ {S}. If v ¢ S, then the subspace (S, v) covers S
and so is a minimal element of S<. Hence, S is strictly meet-irreducible if and
only if S =V or S has codimension 1. Note also that any subspace of V' is the
intersection of strictly meet-irreducible subspaces.[]

Example 7.16 We can also find strictly meet-irreducible subgroups of a group
G as follows. Let H be a proper subgroup of G and let k ¢ H. Let F be the
family of all subgroups of GG that contain H but not k. Since the union of any
chain in F is also in F, Zorn's lemma implies that 7 has a maximal member M .

It is easy to see that M V (k) is the smallest element of M~ = (T M)\ {M},
forif M C N <G, then H C N and the maximality of M implies that k € N
and so M V (k) C N. Hence, M is strictly meet-irreducible. We have shown
that given any proper subgroup H of G, for each k ¢ H there is a strictly meet-
irreducible subgroup M, for which H C My, and k ¢ Mj,. Thus,

H =M | k¢ H}

that is, the strictly meet-irreducible subgroups are meet-dense in the lattice
S(G) of subgroups of G.OO

Definition Let L be a lattice. A representation of an element a € L of the form
a=MNalien

where each q; is strictly meet-irreducible is called a meet-representation of a

and is said to be irredundant if a is not the meet of any proper subfamily of
{ai|ierl}.00

The existence of meet-representations does not guarantee the existence of
irredundant meet-representations, as the following example shows.

Example 7.17 The set L = {0,1,1/2,1/3,...} C Q is a chain under the usual
order. It is clear that every positive element of L is strictly meet-irreducible, but
0 is not. Also, 0 has a meet-representation but no irredundant meet-
representation.]

Theorem 7.18 If L is an algebraic lattice, then every element of L has a meet-
representation.

Proof. The proof mimics the case of groups described earlier, where the role of
the element k£ € G is played by a compact element of L. Let a,b € L satisfy
b £ a. Since K(L) is join-dense, there is a k € K(L) for which k¥ < but
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k £ a. Let
X={zeL|a<azkLx}

which is nonempty since a € X. Any directed subset D of X has a join
j = VD, which is also in X since a < jand if k& < j, then the compactness of k
implies that k£ < d for some d € D, which is false. Thus, Zorn's lemma implies
that X has a maximal element m. It follows that a < m but k £ m and so
m < mV k. Moreover, if m < n, then the maximality of m implies that k£ < n
and so m V k < n. It follows that m V k is the least element of (Tm) \ {m}
and so m is strictly meet-irreducible.

Now, if a € L, then for each b € L with the property that b £ a, there is a
strictly meet-irreducible element m;, for which a < m; but b £ my,. Let M be
the family of all strictly meet-irreducible elements of L that contain a and let

b=\ M

Then a < b but if a < b, then there is a strictly meet-irreducible element m;, for
which a < my but b £ my. But my, € M implies that b < m;, a contradiction.
Hence, a = b is the meet of strictly meet-irreducible elements of L.[1

The book by Crawley and Dilworth [11] contains many results relating the
existence of irredundant meet-representations to strong atomicity. Here is a
sampling.

Theorem 7.19 Let L be an algebraic lattice.

1) If L is strongly atomic, then every element of L has an irredundant meet-
representation.

2) By way of converse, if L is modular and every element of L has an
irredundant meet-representation, then L is strongly atomic.C]

It is interesting to note that the statement

1) If L is a strongly atomic algebraic lattice, then every element of L has an
irredundant meet-representation

is actually equivalent to the axiom of choice. Crawley and Dilworth's proof of
this statement uses the Hausdorff maximality principle, which is equivalent to
the axiom of choice.

On the other hand, suppose that 1) holds and let P be a poset. We may assume
that P is not a chain. Let L be the family of all chains in P, along with the

empty set and P. Then L is an AU -structure and therefore an algebraic lattice.
Also, the strictly meet-irreducible elements in L are P, the maximal chains and
the chains that are covered by a maximal chain. If C' C D in L, then there is a
d € D\ C and so C' U {d} is a chain that covers C'. Hence, L is strongly atomic
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and so 1) implies that every proper chain in P is the meet of maximal chains and
thus contained in a maximal chain. Thus, the Hausdorff maximality principle
holds.

Exercises

1. Prove that C'(p) is the smallest closed element containing p and that 1 is

closed.

Prove that the compact elements (L) in a complete lattice L inherit finite

joins from L and so K(L) is a join-semilattice with 0.

Is the meet of compact elements necessarily compact?

Prove that if L is a complete lattice with ACC, then L is algebraic.

Prove that the compact elements of p(X) are the finite subsets of X.

Find the compact elements of the chain [0, 1] C R.

Find the compact elements of the lattice (N, | ).

Prove that the compact elements of the subgroup lattice of a group G are

the finitely-generated subgroups.

9. Let L be an algebraic lattice. Show that if a < k and k € IC(L), then k is a
cover for some element b for whicha < b < k.

10. Let L be an algebraic lattice and let S be a complete sublattice of L. Show
that S is also algebraic. Conclude that any closed interval of L is algebraic.

11. Prove that any algebraic lattice is weakly atomic.

12. Let L be an algebraic lattice.
a) Prove that L is meet-continuous, that is, meet distributes over

arbitrary directed joins, that is,

aA\7{bi|iEI}:\—)/{a/\bi|i€I}

b) Prove that if L is distributive, then meet distributes over arbitrary join.
13. Prove that an element a € L is completely meet-irreducible if and only if it
is strictly meet-irreducible.
14. Let L be a lattice. An element a € L is join-inaccessible if for any subset
BofL,

N

XNk Ww

a= \/B = a= \/Bo for some finite subset By C B

Prove the following for a complete lattice L.

a) The compact elements of L are join-inaccessible.

b) If L is algebraic, then the compact elements are precisely the join-
inaccessible elements.

15. Let L be a finite lattice in which every element has a unique irredundant
meet-representation. Let S = {s; | i € I} be the family of strictly meet-
irreducibe elements of L. Thus, for each a € L, there is a unique subset
S(a) C S for which
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a = /\ S
ieS(a)”"

is an irredundant meet-representation of a.

a) Show that a = b if and only if S(a) = S(b).
b) Show that a < b if and only if S(b) C S(a).
¢) Show thata T b if and only if S(b) C S(a).
d) Show that

¢= /\ieS(a)ﬂS(b)Si

is an irredundant meet-representation of a \V b.

e) Show that L is upper semimodular.

Prove the following (unpublished?) result of Bill Hanf: For any nontrivial

algebraic lattice L, the following are equivalent:

a) Ifk € K(L) is compact, then /C| (k) is countable.

b) L is isomorphic to the subalgebra lattice Sub(.A) of an algebra
A = (X, ) that has only a countable number of operations (including
nullary operations).

¢) L is isomorphic to the subalgebra lattice Sub(A) of an algebra
A = (X, Q) that has only a single operation, which is binary.






Chapter 8
Prime and Maximal Ideals; Separation
Theorems

Separation Theorems

The existence of maximal and prime ideals is an important topic in lattice
theory. In discussing the existence of such ideals, it is of considerable interest to
know not just when a lattice L has such an ideal, but when L has such an ideal
that “separates” certain elements or subsets of L. Theorems to this effect are
called separation theorems. The following notation will prove convenient.

Definition Let L be a lattice. If A, X C L are disjoint subsets of L, then we
denote the set of all proper ideals of L that contain A and are disjoint from X
by I(L; A, X), that is,

I(LAX)={JeZ(L)\{L} |AC J,JNnX =0}
If I is a proper ideal and F' is a proper filter, we denote this set by
I(L;I<L,F>L) O

An element J € Z(L; A, X) represents a type of separation of A and X and it
will be convenient to establish some general terminology to describe this
separation.

Definition Let F and G represent families of subsets of lattices, such as the

family of proper subsets, proper ideals or proper filters, ordered by set

inclusion.

1) A lattice L has the maximal (F,G)-separation property if for any
disjoint F € F and G € G, the set Z(L; F, G) has a maximal element.

2) A lattice L has the prime (F,G)-separation property if for any disjoint
F e Fand G € G, the set T(L; F,G) contains a prime ideal of L.C]

There are some special cases of these definitions that are of interest.

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9_8, 169
© Steven Roman 2008
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Definition

1) (G ={0}) A4 lattice L has the maximal (prime) F-extension property if
any F € F is contained in a maximal (prime) ideal of L.

2) (F ={0}) A4 lattice L has the maximal (prime) G-avoidance property if
Jor any G € G, the set T(L;0,G) contains a maximal element (prime
ideal).

3) (F =G ={0}) A4 lattice L has the maximal (prime) existence property if
L contains a maximal (prime) ideal. (]

It is clear that the separation property implies the other properties and all
properties imply the existence property.

The families of interest to us with regard to separation are the families Z*, F*
and p* of proper ideals, proper filters and proper subsets, respectively and the
separations of interest are

(Z*, p*)-separation and (Z*,F*)-separation

and those cases formed by replacing one or more of Z*, F* or p* by the family
{0}. In particular, for a given class C of lattices, we consider the following six
separation statements:

(Z*, p*)-separation
(Z*, F*)-separation
T*-extension

o *-avoidance
JF*-avoidance
existence

property (8.1)

Every nontrivial C-lattice has the maximal

Maximal Separation Theorems for Lattices with 1

We will prove that if C is a class of lattices with 1 that contains the class of
complete distributive lattices, then each of the six statements in (8.1) is
equivalent to the axiom of choice.

It is easy to see that the axiom of choice, or equivalently Zorn's lemma, implies
the strongest of these statements, and therefore all of these statements:

1) Every nontrivial lattice with 1 has the maximal (Z*,p*)-separation
property.

Forif I € 7" and X € p* are disjoint, then Z = Z(L; I, X) is nonempty, since
it contains /. Since the union of any chain C in Z is again in Z, Zorn's lemma
implies that 7 has a maximal element. Hence, 1) holds.
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Actually, there has been much work done proving that various forms of the six
statements in (8.1) are equivalent to the axiom of choice. Here are some
examples:

*  Every nontrivial lattice with 1 has the maximal Z*-extension property
(Mrowka, 1956 [46]).

*  Every nontrivial distributive lattice with 1 has the maximal Z*-extension
property (Klimowsky, 1958 [38]).

*  Every nontrivial lattice with 1 has a maximal ideal (Scott, 1954 [55]).

*  Every nontrivial distributive lattice with 1 has a maximal ideal (Klimowsky,
1958 [38]; see also Rubin and Rubin, 1985 [54], page 101).

*  Every nontrivial complete lattice has a maximal ideal (Banaschewski, 1961
[2)).

*  For each nonempty set X, every complete sublattice of ©(X) has a
maximal ideal (Bell and Fremlin, 1972 [3]).

Of course, the weakest statement of the form (8.1) is
2) Every nontrivial complete distributive lattice has a maximal ideal.

In 2003, Herrlich [33] proved that the axiom of choice is equivalent to the
following statement:

3) The lattice of closed sets of any topological space has a maximal filter.
But it is easy to see that the dual of 2),
29) Every nontrivial complete distributive lattice has a maximal filter

which is equivalent to 2), implies 3). For the family I" of closed subsets of a
topological space is a N-structure containing () and therefore a complete lattice.
Also, since meet is intersection and finite join is union, it follows that T' is
distributive. Thus, I' is a nontrivial complete distributive lattice and so 29)
implies 3). Thus, 2) implies the axiom of choice and each of the six statements
in (8.1) implies the axiom of choice.

The following theorem uses a few basic notions from topology, some of which
are covered briefly in an appendix to this book.

Theorem 8.2 (Herrlich, 2003 [33])

1) The following statement is equivalent to the axiom of choice: The lattice of
closed sets of any topological space has a maximal filter.

2)  Each of the six statements in (8.1) is equivalent to the axiom of choice.

Proof. We have seen that the axiom of choice implies statement 2) and therefore

also this statement. For the converse, let {X; | ¢ € I} be a nonempty family of
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nonempty sets. We wish to find a choice function f € [[X;. We may use the
axioms of set theory without the axiom of choice. This allows us to take unions
and cartesian products and to use the axiom schema of comprehension, which
says that if S is a set and if P is a property, then we may form the subset

A={xz €S| P(z)holds}

Now, let co be a symbol not in [JX; and let Y; = X; U {oc} for each i € I.
Define a topology on Y; by taking the closed sets to be the finite subsets of X,
along with the whole space Y;. The cartesian product

Y= HiEIY;:

is nonempty, since it contains the constant function f:I — (JY; defined by
f(i) = o for all i € I, or in more formal notation,

f=Ix{c}CIx| )y

For each i € I, the projection map m;: Y — Y] is defined by m;(f) = f(¢) for all
f €Y. Also, for each B C Y}, the cylinder with base B is the set

m {(B) ={f €Y | f(i) € B}

We give Y the product topology 7, that is, the set of all cylinders with open
bases is a subbasis for a topology on Y. Since the projection maps are open, a
cylinder is an open subset in the product topology if and only if its base is open.
Such cylinders are called open cylinders.

The family I" of closed subsets of Y is a nontrivial complete distributive lattice
and so I" has a maximal filter F, which is also a prime filter by Theorem 4.25.
We refer to a cylinder in F as an F-cylinder and the base of an F-cylinder as
an F-base.

We wish to show that for each coordinate ¢ € I, there is an F-base that is a
finite subset of X;. For this, it is sufficient to show that there is an F-base that is
a proper subset of Y;, since any F-base is closed and so is either Y; or a finite
subset of X;.

However, if there is any F' € F for which 7;(F) is a proper subset of Y;, then F'
is contained in the cylinder ;! (7;(F)) and since F is a filter and

7 (m(F) D F€F

it follows that 7r; ' (;(F")) is an F-cylinder whose base is a proper subset of Y.

This leaves only the possibility that m;(F) =Y; for all F € F. But this
contradicts the maximality of . To see this, let z € X; and let



Prime and Maximal Ideals 173

G = [F,m ()

be the filter generated by JF and the closed cylinder ;! (). The filter G consists
of all closed sets K O F N !(x), for some F € F. But G is strictly larger
than F, since 7; () is not in F. Also, G is a proper filter, since () € G implies
that

) =Fnmt(z)
for some F' € F, which is false since m;(F') = Y; and so there is an f € F' for
which 7;(f) = «.

Thus, we have shown that for each coordinate ¢ € I, there is an F-base that is a
finite subset of X;. Next, we show that there is a unique singleton F-base {x;}
in each X;. If w; 1(B) is an F-cylinder with base B = {by,...,b,} in X, then

7 (b)) U Um (b)) =7 H(B) € F

and since F is prime, at least one 7; ' (b;) is in F and so {b;} is also an F-base
in X;. On the other hand, if {¢;} is also an F-base in X; with ¢; # b;, then

0=m'(b)Nm (c:) e F

which contradicts the maximality of F. Hence, there is a unique singleton F-
base {b;} in each X; and so the function f: I — [JX; defined by

f(@) =0
is a choice function for the family {X; | i € I}.00

The fact that lattices have the maximal (Z*,p*)-separation property is
sometimes referred to as the maximal separation theorem for lattices.
Similarly, lattices satisfy the maximal extension theorem for proper ideals and
the maximal ideal theorem.

Maximal Separation Theorems for Boolean Algebras

Of course, the class of Boolean algebras does not contain the class of complete
distributive lattices and so the previous results do not apply to Boolean algebras.
With respect to Boolean algebras, we confine ourselves (for now) to the
following two statements:

1) Every nontrivial Boolean algebra has the maximal (Z*, p*)-separation

property.
2) Every nontrivial Boolean algebra has the maximal p*-avoidance property.

We will prove that each of these statements is equivalent to the axiom of choice.
On the other hand, the statement that every nontrivial Boolean algebra has the
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maximal Z*-extension property is strictly weaker than the axiom of choice. (We
will revisit this issue a bit later.)

Since a Boolean algebra is a lattice with 1, we have seen that the axiom of
choice implies statement 1), which implies statement 2).

Theorem 8.3 Each of statements 1) and 2) is equivalent to the axiom of choice.
Proof. It is sufficient to show that statement 2) implies Tukey's lemma. We
begin with a few remarks about families of finite character. First, if F has finite
character and if A € F, then any subset S of A is also in F, since all finite
subsets of S are finite subsets of A and so belong to F. Hence, A € F implies
lACF.

Second, let Z be an ideal of p(X) contained in F. Then YZ € F, for if
F C |JZ is finite, then F' is contained in a union | JZ, of a finite subset of Z,
which is in Z, whence F € Z. Thus, | JZ € F. Moreover, if 7 is maximal
among all ideals of p(X) contained in F, then |JZ is a maximal element of F.
ForifJZ C N € F, then

Igl(UI)clNg}"

Hence, the maximality of Z implies that | N = F. Thus, F is an ideal of p(X)
and so Z = F, which is false.

Now, to see that 2) implies Tukey's lemma, let 7 C o (X) be a nonempty family
of finite character. Then (X)) \ F is a proper subset of p(X) and so statement
2) implies that there is an ideal Z of @(X) that is maximal with respect to
avoiding p(X) \ F, that is, maximal with respect to being contained in F.
Hence, by the previous remarks, | JZ is maximal in F and Tukey's lemma
holds.[d

Prime Separation Theorems

There are a variety of prime separation theorems that follow from the aciom of
choice. Here are some examples:

1) (The distributive prime ideal theorem) Every nontrivial distributive
lattice has a prime ideal.

2) (The Boolean prime ideal theorem) Every nontrivial Boolean algebra has
a prime (i.e., maximal) ideal.

3) (The Boolean prime Z*-extension theorem) Any proper ideal of a
Boolean algebra B can be extended to a prime ideal.

It is known that these statements are strictly weaker than the axiom of choice.
However, we will not pursue this line of inquiry further. The interested reader
may want to consult Rubin and Rubin [53].
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Our interest centers upon the fact that, assuming the axiom of choice, separation
by prime ideals is equivalent to distributivity. First, we show that for a
distributive lattice, a maximal element of Z(L;I < L, F'> L) is a prime ideal in
L.

Theorem 8.4 If L is a distributive lattice, then any maximal element of
I(L;I< L,Fv> L) is prime in L.

Proof. Let M be maximal in Z(L;I,F). Suppose that a Ab € M but that
a,b ¢ M. Hence, the ideal

Jo=MV |a

properly contains M and so intersects F'. Thus, a V. m € F for some m € M
and similarly, b Vn € F' for some n € M. Hence, if p=nVm &€ M, then
aV pandb V pare in I, whence

(anb)Vp=(aVp)A(Vp) eF

But a Ab and p are in M and so M N F # (), a contradiction. Thus, M is
prime.[

We can now show that separation by prime ideals is equivalent to distributivity.

Theorem 8.5 The following are equivalent for a nontrivial lattice L (assuming

the axiom of choice):

1) L is distributive.

2) (The prime (Z*,F*)-separation property) The set Z(L;I<L,F > L)
contains a prime ideal of L.

3) (The prime point-separation property) If b £ a in L, then there is a
prime ideal containing a but not b. In particular, if a # b, then there is a
prime ideal containing one of a or b but not the other.

The fact that 1) implies 2) is sometimes called the prime separation theorem.

Proof. Assume that L is distributive. Zorn's lemma implies that the set

Z(L;I < L, F > L) has a maximal ideal M, which is prime by Theorem 8.4. It is

clear that 2) implies 3). Finally, if L is not distributive, then it has a sublattice

isomorphic to M3 or N5, as shown in Figure 8.1.

b b
X
z y
Z
a a
M, N5

Figure 8.1
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Now, suppose that P is a prime ideal containing z. Then z Ay = a € P and so
one of x or y is in P. Butif y € P, then b =2V y € P and so x € P. Thus,
z € Pimplies x € P. Butx £ z and so 3) fails..J

Exercises

1. Let L be a distributive lattice. Prove that P, = P if and only if a and
are complements.

2. Let L be a nontrivial bounded lattice. Show that L is distributive if and only
if every proper ideal of L is the intersection of prime ideals.

3. Let M be a distributive lattice and let N be a sublattice of M. Show that if
@ € Spec(NN) then there is a Q" € Spec(M) such that N N Q' = Q.

4. Let L be a Boolean lattice. Prove that a proper filter F' is an ultrafilter if and
only if for each @ € L, we havea € F ora’ € F.

5. Describe the principal ultrafilters of the power set lattice (.5).

6. Let F be a proper filter in the power set lattice p(S). Prove that the
following are equivalent:

a) F'is an ultrafilter.

b) IfP={Ay,...,A,} is a partition of S then exactly one of the blocks
A;isin F.

¢) Forevery A C S, either A € For A € F.

d) Ifasubset A of S intersects every subset in F nontrivially then A € F.

7. True or false: Distributive lattices with 1 have the property that if I < L and
F v Lthen Z(L; I, F') has an element that is maximal in L.

8. Let L be a distributive lattice and let M be a proper sublattice of L. Prove
that there are prime ideals P and @ of L for which PN M C @ but
PZQ.

9. For a Boolean lattice L, prove that L has the maximal separation property
for proper ideals and proper filters, that is, the set

I(L;I<L,Fo L)

has a maximal element if and only if this set has an element that is maximal
in L.

10. Show that if every nontrivial lattice with 1 has a maximal ideal then Tukey's
lemma holds as follows. Let F C p(X) be a nonempty family of finite
character and let G = F U {X}.Let AA B= AN B and let

AUB ifAUBeF

AVE= { X otherwise

Show that G is a nontrivial lattice with 1.

11. In an exercise from an earlier chapter, the reader was asked to prove the
following: Let L be a distributive lattice and let I < L and F' > L. Define a
binary relation 6 on L by

z0y if (zVu)Av=(yVu)Avforsomeu e andv € F
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a) 6 isa congruence relation on L.

b) If L is bounded then I C [0] and F' C [1].

¢) 6isproper(fd C L x L)ifand onlyif INF = (.

Use this to prove that the prime existence property implies that prime
(Z*, F*)-separation property. Hint: Apply the prime ideal theorem to the
quotient L /6, which is also a distributive lattice with 1.






Chapter 9
Congruence Relations on Lattices

If S is an algebraic structure, such as a lattice, group, ring or module, then an
equivalence relation = on S that also preserves the algebraic operations of .S is
called a congruence relation on S. For example, a congruence relation = on a
group G is an equivalence relation for which

) a=b=a'l=b"!
2) a=b,d =V = ad = b

Now, in elementary algebra, one teaches that there is a correspondence between
certain special types of substructures and quotient structures. In the case of
groups, for example, there is a correspondence between normal subgroups and
quotient groups. A more complete story for groups must include the fact that a
subgroup H of a group G is normal if and only if equivalence modulo H:

a=b & aoH=0H

is a congruence relation on G. For if H is normal in G and «H = ¢'H and
bH = b'H, then

abH = aHb = d' HY = d'b/H
Also, if aH = bH, then

o 'H=Ha'=Hb ' =b"'H
Conversely, if equivalence modulo H is a congruence relation, then

aH =dH, bH=VH = abH =db'H
or equivalently,
ad€aH, b ebH = dbcabH

which is equivalent to the equation

aHbH = abH

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 9, 179
© Steven Roman 2008
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Setting b = a~! gives aHa 'H = H, which implies that aHa~' C H for all
a € GG and so H is normal in G.

Similar statements can be made for rings or modules. However, in most
treatments of elementary algebra, the role of the congruence relation is
underplayed in favor of the role of the special substructure (normal subgroup,
ideal, submodule).

On the other hand, in algebras in general, there is no special class of
substructures that plays the roles of normal subgroups for groups and ideals for
rings and we are left only with the relationship between quotient structures and
congruence relations. In particular, this is the case for lattices. Only in
distributive, sectionally complemented lattices is there a bijection between
quotient lattices and ideals.

Congruence Relations on Lattices

We begin with the definition of a congruence relation on a lattice.

Definition An equivalence relation 6 on a lattice L is a congruence relation on
Lifforalla,b,x,y € L,
adr and by = (aAb)O(xAy) and (aVb)0(xVy)

The equivalence classes under a congruence relation 6 are called congruence
classes. The congruence class containing a € L is denoted by [a] or [a]p. The
set of all congruence classes for 0 is denoted by L/0. The set of all congruence
relations on L is denoted by Con(L).O0

We will use the notations

afb, a=4b and a=b

interchangeably throughout the chapter and write @ =b when the specific
congruence is understood. Also, the notation

s

I

a=b=c

ag

is shorthand for a é band b = c.

Note that if v <wv and u = v, then all elements in the interval [u,v] are
congruent, for if € [u, v], then
T=vANT=uNT =1

and so every element of [u,v] is congruent to w. Thus, congruence classes are
convex subsets of L. Moreover, if a = b, then
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aANb=bAb=b and aVb=bVb=0b
and so all elements of the interval [a A b, a V b] are congruent.
Theorem 9.1 Let 6 and o be congruence relations on a lattice L.

1) The congruence classes of 0 are convex sets.
2) Foralla,b e L,

adb <  (aNb)f(aVD)

in which case every element of the interval [a A\ b,a V ] is congruent to a.
3) O0=oifandonlyif

ab &  aob

Sforall a <bin L.
4) If pis a binary relation on L satisfying

apb < (aAb)u(aVb)

forall a,b € L, then 6 = v if and only if

adb & apb
foralla <bin L.
Proof. For part 4),
adb <  (aAb)f(a VD)
< (aAb)u(aVb)
& apb O

Characterizing Congruence Relations

The following simple result is very useful.

Theorem 9.2 An equivalence relation = on a lattice L is a congruence
relation if and only if for all a, b, x € L,

a=b = aANx=bAx and aVz=bVzx
Proof. If the stated property holds, then
a=br=y=aNc=bAx,bDAz=bAy
=aANTx=bAy

and similarly for joins.[J

Example 9.3 Let L be a distributive lattice and let ¢ € L. Then the binary
relations defined by

abb if avt=bVt
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and
apb if aANt=DbAL

are both congruence relations on L. It is easy to see that these relations are
equivalence relations. For 6, it is clear that

adb =  (aVz)o(bVax)
and for meet, the distributivity of L gives

abb = aVit=0bVt
= (aVt)A(xVE)=(bVLE)A(x Vi)
= (aAx)VEi=(bAz)VL
= (anx)6(bAx)

A similar argument can be made for .01

There is another characterization of congruence relations, due to Gritzer and
Schmidt, that assumes only a reflexive binary relation.

Theorem 9.4 A reflexive binary relation = on a lattice L is a congruence
relation on L if and only if it satisfies the following properties:
1) Foralla,belL,

a=b & aANb=aVd
2) (Comparable transitivity) Ifa < b < cin L, then
a=b, b=c = a=c
3) Ifa<banda =0, then
aNz=bAzxz and aVr=bVz

forall x € L.
Proof. First note that = is symmetric by 1). Next, we show that if « < b and
a =, then all elements in [a,b] are congruent. It is easy to see that any
x € [a,b] is congruent to both a and b, for we have

a=aANT=bAx =2
and
r=aVx=bVaxr=0>
Hence, if xz,y €a,b], then zVy=a. But zAy€fa,zVy] and so
x Ay = x Vy, which implies that x = y.
To establish transitivity, leta = b = c. Thena A b = a V b and so
aANb=aVb = b=aVb = 0bVc=aVbVc
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Similarly,
aANb=aVb = aAb=b = aAbVc=bAc
Hence,
aANbAc=bAc=bVcec=aVbVe
and so

aANbANc=aVbVe
Therefore, all elements in the interval [a Ab A c,a VbV ¢], including @ and ¢,
are congruent. Thus, = is an equivalence relation.
We complete the proof using Theorem 9.2. Suppose that @ = b. If @ and b are
comparable, then 3) and the symmetry of the relation imply that

aNz=bAzxz and aVaz=bVzx
forallz € L. Ifa || b,thena A b = a Vv b and 3) gives
(anb)Nz=(aVb)Az and (aAD)Vz=(aVb) Ve
forall x € L. But
aNz,bAz€[(anb) Az, (aVb)Ax]

and so a A x = b A x. Similarly,
aVaz,bVzellanb)Ve, (aVb)V

andsoaVz=>bVeO

Congruence Relations and Partitions

It is useful to look at the congruence relations on a lattice L in three ways (we
use the same notation for all three viewpoints, relying on the context to make
the necessary distinctions):

1) As special types of binary relations on L.

2) As special types of partitions of L.

3) As special subsets of the lattice product L? = L x L (with coordinatewise
meet and join).

The first viewpoint provides the definition. For the others, we have the
following.

Theorem 9.5

1) A partition 0 on a lattice L defines a congruence relation on L if and only if
the following hold:
a) Each block of the partition is a convex sublattice of L.
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b) The quadrilateral property holds: If two adjacent elements of a
quadrilateral Q = (a A b,a,b,a V' b) belong to the same block, then so
do the complementary adjacent elements. This is shown in Figure 9.1.

avb

anb

Figure 9.1

2) A subset 0 of L? is a congruence relation on L if and only if the following
hold:

a) 0 is an equivalence relation on L.

b) 0 is a sublattice of the lattice L? (under coordinatewise meet and join).
Proof. For part 1), one direction has been proved. Assume that 1a) and 1b) hold.
We prove that a = b implies that a Az = b Az for all x € L. Since 1a) and 1b)
are self-dual, it follows thata V& = bV x forallxz € L.

First suppose that © = v and v < v. Then we can project x into the interval
[u,v] to get u V (v A x), as shown in Figure 9.2.

v

uv (VA X) X
VAX

UAX
Figure 9.2
The convexity of blocks implies that
u=uV (vAx)

and the quadrilateral property then implies that u A x = v A x.

For the general case, if a = b, then letting w = a A b and v = a V b, we have
aANb=aVbandaAb < aVb. Hence, the previous remarks show that

(aAb)ANz=(aVb)Azx

and since a Az and bAxz lie in the interval between (a Ab) Az and
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(a V b) A z, convexity implies that a A x = b A z, as desired. We leave proof of
part 2) as an exercise.[]

The Lattice of Congruence Relations

We have seen in an earlier chapter that if X is a nonempty set, then the poset
Equ(X) is a complete lattice. When X is a lattice, we can say a bit more. Let us
recall the definition of a witness sequence and add an additional definition.

Definition Let F be a family of binary relations on a lattice L. If a,b € L, then
a witness sequence from a to b is a sequence

a=ap,az,...,0,-1,a, =b
in L for which

L N
azal:a2:a3:~~~:an_1:an:b

where 0; € F. When a < b, an increasing witness sequence from a to b is a
witness sequence for which a; < a;,1 for all .00

Theorem 9.6 Let L be a lattice. Then Equ(L) is an NU -structure and therefore
an algebraic lattice.

n I

0=\/F

then a@b if and only if there is an increasing witness sequence

0iy by Oiny 1
aNb=T1=29=23=-=2p1=2Tm=aVb
froma AbtoaVbusing F.
2) Con(L) is a complete sublattice of Equ(L), called the congruence lattice
of L. The smallest element of Con(L) is equality and the largest is given by
abb for all a,b € L.
3) Con(L)isan NU -structure and therefore an algebraic lattice.
4) Con(L) is distributive.
Proof. We leave the proof that Equ(L) is an AU -structure to the reader. For
part 1), let = \/F. If there is an increasing witness sequence from a A b to
a Vb, then (a A b)0(a V b) and so afb. Conversely, if afb then (a A b)0(a V b).
Suppose that

aNb=a1=a=a3=--=a,.1=a,=aVb

is a witness sequence using F. Write « =a Ab and S = a V b. Joining the
endpoints of a step a; = a1 with « and then meeting with 3 gives

(ar Va)AB = (ars1 Va)A B
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where each term is in the interval [a A b, a V b]. Moreover, since this process
has no effect on aAb and aVb, we may assume to start with that
ai € [a Ab,aV b]. Then replacing a; with a; V -+ V ay, gives

aANb=ai=a1Va=aVa Va3 =---
o=@ V--Vag)=(aV--Vay,) =aVbd

which is an increasing witness sequence froma A b to a V b.

For part 2), if F = {6; € Con(L) | i € I'} and if o = [F, then for any x € L,
aob = ab;b for all i
= (a Ax)b;(bAx)and (aV )0;(bV x) for all ¢
= (aANz)o(bAx)and (aVz)o(bV x)
and so o € Con(L). For the join § = \/F, if
a=0a1,02,...,0, 1,0, =D
is a witness sequence from a to b, then
aNT=a, ANx, a2 NZy...,0pn_1 NT,an NT=bAx
is a witness sequence from a A z to b A z and similarly for the join in place of
meet. Hence, 6 € Con(L).
We leave proof of part 3) as an exercise. For part 4), since
ON(TVao)D(@ONT)V(ON0o)
it is sufficient to prove that
ald AN(tVo)b = al(0nT)V(0N0o)b

for all a,b € L. The antecedent implies that afb and that there is an increasing
witness sequence

TUo  TUo TUo
aNb=a1=as=a3=---=a,.1=a,=aVb

Since (a A b)0(a V b) and since a; € [a Ab,a V b], it follows that

s

0
aANb=a1=mw=a3="=a,_1=a,=aVb
and so if « = 6 N (7 U o), then
a/\bzal%agéagz---zan,léan:a\/b

Buta= (0N7)U(@No)andso
(and)[ONT)V (0N o)|(aVbd)

which implies that a[(0 N 7) V (6 N o)]b. Hence, Con(L) is distributive.[]
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Commuting Congruences and Joins

We have seen that a(6 V )b if and only if there is a witness sequence

1 2 Hn—1
a=aG=a=a3=-"=0a,_1=0a,=0>b

where p; = 60 or p; = o. By transitivity, we can assume that adjacent p;'s are

distinct. Let us focus on one portion of this sequence, say

b o

rT=yY==z2

If it were true that @ and o commute, even at the cost of changing the
intermediate element y, that is, if

gz o 9

9
T=Y=2z = T=W=2Z

for some w € L, then in the witness sequence, we can move all of the €'s to the
front to get

0 0

o
Q=0 =Wy =+ = Wk—1 =

a

W = Why] = -+ = Wy = ap = b

and transitivity would imply that

4 o
a=a=wp,=a,=>0

Thus, in this case, the join takes the relatively simple form

g

a

a@Vvoll & a=zx=Db

for some x € L.

Definition Let 6 and o be congruence relations on a lattice L. Define the
product o by

14 0 .
aZb if azmébforsomeaceL

We say that 6 and o commute if
fo = of O

Thus, we are led to examine conditions under which congruence relations
commute. The following facts are helpful in this regard.

Lemma 9.7 Let 0 and o be congruence relations on a lattice L.
1) Ifa <bthen

a a

aéx b forsomer € L <& a%y b for some y € [a, b]
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2) Ifa,b < u,then

b = aZanbZy

Proof. For part 1), since a < b, taking the join with a and the meet with b gives
b = aZ@Va)AbZb

For part 2), taking the meet with a gives ac(a A b) and taking the meet with b
gives (a A b)0b and so ac(a A b)6b.00

Theorem 9.8 Let 0 and o be congruence relations on a lattice L. The following
are equivalent:

1) 0 and o commute.

2) Foralla <b,

Zb o aZb
3) 0o is a symmetric binary relation.
4) Qo =0Vo.
Proof. It is clear that 1) implies 2). To see that 2) implies 1), if afcb then afzob
for some = € L and so

0 4
a=(aVa)=(aVazVb)
Hence, Lemma 9.7 implies that
o 0
a=y=(aVzVb)

where a < y < aVzVb. Also, the symmetry of both 6 and ¢ imply that boxfa
and so a similar argument gives

béz%(a\/x\/b)

where b < z < aV zVb. Thus,

IIE

a yé(a\/az\/b)%zéb

Since y and z are less than or equal to a VV = VV b, Lemma 9.7 implies that

g s _9

z=b

y=(yAz)

Q

and so
0
a%y/\zzb

whence acfb. This proves that afob implies ac6b. The reverse implication
follows by symmetry and so 1) and 2) are equivalent.
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If 0 and o commute, then

o2y o oZb o %y

and so fo is symmetric. Conversely, if 6o is symmetric, then

0 0 )
aZb & bZ2Za & a=b

and so 6 and o commute. Thus, 1) and 3) are equivalent. Finally, we have seen
that if & and o commute, then 6 Vo = 6o and if 6V o = 0o, then o is
symmetric.[]

In 1950, Dilworth proved the following theorem.

Theorem 9.9 (Dilworth [17]) Any two congruence relations on a relatively
complemented lattice commute.

Proof. Theorem 9.8 implies that it is sufficient to show that for any congruence
relations 6 and o,

0 0
aZb = aZb

for all @ < b in L. If afob, then afxcb, where = € [a,b]. Hence, as shown in
Figure 9.3,

Figure 9.3

if 2 is a relative complement of z in [a, b], the quadrilateral property applied to
(a,z,2',b) gives aca’0b and so achb.O

Quotient Lattices and Kernels

It is now time to take a closer look at the properties of quotient lattices L /6,
where 6 is a congruence relation on L. The set L/6 of congruence classes of a
congruence relation 6 is also a lattice. Indeed, it is precisely because 6 is a
congruence relation that the inherited lattice operations of L are well defined on
L/6.

Theorem 9.10 Let 0 be a congruence relation on a lattice L. The set L/0 of
congruence classes is a lattice, called the quotient lattice of L modulo 0, under
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the operations
[a] Ab] =[aAb] and [a]V [b] =[aV b]

Proof. First, we must check that these operations are well defined. But if ¢ = o
andb=10',thena Ab=a' Ab' and so

[a] =[a]and [b] = [b)] = [aAb]=[d AV
which says that the meet operation is well defined. A similar argument applies

to the join operation. Finally, it is routine to check the properties of a lattice. For
instance, the associativity law

is equivalent to
[(avb)Ve]=TlaV(bVc)

which follows from associativity in L.
We now describe the order relation in the quotient lattice.

Theorem 9.11 Let L be a lattice and let 0 € Con(L).
1) [a] < [b] if and only if some element of [a] is less than or equal to some
element of [b]. In particular,

a<b = Ja] <[b]
2) [a] < [b] if and only if
a<pf or alp

Jor every « € [a] and [ € [b], with strict inequality for at least one pair
(0, 9).

3) [a] || [b] if and only if every element of a] is parallel to every element of [b].

4) A congruence class [x] is an ideal of L if and only if it is the smallest
element of L/0, in which case it is called the kernel or ideal kernel of 0
and is denoted by ker(0). If L has a 0, then ker(6) = [0].

Proof. For part 1),

a<b&aAb=a=[aANb] =[a] < [a] A]D] = [a] & [a] < [b]
Conversely,
[a] < [b] = [aAD] =[a] = aAb e [d]

andsoa < 3, wherea =a Ab € [a] and 5= b € [b].

For part 2), if [a] < [b], then [a] < [b], [a] # [b] and [b] £ [a]. Thus, part 1)
implies that o < 8 for some (o, 3) € [a] x [b] and that 8 < « cannot happen
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for any («, 3) € [a] x [b]. Conversely, suppose that o < 3 or « || 3 for every
(a, B) € [a] x [b], with strict inequality for at least one pair. Then part 1)
implies that [a] < [b]. However, [a] = [b] implies that (a,a) € [a] x [b], which

is false. Hence, [a] < [b].

Part 3) follows from part 1). For part 4), let € L. Since [z] is a sublattice, it is
an ideal if and only if it is a down-set. If [z] is a down-set, then for any
congruence class [a], we have z A a € [z] and z Aa < a € [a] and so [z] < [a].
Thus, [z] is the smallest element of L/6. Conversely, if [z] is the smallest
element of L/6, then for any a <y € [x] we have [a] < [y] = [z] and so
[a] = [z], that is, a € [z], which shows that [x] is a down-set.[

Figure 9.4 demonstrates that we may have [z] < [y] but z || y.

Figure 9.4

Congruence Relations and Lattice Homomorphisms
Now we want to look at the relationship between congruence relations and

lattice homomorphisms.

Theorem 9.12
1) Every lattice homomorphism f:L — M defines a congruence relation 0
given by

abib < f(a) = f(b)

and called the congruence kernel of f. The congruence classes of 0y are
the sets

L)0;={f"(z) |z € im(f)}

Thus, f is injective if and only if 0 is equality.
2) Every congruence relation 0 on a lattice L defines a lattice epimorphism
mo: L — L /6 given by

and called the natural projection or canonical projection of L modulo 6.
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The congruence kernel of my is 0, that is,
0, =0
Proof. For part 1), if afb and 26y, then f(a) = f(b) and f(z) = f(y) and so
flava)=fla)V f(x) = f) Vv fly) = fbVy)

which implies that (a V z)60;(b V y). A similar argument can be made for meets.
For part 2), it is clear that 7y is surjective. Also,

mo(aAb) = [a Ab] = [a] A [b] = mo(a) A me(b)

and similarly for join. Hence, 7y is a lattice epimorphism. Finally, the
congruence kernel of 7y is 6, since

abb < lalp=[bly <= my(a) =m(D) 0

Kernels

Earlier in the book, we briefly discussed the ideal kernel of a lattice
homomorphism. Let us repeat the definitions of the two types of kernels of a
lattice homomorphism.

Definition Let f: L — M be a lattice homomorphism.
1) The congruence kernel of f is the congruence relation 0;.
2) If M has a smallest element 0 and if f~1(0) is nonempty, then the set

ker(f) = f7(0)
is called the ideal kernel of f.[1
The ideal kernel of a homomorphism is easily seen to be an ideal. Also, as

shown in Figure 9.5, the ideal kernel of the congruence kernel 6 is the ideal
kernel of f.

congruence
kernel
f- > 0,

ideal
ideal kernel
kernel
ker(f)=f1(0)
Figure 9.5

Theorem 9.13 Let M be a lattice with O and let f:L — M be a lattice
homomorphism. Then the ideal kernel ker(f) = f~1(0) is an ideal of L and

ker(0y) = ker(f)
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Proof. We leave proof of part 1) for the reader. For part 2), it is easy to see that
/71(0) is an ideal of L and so Theorem 9.11 implies that ker(6;) = f~1(0).00
Universality and the Lattice Homomorphism Theorem

The quotient lattice and its natural projection have a universal property.

Theorem 9.14 Let 0 be a congruence relation on a lattice L. The pair (L/0,my)
has the following universal property of quotients. Referring to Figure 9.6,

Ty

L > L/o
E
f |
\4
M
Figure 9.6

if f: L — M is any lattice homomorphism for which 6 C 0y, that is,

aZb = fla)=f(b)

then there is a unique lattice homomorphism 7: L/0 — M, which we call the
mediating morphism for f, with the property that

Tomg=f
The pair (L/0,my) is said to be universal. Also, T and | have the same image:
im(7) = im(f)
and the same congruence kernel modulo 0, in the sense that
[z]6-[y] & abpy
Proof. The condition 7 o my = f uniquely determines 7 to be
7([p]) = f(p)

This function is well defined on L /6 since f is constant on [p]. Also,

([pl A lg]) = 7([p A ql)
f(pAq)

= f(p) A flq)
7([p]) A 7([d])

and similarly for join. Hence, 7 is a lattice homomorphism. Finally,
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im(7) = {7([p]) [p € L} = {f(p) | p € L} = im(f)
and
[2]0-y] < 7lz] = T[y] & f(2) = f(y) & 26y O

Theorem 9.14 has a familiar corollary, which is obtained by taking ¢ = 6.

Corollary 9.15 (7he homomorphism theorem or first isomorphism theorem)

Let f:L — M be a lattice homomorphism. Then there is a unique lattice
embedding T: L/0; — M for which

Tom(p) = 7([pl) = f(p)
Thus,
7 L/f; ~ im(f)
Proof. To see that 7 is injective, we have
[#]6-[y] & by & Ky < [z]=[y O

There is also a correspondence theorem for lattices.

Theorem 9.16 (The correspondence theorem) Let L be a lattice and let
0 € Con(L). Then there is a bijection between the congruence relations on L /0
and the congruence relations of L that contain 0.

Proof. If 7 is a congruence on L/, then

x'y if  [z]eT[yl

is a congruence on L containing 6 and if ¢ is a congruence on L containing 6,
then

[z]oc’[ylo  if w0y
is a congruence on L /6. We leave the details to the reader.[]
Subdirect Product Representations

Definition Let L be a lattice and let F = {K; | i € I} be a nonempty family of
lattices. An embedding

o: L — HieIKi

is called a subdirect representation of L in [[K; if the projection maps
;i L — K; are surjective for all i € I, that is, if for any k € K;, there is an
a € L for which (0a)(i) = k.0

Theorem 9.17 Let L be a lattice.
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Iy Let F ={0;|i € I} be a nonempty family of congruence relations on L. If
A = \b;, then L/ has a subdirect representation in [[L/0;. In particular,
if \O; is equality, then L has a subdirect representation in [[L/6;.

2) Conversely, let F = {K; | i € I} be a nonempty family of lattices. If L has
a subdirect representation in || K;, with projection maps w;: L — K;, then
K; = L/ker(m;) and \ker(m;) is equality.

Proof. For part 1), consider the map o: L/\ — [[L/6; defined by

(olaln) (@) = [as,

which is well defined since ala’ implies that af;a’ for all ¢ € I. This is easily
seen to be a homomorphism. Moreover, o[a], = o[b], if and only if [a]y,[b] for

all ¢ € I, which holds if and only if a\6;b, that is, if and only if a\b. Hence, o
is an embedding. It is clear that 7; is surjective for all i.

For part 2), since the projection maps are surjective, the first isomorphism
theorem gives K; ~ L/ker(m;) and since aker(m;)b for all i if and only if
ma = m;b for all 4, which holds if and only if a = b, we see that Aker(m;) is
equality.[d

Standard Ideals and Standard Congruence Relations

Our goal now is to describe conditions on a lattice L under which there is a

bijection (in fact, a lattice isomorphism) between congruence relations on L and

ideals of L. To this end, we define a special type of lattice element.

Definition Let L be a lattice. An element i € L is standard if’
aN(iVb)=(aANi)V(aND)

Sforalla,b € L.0O

Note that standard elements might have been called join-standard elements,

since there is a dual notion for this concept. Our primary interest is in standard

elements of the ideal lattice Z(L) of a lattice L. Here is the definition in this
context. For convenience, we introduce the new term friendly.

Definition Let Z (L) be the ideal lattice of a lattice L.
1) Anideal I of L is standard if’
AN(IVB)=(AANI)V(AAB)

Jorall A,B € Z(L). Let SZ(L) denote the set of all standard ideals of L.
2) Anideal I of L is friendly if

IVA={ivValiel,ae A}
Jorall A € T(L). Let FZ(L) denote the set of all friendly ideals of L.C]
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Theorem 9.18 An ideal I of a lattice L is friendly if and only if for any i € 1
and a,b € L,

b<aVi = b=(bAa)Vj
for some j € I.

Proof. Suppose that I is friendly. If b < a Vifori € I,thenb € |aV I and so
b=a Vv jfora <aandje I. Buta <bimplies that

b=(ad Ab)Vi<(aAb)Vji<b

and so b = (a A b) V j. The converse is clear.[]
We next show that an ideal is standard if and only if it is friendly.

Theorem 9.19 Let I be an ideal of a lattice L. The following are equivalent:
1) I is standard
2) 1 is standard with respect to principal ideals, that is, for all a,b € L,

lan(IVv ]b)=(lanT)V(lan |b)

3) 1 is friendly
Proof. It is clear that 1) implies 2). To see that 2) implies 3), if b < a V ¢ for
some ¢ € I, then

b=bA(aVi)e [bA(laVvI)= [(aNnb)V(LDAIT)

and so b < (a Ab) V j for some j € I, j < b. Hence, b = (a A b) V j. To show
that 3) implies 1), it is sufficient to show that

AN(IVB)C(ANI)V (AN B)

since the reverse inclusion is clear. If x € AA(IV B), then x € A and
r=1iVbfori e landb € B.Thus,iVb € Aandsoi,b € A, whence

x=iVbe (ANI)V(ANB) O

The standard ideals form a sublattice of the ideal lattice Z(L).

Theorem 9.20 The set ST (L) of standard ideals of a lattice L is a sublattice of
Z(L), that is, the intersection and join of standard ideals is standard.
Proof. Let I and J be standard. As to join,

AN[IVI)VB|=AN[IV(JVB)
=(AANI)V[AN(JV B)]

(AND)V(ANT)V (AAB)]

=[ANIVJ)]V(AAB)

and so I V J is standard. As to intersection I N J, suppose that



Congruence Relations on Lattices 197

b<aVk
where £ € I N J. Then writing ¢ = a A b, we have
b=cVi=cVy

wherei € Tand j € J and i < ¢ V j implies that i = (¢ A i) V § for 7/ € J. But
7 <ielandsoj € INJ.Hence,

b=cVi=cV(cA)Vj=cVi=(aAb)V]
Hence, I N J is standard.[]
Standard Congruence Relations
We can now describe the relationship between standard ideals and certain types
of congruence relations.
Definition Let L be a lattice and let I be an ideal of L. If the binary relation
defined by

zory if (xAy)Vi=axVy, forsomeic I

is a congruence relation on L, we say that oy is standard.[]

Note that if = <y, then xory if and only if there is an ¢ € I for which
TVi=y.

Theorem 9.21 Let I € Z(L). Then oy is standard if and only if T is standard.

Moreover, if I is standard, then

a) oy is the smallest congruence relation on L for which all elements of I are
congruent

b) ker(o;) = L.

We denote the set of all standard congruence relations on L by StCon(L).

Proof. If o = o is standard and if b < a V 7, for ¢ € I, then

b=bA(aVi)Z=bAa
and so there exists j € I for which
b=(bAa)Vy

Hence, I is standard.

Conversely, suppose that I is standard. We show that o is a congruence relation
on L using Theorem 9.4. It is clear that o is reflexive and it is easy to see that
xzoy if and only if (z A y)o(x V y). Next, suppose that z < y < z and zoyoz.
Then there exist i, j € I for which

zVi=y and yVj=z
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and so
rViVij=yVj==z
Finally, suppose that x <y, roy and ¢ € L. Then x V¢ = y for some ¢ € I and
SO
(xVt)Vi=yVt
For the meet condition, since Vi =1y, we have y At <x Vi and so the
standardness of I implies that
yAt=YNtANz)Vi=(xAt)V]
for some j € I. Hence, (z At)o(y At).
For part a), it is easy to see that all elements of I are congruent. Moreover, if a

congruence relation 6 has the property that all elements of I are congruent and if
xory, then (z Ay) Vi=xVyforsomei € I and so

zANy=[xAy)V(@AyA)][(zAy)Vi=aVy
Hence, (x A y)0(z V y), which implies that 20y. Thus, o7 C 6. For part b), if

i€l and zogi, then (x Ai)Vj=xVi for some j€ I and so x Vi€ l,
whence « € I. Thus, I is a congruence class and so ker(o;) = I.00

We have seen that SZ(L) is a sublattice of Z(L). It is also true that StCon(L) is
a sublattice of Con(L).

Theorem 9.22 Let L be a lattice.
1) StCon(L) is a sublattice of Con(L).
2) Foralll,J € Z(L),

oy =0rNo; and opg =o0rVo,
3) The maps
0:8Z(L) — StCon(L) and ker:StCon(L) — SZ(L)
where
o(I)=o;

are inverse lattice isomorphisms.
Proof. Since ker(o7) = I, it follows that o is bijective, with inverse equal to the
kernel map. For the intersection, it is clear that o~y C o7 Moy and so it is
sufficient to show that x(o; N o)y implies xon Yy, where x < y. In this case,
there exist ¢ € I and j € J for which

xVi=y and xzVj=y

Hence, i < z V j and since .J is standard, there is a 7/ € .J for which
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/

i=G@AZ)V]
But j/ < ¢ implies that j' € T and so
y=axVi=xVj

where j/ € I N J. Hence, oy and so o7ny = o7 N 0.
For the join, it is clear that 7,07 C o7,y and so o7 V o5 C oryy. To see that
xoryyy implies x(o7 V o)y, again we assume that @ < y. Then there is a

k eIV J for which x V k =y. Since [ is friendly, k =iV j for some i €
and j € Jandsoy =z V (i V j). Therefore,

(] . 0J . .
r=xVi=xViVj=y
which shows that (o7 V 0;)y. It follows that o is a lattice isomorphism, with
inverse map ker.Od

It is also true that standard congruence relations commute.

Theorem 9.23 Any two standard congruence relations on a lattice L commute,
that is,

0j0] = 0j071

for all standard ideals I and J.
Proof. Let o; and o; be standard congruence relations on L. Theorem 9.8
implies that it is sufficient to show that

acrojb = aojorb

foralla < bin L. Butif

acrxro b
for some = € [a, b], then there are ¢ € I and j € J for which

aVi=z and xVj=1b
Hence,
aZ (Vi) Z@Vvivi)=b
and so aojorb.0d
Standard Ideals in Distributive Lattices
We have seen that the maps
0:8Z(L) — StCon(L) and ker: StCon(L) — SZ(L)

where o(I) = oy are inverse lattice isomorphisms. Therefore, it is of obvious
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interest to know when

and
StCon(L) = Con(L)

If L is a distributive lattice, then it is easy to see that all ideals of L are friendly,
for ifb < aVifori € I,then

b=bA(aVi)=(bAa)V(bAi)

where b Ai € I. Hence, I is friendly. Moreover, if every ideal [ is friendly,
then every ideal I is the kernel of a congruence relation, namely, the standard
congruence o;. Finally, if every ideal I is the kernel of a congruence relation,
then L is distributive, for if L contains one of the forbidden sublattices in Figure
9.7,

b b
X
z y
Z
a a
M, Ns
Figure 9.7

then the ideal |z is not a kernel. To see this, if | z = ker(#), then afz and so
the quadrilateral property implies that b0y, which in turn implies that afz and so
x € | z, which is false.

Theorem 9.24 The following are equivalent for a lattice L:
1) L is distributive.
2) Every ideal of L is friendly (standard), that is,

SI(L) = 7(L)

3) Every ideal of L is the kernel of some congruence relation on L.[J

As to the issue of when StCon(L) = Con(L), note that the definition of a
standard congruence is

aorb if (aAb)Vi=aVb

for some i € I and this is one half of the requirements for 7 to be a relative
complement of a A b with respect to the section [0, a V b].
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Indeed, if L is sectionally complemented, then every congruence relation 6 on L
is standard; in fact,

0= Oker(6)
To see this, it is clear that
zory & (zAy)or(xVy)

for any standard congruence o; and since this also holds for 6, it is sufficient to
show that aflb < aoyeg)b for all a < b. If afb with a < b and if y is a relative

complement of a in [0, b], then
aVy=>b and aAy=0
But afb implies that (a A y)0(b Ay), that is, 00y. Hence y € ker(f) and so

aoyer(g)b. Conversely, if aoyeg)b with a < b, then there is a y € ker(0) for
which a vV y = b. But af(a V y) and so atb. Hence 0 = oye(s)-

Thus, if L is sectionally complemented, then all congruence relations on L are
standard. In looking for a converse, suppose that all congruence relations on L
are standard and let ¢ € [0, b]. We wish to show that there is an i € L for which

cVi=b and cAi=0

If 6 is any congruence relation on L, then 6§ = o for some ideal / and so the
condition ¢ V i = b follows from c6b. Also, since ker(#) = I, if we can find a 0
for which

ker(d) =S(c)={x €L |cAhxz=0}
then we are done. Now, S(c) is not an ideal in general, but it is an ideal if L is

distributive. Moreover, it appears that one of the congruence relations of
Example 9.3:

zpy if xAc=yAc
is just what we need, since cub and
ker(p) ={x € L|xAc=0} =S8(c)

We can now put the pieces together and add one more piece.

Theorem 9.25 Let L be a lattice. The maps
0:8I(L) — StCon(L) and ker: StCon(L) — SZ(L)

where o(I) = o are inverse lattice isomorphisms. Moreover:
1) L is distributive if and only if T(L) = SZ(L).
2) If L is sectionally complemented, then Con(L) = StCon(L).
3) The following are equivalent:

a) L is distributive and sectionally complemented
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b) I(L)= SZ(L)andCon(L) = StCon(L)
¢) The maps

0:Z(L) — Con(L) and ker:Con(L) — Z(L)

are inverse bijections, in which case these maps are inverse lattice
isomorphisms.
d) L is distributive and all congruence relations on L commute.
Proof. We have seen that 3a) and 3b) are equivalent and it is clear that 3b)
implies 3c). If 3c) holds, then all ideals I are standard, since o(I) = o7 is a
congruence relation. Also, all congruence relations 6 are standard, since
0 = o(I) = oy, for some ideal I. Hence, 3c) implies 3b).

If 3a) holds, then every section [0, a] of L is modular and complemented and
therefore relatively complemented. Hence, L is relatively complemented and so
Theorem 9.9 implies that all congruence relations on L commute.

Finally, assume that 3d) holds. We show that L is sectionally complemented.
Let ¢ € [0,b] and consider the congruence relations

abb if avVi=>bVi
and
apb it ant=bAt
of Example 9.3. Then 06¢ub implies that 0p2:6b, for some = € [0, b], that is,
O=tAx and xzVi=0b

Hence, x is a relative complement of ¢ in [0,b] and L is sectionally
complemented.[]

Exercises

1. Prove that a subset 6 of L? is a congruence relation on L if and only if the

following hold:
a) 0 is an equivalence relation on L.
b) 6 is a sublattice of the lattice L? (under coordinatewise meet and join).

2. What is the smallest element of Con(L)? What is the largest element?

3. Let L be alattice and let § € Con(L). Prove that [a] T [b] if and only if
a) [a] < [b] and
b) a<z<b=xz¢€lalorx € [D].

4. Shows that, in general, even when L is distributive, congruence kernels
need not be distinct, that is, there can be two distinct congruence relations
on L that have the same kernel.

5. Alattice L is simple if Con(L) = {0, 1} where 0 is the smallest congruence
and 1 is the largest congruence. Show that the lattice M,, shown in Figure
9.8 is simple for n > 3.
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11.

12.

13.
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Figure 9.8

Let B be a Boolean lattice. Prove that a congruence relation 6 on the lattice
B is also a Boolean congruence, that is, afb implies a“60b¢.

Let f:L — M be a lattice homomorphism where L and M have 0.
Characterize the fact that f is a lattice embedding in terms of the
congruence kernel 6¢. What about the ideal kernel of f (if it exists)?

If L is a distributive (modular) lattice, show that /6 is also distributive
(modular).

Let I be a standard ideal in a lattice L. Prove that the standard congruence
relation o7 is the smallest congruence relation on L for which all elements
of I are congruent.

Let 6 and o be congruence relations on a lattice L. Show that if § < ¢ then
there is a unique epimorphism f: L /6 — L/o such that f o my = 7,.

Two lattice epimorphisms f, g € Epi(L) are kernel equivalent if their
congruence kernels 6 and 6, are equal, that is, if

fla)=f0) < gla)=g(b)

a) Show that this is an equivalence relation = .

b) Prove that the lattice epimorphisms f:L — M and g:L — N are
kernel equivalent if and only if there is a lattice isomorphism
o:M — N for whichoo f = g.

¢) Let L be a bounded lattice. Show that the map 6 — [my] sending
0 € Con(L) to the equivalence class containing my is bijective and so

Con(L) < Epi(L)/ =

where Epi(L) is the set of all epimorphisms with domain L.

Prove the following theorem, which Grétzer [24] refers to as the first
isomorphism theorem for lattices. Let # be a congruence relation on a
lattice L. Let S be a set of canonical forms for 6, that is, S is a set
consisting of exactly one member from each congruence class of 6. If S is a
sublattice of L then S ~ L/6.

Let {0; | i € I} be a family of congruence relations on a lattice L. Prove
that if all of these congruences have kernels then

ker(/\ﬂi) = ﬂker(ai)
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15.

16.
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Thus, the family /C of kernels inherits meets from Z (L) and so if L has 0
then /C is a complete lattice.

Let L be a lattice and let 7 < L.

a) Prove that

zVi=yViforsome: < |zVI=|yVI

b) Leti € I. Prove that the following are equivalent:

i) «V(@Ay) =@GEVa)A(iVy)forallz,y € L.

ii) The join map j;: x — x V i is a homomorphism.

iii) The binary relation defined by z6;y if Vi=yVi is a

congruence relation.

Let L be a lattice and let a,b € L. The smallest congruence relation 6,; on
L for which af, ;b is called the principal congruence generated by the
pair (a, b).
a) Show that

0a = [\{o € Con(L) | acb}
b) Show that for any 7 € Con(L),
7= \/{0us | atb}

Hence, the family of principal congruence relations is join-dense in
Con(L).

c¢) Prove that the principal congruence relations are compact and so
Con(L) is algebraic.

d) Find the principal congruence 0, ; for the lattice N5 in Figure 9.9.

1
X
y
Z
0
Ns
Figure 9.9

a) Prove that a nonempty subset .S of a lattice L is a convex sublattice of
Lifand only if S = I N F, where [ is an ideal and F' is a filter.

b) Let L be a lattice and let 6 be a congruence relation on L. A filter F' in
L is called the cokernel of # if F' is the largest element in the quotient
L/0. Let I be a kernel in L and let F' be a cokernel in L. Show that if
I N F is nonempty, then it is a congruence class for some congruence
relation on L.
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c¢) Prove that a lattice L is distributive if and only if every convex
sublattice of L is a congruence class.

17. Let L be a distributive lattice and let I < L and F' > L. Define a binary

relation 6 on L by

zfy if (xVu)Av=(yVu)Avforsomeu € Iandve F

a) Prove that 6 is a congruence relation on L.

b) If L is bounded, prove that I C [0].

c) If L is bounded, prove that F' C [1].

d) If L is bounded, prove that 6 is the smallest congruence relation on L

for which I C [0] and F' C [1].

e) Prove that 0 is proper (6 # L x L) ifand only if I N F = {).

f) Prove that 6 is trivial (equality) if and only if I = {0} and F' = {1}.
Distributive Ideals

Definition Let L be a lattice.

1)

2)

3)

18.

19.

20.

An element i € L is distributive if’
iV(anb)=(iVa)A(iVDb)
fora,b e L.
Anideal I € Z(L) is distributive if
IV(AANB)=(IVA)AN(IVB)
Jor A,B € Z(L). Let DI(L) denote the set of all distributive ideals of L.
If the binary relation defined by
xbry if xVi=yVi, forsomeic I
is a congruence relation on L, we say that 61 is distributive.[]
Let I be an ideal of a lattice L. Prove that I is standard if and only if both
of the following hold:
a) [ is distributive

b) Relative complements of I, if they exist, are unique, that is, for all
A,BeI(L),

INA=IANB and IVA=IVB = A=8B

Find a distributive ideal that is not standard. Hint: Look in a small
nondistributive lattice.
Show that for a distributive congruence relation

xbry &  lxvIi=|yVvI

Let I be a distributive ideal in a lattice L. Prove that the distributive
congruence relation 6y is the smallest congruence relation on L for which
all elements of I are congruent.
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21.

22.
23.

24.
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Let [ be an ideal of a lattice L. Prove that ¢; is distributive if and only if 1

is distributive. Moreover, if I is distributive, then

a) Oy is the smallest congruence relation on L for which all elements of 1
are congruent

b) ker(6;) =1.

Prove that if I is a standard ideal, then o; = 6.

Find an example of a distributive congruence that is not standard.

Prove that if every ideal of a lattice L is distributive, then every ideal is

standard.

Let Lbe a sectionally complemented lattice with the ACC. Prove that for

any congruence relation 6 on L there is an element m € L such that

alb & aVvVm=bVvVm
foralla,b € L.
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Chapter 10
Duality for Distributive Lattices: The
Priestley Topology

Let us repeat the representation theorem for distributive lattices (Theorem 6.6).

Theorem 10.1 Let L be a nontrivial distributive lattice and let
pr: L — O(Spec(L))
be the rho map for L, defined by
pr(a) = P-o = {P € Spec(L) | a ¢ P}

1) (Representation theorem for distributive lattices, Birkhoff, 1933 [6])
The rho map p is an embedding of L into the power set p(Spec(L)) and so
L is isomorphic to a power set sublattice (ring of sets). Moreover, if L is
finite, then p is an isomorphism and L ~ O(Spec(L)).

2) (Representation theorem for Boolean algebras) If L is a Boolean
algebra, then p is a Boolean algebra embedding of L into the power set
©(Spec(L)) and so L is isomorphic to a power set subalgebra (field of
sets). Moreover, if L is finite, then p is an isomorphism.[]

There is more to the story concerning the representation of distributive lattices
as power set sublattices. The family

p={pr: L = O(Spec(L)) | L is a finite distributive lattice}

of lattice isomorphisms is part of a general duality between finite distributive
lattices and finite posets. This duality also exists for arbitrary bounded
distributive lattices, except that the rho maps are not surjective in this case and
so we must replace the sets O(Spec(L)) with other sets that are rather more
difficult to describe.

Indeed, in the early 1930s, Marshall Stone introduced the idea of topologizing
the spectrum Spec(B) of a Boolean algebra B to help describe the image of the

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 10, 209
© Steven Roman 2008
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rho maps. In particular, the sets P-, form a basis for the Stone topology and are
actually clopen (open and closed) in that topology. In the late 1930s, Stone
generalized his topology to deal with bounded distributive lattices.
Unfortunately, the resulting topology is not Hausdorff, although it is compact.
Nonetheless, the introduction of topological methods led to a new connection
between algebra and topology that has had a great influence in other areas of
mathematics, including functional analysis, which was actually Stone's main
area of interest.

In the 1970s, Hilary Priestley [52] recognized that a different topology might be
a more appropriate choice for the representation theory of arbitrary bounded
distributive lattices. The Priestley topology on the spectrum Spec(L) of a
bounded distributive lattice has basis

B = {'Pﬁmb =P, NP | a,b e L}

This topology is both compact and Hausdorff. As we will see, it enables us to
describe the image of the rho map in elegant terms as the family of all clopen
down-sets in Spec(L).

Our plan in this chapter is twofold. First, we will discuss the duality between
finite distributive lattices and finite posets, since this does not require the
introduction of topological notions. (More precisely, the Priestley topology is
discrete when the sets are finite.) Then we will discuss the necessary topological
notions so that we can present the general duality theory of bounded distributive
lattices.

Both dualities are most elegantly described using the language of category
theory. Therefore, since some readers may not be familiar with this language, it
seems appropriate to include an informal discussion here and, for those who
desire a more formal approach, an appendix on the subject. We suggest that all
readers review at least the informal discussion.

An Informal Introduction to the Language of Category Theory

We will need three main concepts from category theory: categories, functors
and natural transformations.

Categories

Informally speaking, a category consists simply of a class of mathematical
objects and their structure-preserving maps. Examples are the category of sets,
the category of groups, the category of posets and the category of lattices.

More specifically, a category C consists of a class Obj(C) whose members are
called the objects of the category. One often writes A € C as a shorthand for
A € Obj(C). Also, for each pair (A4, B) of objects, there is a set hom¢ (A4, B),
whose elements are called morphisms, maps or arrows. Often but not always,
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the morphisms in hom¢(A, B) are functions from A to B with special
properties. The set hom¢ (A, B) is called a hom set. It is common to denote the
fact that f € hom¢(A, B) by writing f: A — B.

The morphisms in a category must satisfy two conditions: There must be an
associative composition and each object must have an identity morphism.
Specifically, for f: A — B and g: B — C, there is a morphism go f: A — C.
Moreover, composition is associative:

fo(goh)=(fog)oh

whenever the compositions are defined. Also, for each object A € Obj(C), there
is a morphism ¢4: A — A called the identity morphism for A, with the
property that if f: A — B, then

tpof=f and forg=f

Finally, a morphism f: A — B is an isomorphism if there is a morphism
f~': B — A for which

fhof=uw and fofTt=up

Example 10.2 In the category Set of sets, the class of objects is the class of all
sets and the hom set hom(A, B) is the set of all functions from A to B. In the
category Grp of groups, the class of objects is the class of all groups and the
hom set hom(A, B) is the set of all group homomorphisms from A to B.

In the category FinPoset of finite posets, the class of objects is the class of all
finite posets and the morphisms from A to B are the order-preserving maps
from A to B. In the category FinDLat of finite distributive lattices, the class of
objects is the class of all finite distributive lattices and the morphisms from A to
B are the lattice {0, 1}-homomorphisms from A to B. We give more examples
of categories in the appendix.[]

A subcategory D of a category C is a category with the property that every
object of D is an object of C and every morphism of D is a morphism of C and
that the composition and identities are the same in D as in C.

Functors

Structure-preserving “maps” between categories are called functors. Since a
category consists of both objects and morphisms, a functor must consist of two
functions—one to handle the objects and one to handle the morphisms. Also,
there are two versions of functors: covariant and contravariant.

More specifically, let C and D be categories. A functor F:C = D is a pair of
functions (as is customary, we use the same symbol F' for both functions):
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1) An object function F:Obj(C) — Obj(D) that maps objects in C to objects
in D.
2) For a covariant functor, a morphism function

F:Mor(C) — Mor(D)

that maps each morphism f: A — B in C to a morphism F'f: FA — F B in
D. For a contravariant functor, a morphism function
F:Mor(C) — Mor(D)

that maps each morphism f: A — B in C to a morphism F f: FB — F A in
D (note the reversal of direction).
3) Identity and composition are preserved, that is, for a covariant functor,

Fiy=tpa and F(gof)=FgoFf
and for a contravariant functor,

Fiy=1tpa and F(gof)=FfoFy
whenever all compositions are defined.

The notation F:C = D is read “I" is a functor from C to D.” A functor
F:C = C from C to itself is referred to as a functor on C.

One way to think of a covariant functor F: C = D is as a mapping of one-arrow
diagrams in C
f
A— B

to one-arrow diagrams in D

FAl pp

with the property that identity and composition are preserved.
Example 10.3 The power set functor P: Set = Set sends a set A to its power
set p(A) and each set function f:A— B to the induced function
Pf:p(A) — p(B) that sends a subset X C A to fX. It is easy to see that this
defines a covariant functor.
More to the purpose of this book, the spectrum functor

F:FinDLat = FinPoset

sends a finite distributive lattice L to its spectrum Spec(L) and a lattice
homomorphism f: L — M to the induced inverse map

f~*:Spec(M) — Spec(L)
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restricted to prime ideals. In the opposite direction, the down-set functor
O: FinPoset = FinDLat

sends a finite poset P to the lattice O(P) of down-sets of P and a monotone
map g: P — @ between posets to the induced inverse map g~': O(Q) — O(P),
restricted to down-sets. We will show later that these are contravariant
functors.[]

Functors can be composed in the “obvious” way. Specifically, if F':C = D and
G:D = & are functors, then G o F:C = £ is defined by
(GoF)(A) =G(FA) and (GoF)(f)=G(Ff)

for A € Obj(C) and f € hom¢(A, B).
The morphism portion of a functor F:C = D maps hom sets to hom sets,
specifically,

F:hom(A, B) — hom(F'A, FB)
or

F:hom(A, B) — hom(FB,FA)
in the case of a contravariant functor. If each of these hom set maps is

surjective, then F' is said to be full and if each of these hom set maps is
injective, then F is said to be faithful.

Natural Transformations

A structure-preserving map between functors is called a natural transformation.
Consider a pair of covariant functors F', G: C = D, as shown in Figure 10.1.

F/ FA— >
AT >p M he
G\ GA——>GB
Gf
Figure 10.1

We have remarked that the essence of a functor is what it does to the one-arrow
diagrams f: A — B. A natural transformation \: /' — G is intended to map,
in a nice way, the family of one-arrow diagrams that characterize the functor F'
to the corresponding family of one-arrow diagrams that characterize G. As
shown in Figure 10.1, this is accomplished by a family

{M: FA— GA| A € 0bj(C)}
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of morphisms in D—one for each object in C— with the property that the square
in Figure 10.1 commutes, that is,

GfOAAZ/\BOFf

We write \: F' = G or {\4}: FF = G to denote a natural transformation. Each
map A4 is called a component of the natural transformation.

If each component A4 is an isomorphism, then A is called a natural
isomorphism and we write {\4}: F = G. In this case, the family {\;'} is a
natural isomorphism from G to F.

Some very important commonly known maps are natural transformations. We
give two examples in the appendix: the determinant and the coordinate map for
finite-dimensional vector spaces.

In this chapter, we will show that the family
p={pr: L = O(Spec(L)) | L is a finite distributive lattice}
of rho maps is a natural isomorphism.

Dual Categories

It seems reasonable to say that two categories C and D are isomorphic if there
exist functors F':C = D and G: D = C for which

FoG=1Ip and GoF =1

where I is the identity functor on C and similarly for D. However, this notion
turns out to be too restrictive. A more useful notion comes when we require
only that the two compositions F' o G and G o F' are naturally isomorphic to the
respective identity functors.

Thus, two categories C and D are naturally isomorphic (or naturally
equivalent) if there are functors F: C = D and G: D = C for which

FoGaIp and GoF ~ I

When the functors F' and G are contravariant, this condition is often expressed
by saying that C and D are dual categories.

We will show that the categories FinDLat and FinPoset are dual, as are the
categories BDLat of (arbitrary) bounded distributive lattices and OrdBool of
ordered Boolean spaces (defined later). In fact, these dualities are the subject of
this chapter.

Finally, it is not hard to see that if F:C = D and G:D = C are functors for
which
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FoG=~Ip and GoF =~ I

then F and G are both full and faithful. This follows from the fact that functors
are ordinary functions when restricted to hom sets.

The Duality Between Finite Distributive Lattices and Finite
Posets

The duality between finite distributive lattices and finite posets is described in
Figure 10.2.

O(Spec(L))W)O(Spec(M))

Spec(O(X)) W Spec(O(Y))

FinDLat FinPoset

Figure 10.2

The Categories and Functors

Let FinDLat be the category of all finite distributive lattices, with lattice {0, 1}-
homomorphisms and let FinPoset be the category of all finite posets, with
monotone functions.

The spectrum functor S: FinDLat = FinPoset is defined by
S(L) = Spec(L) and S(f)= f':Spec(M) — Spec(L)

where L and M are finite distributive lattices and f:L — M is a {0,1}-
homomorphism. Note that the map f~! is the induced inverse map, restricted to
the prime ideals of M. It is easy to see that S is a contravariant functor, since

St)y=1"=1
and
Slgof)=(gof) ' =f"og ! =8(f)oS(9)
The down-set functor O: FinPoset = FinDLat is defined by
O:P— O(P) and O(g) =g :0(Q) — O(P)

where P and @ are finite posets and g: P — @) is a monotone map. The map
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g~ ' is the induced inverse map, restricted to the down-sets of Q. It is clear that
O is also a contravariant functor.

The Natural Isomorphisms
We have seen that the rho maps:
p={pr: L = O(Spec(L)) | L is a finite distributive lattice}

are lattice isomorphisms. On the FinPoset side, we define a family of order
isomorphisms

k = {kp: P ~ Spec(O(P)) | P is a finite poset}
by
kpla) =K-, ={D e O(P) | a ¢ D}

It is easy to see that K, is a prime ideal in O(P). Since P is finite, all filters in
O(P) are principal. Since O(P) is distributive, Theorem 4.26 implies that the
prime filters are precisely the filters of the form T o(p)(D) where D € O(P) is
join-irreducible. Hence, the prime ideals are precisely the ideals of the form
(Tor)(D))¢ where D € O(P) is join-irreducible. But Example 3.20 shows that
the join-irreducibles in O(P) are the prime ideals | pa. Thus, the prime ideals
in O(P) are precisely the ideals of the form

(Tow)(Lpa))" = (Ka) =K

This shows that xp is surjective.

To see that kp is an order isomorphism, we have
a S b :> ’Cﬁa g ]Cﬁb
and

KwCKyp = [béKy = a€lb = a<b

The fact that the families p and x are natural isomorphisms is shown in the
diagrams in Figure 10.2. Note that the functors S and O are defined in such a
way that

(f7) 7' O(Spec(L)) — O(Spec(M))
and
(97") ™"+ Spec(O(P)) — Spec(O(Q))
Now, the diagram on the left in Figure 10.2 commutes if and only if
puof=(f")"ops

that is, forall a € L,
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Pojia) = (f) 7P
But this holds since
(F)7"Poa = (1) ({P € Spec(L) | a ¢ P})

={Q € Spec(M) | a ¢ f71(Q)}
={Q € Spec(M) | f(a) ¢ Q}

= "=f(a)

Proof that the second diagram commutes:

kgog=(g7") " orp
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is similar. Thus, p and x are natural isomorphisms and the categories FinDLat

and FinPoset are dual.

Theorem 10.4 The categories FinDLat and FinPoset are dual. Specifically:

1) The following are contravariant functors:
a) S:FinDLat = FinPoset defined by

S: L+ Spec(L) and S(f)= f':Spec(M) — Spec(L)

for f:L — M.
b) O:FinPoset = FinDLat defined by

O:P+— O(P) and O(g) =g ' 0(Q) — O(P)

for g: P — Q.
2)  The family of rho maps

p={pr: L = O(Spec(L)) | L € FinDLat}
defined by
pr(a) = P-q = {I € Spec(L) | a ¢ I}

is a natural isomorphism p: Igimprat — O o S. The family of kappa maps

k = {kp: P =~ Spec(O(P)) | P € FinPoset}
defined by
rp(p) = K-y :={D € O(P) | p¢ D}

is a natural isomorphism K Iginposet — S © O.
3) The functors S and O are full and faithful. That is:
a) S defines a bijection between hom sets:

S:hompinprat(L, M) < homgigpeset(Spec(M ), Spec(L))
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b) O defines a bijection between hom sets:

O: homFinposet(P, Q) A homFinDLat(O(Q)a O(P))
Proof. For part 3), see Theorem A2.8.01

Totally Order-Separated Spaces

As mentioned earlier, in order to describe the duality theory for arbitrary
bounded distributive lattices, we require a few basic notions from point-set
topology, which are summarized in a short appendix. We also require a few
more specialized facts, presented here. Proofs will, in general, be left to the
reader.

Definition An ordered topological space is a triple (X, 7, <) where (X, 1) is
a topological space and (X, <) is a poset. We will denote the set of all clopen
sets in X by p°(X) and the set of all clopen down-sets in X by O°°(X).00

Definition If (X, 7, <) and (Y,0, <) are ordered topological spaces then a
map f: X — Y is an order-homeomorphism if it is an order isomorphism of
posets and a homeomorphism of topological spaces.[]

Definition
1) A topological space (X, 1) is totally separated if the clopen sets separate
points, that is, if

r#y = 3D € p(X)withy € Dandx ¢ D
A compact, totally separated topological space is called a Boolean space
or Stone space.

2) An ordered topological space (X, 7, <) is totally order-separated if the
clopen down-sets separate points, that is, if

<y = 3ADc O(X)withy € Dandx ¢ D

A compact, totally order-separated ordered topological space is called an
ordered Boolean space or a Priestley topological space.[]

We note the following:

1) Totally separated and totally order-separated spaces are Hausdorff.
2) In a totally order-separated space, the order is determined by the clopen
down sets, since

r<y & (yeD=zcDforallDec O%(X))

3) Since a Boolean space or an ordered Boolean space X is compact and
Hausdorff, the closed subsets of X are the same as the compact subsets of
X. It follows that any clopen set is a finite union of basic open sets.
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4) Any Boolean space X is an ordered Boolean space under the partial order
of equality. For in this case, x < y means z = y and so every nonempty
subset of X is a down-set. Since y £ x means y # x and since X is totally
separated, there is a clopen (down-) set K for which x € K and y ¢ K.
Thus, X is totally order-separated and so is an ordered Boolean space.
Moreover,

OCIO(X) _ @CIO(X)
Conversely, if X is an ordered Boolean space under equality, then

O%°(X) = p°(X) and X is a Boolean space.

In a totally order-separated space, separation can be extended to certain compact
subsets.

Theorem 10.5 Let X be totally order-separated. If A and B are disjoint
compact sets with the property that no element of B is less than any element of
A, that is, if

Bn(lA)=1

then there is a clopen down-set C such that A C C and BN C = (.0J

Of course, the intersection of clopen down-sets is a closed down-set and the
union of clopen down-sets is an open down-set. In an ordered Boolean space,
the converses are also true.

Theorem 10.6 Let X be an ordered Boolean space.

1) The closed down-sets of X are precisely the intersections of clopen down-
sets.

2) The open down-sets of X are precisely the unions of clopen down-sets.[]

Theorem 10.7 If C is a closed subset of an ordered Boolean space X, then | C
and 7 C are also closed.T]

The Priestley Prime Ideal Space

Let L be a bounded lattice. We gather a few facts about the sets P-,, P;, and
P-ap =P-a NPy

fora,b € L.

Theorem 10.8 Let L be a nontrivial bounded lattice and let
S={P.|laeL} and B={P-w|abelL}
Then S C B since
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,P—w, = —a,0

forall a € L. Moreover,
1) S is a sublattice of the power set lattice p(Spec(L)), in particular,

P-o NPy = Poanyy and  P-o U Py = Poap)
If L is complemented, then S is a subalgebra of p(Spec(L)), that is,
Po = (P-0)" = P-()
2) B has finite intersections, since
Poarbr N Prarby = Panas),(orvi)

The complement of an element of B is
b = P-b0UP-14
3) If L is complemented, then P, = P-y and so

P-ap = P-(an)

Thus, B=38.0
Since S and B each have finite intersections, Theorem A1.2 implies that they
can each serve as a basis for a topology on Spec(L). Moreover, since

Plop=P-voUP-14

each basis element P, is clopen in this topology.

Definition Let L be a bounded distributive lattice.
1) The ordered topological space (Spec(L), T, C ), where T is the topology
with basis consisting of the clopen sets

B= {Pﬂaﬁ | a,b € L}

is called the Priestley prime ideal space or the Priestley dual space of L.
Note that the sets

{Pwlae L} U{P,|be L}

form a subbasis for the Priestley prime ideal space.
2) The topological space (Spec(L), o), where o is the topology with basis

S={P.|laclL}

is called the Stone prime ideal space or the Stone dual space of L.[0

Theorem 10.8 implies that if L is a Boolean algebra, then B = S so the Stone
and Priestley prime ideal topologies coincide. We will show in a moment that
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the Priestley prime ideal space of a bounded distributive lattice L is an ordered
Boolean space. However, we leave it as an exercise to show that for non-
Boolean distributive lattices, the Stone prime ideal space is not Hausdorff and so
it is not a Boolean space. This is why the Priestley prime ideal topology is more
suitable to the study of arbitrary bounded distributive lattices.

Theorem 10.9

1) The Priestley prime ideal space (Spec(L), T, C ) of a bounded distributive
lattice L is an ordered Boolean space.

2) The Stone prime ideal space (Spec(B),T) of a Boolean algebra B is a
Boolean space.

Proof. For part 1), to see that 7 is totally order-separated, suppose that QQ Z P.

Then there isana € Q@ \ P and so P € P, and Q ¢ P-,. Since P, = P-4 is

a clopen down-set, 7 is totally order-separated.

To prove compactness, the Alexander subbasis lemma (Theorem A1.4) implies
that it is sufficient to show that any cover I/ of Spec(L) by subbasis elements
has a finite subcover. Suppose that

U={Py|deD}U{P.|ecE}

is a cover of Spec(L) by subbasic elements. To insure that D and E are
nonempty, we can assume that 0 € D since Py = () and 1 € F since P; = ().

Thus, if P is a prime ideal, then d ¢ P for some d € D or e € P for some
e € E. Put another way, there is no prime ideal containing D and disjoint from
E. Equivalently, there is no prime ideal containing (D] and disjoint from [E).
But then the prime separation theorem (Theorem 8.5) implies that (D] and E)
cannot be disjoint and so there is an x € (D] N[E). Hence, there exist
di,...,d, € Dandey,...,e, € E for which

eitN-Nep, <x<dV---Vd,
If P ¢ P,, forall i, then P € P_,, for all ¢ and so
P €[ \P-e; = Poteinnen) S P,y = (P,
and so P € P-4, for some j. This shows that the family
{Pers-oosPeys Podyy oo s Podi)}

is a finite subcover of U.

For part 2), if B is a Boolean algebra, then the Stone prime ideal space Spec(B)
is the same as with the Priestley prime ideal space Spec(B) and so it is an
ordered Boolean space. However, since Spec(B) is the family of all maximal
ideals of B, it is an antichain and so the partial order on Spec(B) is equality.
Hence,
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O°(Spec(B)) = p°(Spec(B))
and Spec(B) is a Boolean space.ld
Now we can prove that the image of the rtho map p: L — O(Spec(L)) is the set
O%°(Spec(L)) of clopen down-sets, that is, all clopen down-sets have the form
P-, for some a € L.
Theorem 10.10 Let L be a bounded distributive lattice. Let

B= {'Pﬁa,b | a, be L}
be the basis for the Priestley prime ideal space Spec(L).
1) (Clopen sets) The clopen sets p°°(Spec(L)) are precisely the finite unions

of basis elements P- .
2) (Clopen down-sets) The clopen down-sets are

O (Spec(L)) =S = {P., | a € L}
and so the rho map
p: L — O°(Spec(L))

is surjective and therefore a lattice isomorphism.
Proof. For part 1), any finite union of the clopen basic sets is a clopen set.
Conversely, if K is clopen, then it is a union of basic sets. However, K is also
compact and so it is a finite union of basic sets.

For part 2), let I € D. For each J ¢ D, we have J ¢ I and so if we take
xy€J\I, thenI € P, and J € P,,. The family {P,, | J ¢ D} is an open
cover of the compact set D and so it has a finite subcover {P,,,..., Py, },
where we have simplified the subscripts a bit. Hence,

D¢ Q'PMU---UPM
and so
leP,Nn---NP, CD

Thus, D is the union of sets P-;, M-+ NPy = P-4 a..np,) In S. Since D is
compact, it is the union of finitely many of these sets and so

D = ,Pﬁal U---u ,Pﬁan = Pﬂ(‘llv"'vavr) .

The Priestley Duality
The Priestley duality, shown in Figure 10.3,
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0%°(Spec(L)) W) 0%(spec(M) Spec(0%(x)) W Spec(0°°(y))

BDLat OrdBool

Figure 10.3

is a duality between the category BDLat of bounded distributive lattices,
together with lattice {0,1}-homomorphisms and the category OrdBool of
ordered Boolean spaces with continuous monotone maps. We begin our
discussion with a preliminary result. For an ordered Boolean space X, let

K(r) =Koy :={D € O"(X) |z ¢ D}

Theorem 10.11
D If f: L — M is a lattice {0, 1}-homomorphism, then the restricted induced
inverse map

f~*:Spec(M) — Spec(L)
satisfies, for a,b € L,

(fHP-a) = P-sia) (10.12)
(f ) Pa) = Pria)
(7 (Prad) = Psarswm)

2) If ¢ X — Y is a continuous monotone map, then the restricted induced
inverse map

gfl: OCIO(Y) N OCIO(X)

satisfies

(g7 (Ka) = Kgia) (10.13)
(gil)il(lca) = ICg(a)
(gil)il(Kﬁa N Kb) - ]Cﬁg(u) n ’Cg(b)
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Proof. For part 1), if a € L, then

(f 1) (P-a) = {P € Spec(M) | f1(P) € P-u}
= {P e Spec(M) |a ¢ f7'(P)}
= {P € Spec(M) | f(a) & P}
=Pt

and the rest follows from the fact that inverse maps are Boolean
homomorphisms. Part 2) is entirely analogous.[]

The Categories and Functors

Let BDLat be the category of bounded distributive lattices, together with lattice
{0, 1}-homomorphisms. Let OrdBool be the category of ordered Boolean
spaces with continuous monotone maps. The relevant functors are described in
the next theorem.

Theorem 10.14 The following are contravariant functors.
1) S:BDLat = OrdBool defined by

S(L) = Spec(L) and S(f)= f':Spec(M) — Spec(L)

for any L € BDLat and any {0, 1}-homomorphism f: L — M.
2) O¢°:0rdBool = BDLat defined by

OCIO(X) _ OCIO(X) and 0010(9) _ 9715 OCIO(Y) N OCIO(X)

Jfor any X € OrdBool and any continuous monotone map g: X — Y.
Proof. For part 1), it is clear that S(f) = f~! is monotone. Also, f~! is
continuous since Theorem 10.11 implies that the inverse image (f~1) ™' (P-,;)
of a basic open set P, is open. Finally, if f: L — M and g: M — N, then

Slgof)=(gof) ' =f"og =8(f)oS(9)
and S(¢) = ¢. Hence, S is a contravariant functor.
For part 2), O%°(f) = f~! is a lattice homomorphism and
F' @) =0 and fH(Y)=X
Also, if f: X — Y and g:Y — Z, then
OP(gof)=(gof) ' =f"og ' =0%(f)oO%(g)

and O°(,) = . Hence, O is a contravariant functor.(]
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The Priestley and Stone Representations

On the lattice side, Theorem 10.10 implies that the rho map
p: L ~ O°(Spec(L))

is a lattice isomorphism from a bounded distributive lattice L to the family of all
clopen down-sets of a certain ordered Boolean space, namely, the Priestley
prime ideal space Spec(L).

On the ordered Boolean space side, for a given ordered Boolean space X, let
Ko ={De0O%X)|x¢ D}
It is clear that K_, € Spec(O(X)). We define the kappa function
k: X — Spec(O%°(X)) by
k(z) =Ko

We would like to show that s is an order-homeomorphism, where
Spec(O¢°(X)) has the Priestley prime ideal topology, that is, the sets

P-pr = {I € Spec(O°*(X)) | D¢ 1,E €}

for D, E € O°(X), form a basis for the topology. Theorem A1.6 implies that it
is sufficient to show that « is a continuous order isomorphism.

To see that k is an order embedding, note that the order in X is determined by
the clopen down-sets and so

r<y & K,CK, & K,CK, <& k() Ck(y

To show that x is continuous, it is sufficient to show that the inverse image of
any basic open set is open. But

Hil(’PﬁD’E) ={re X |k(x) € Ppr}
={reX|K, €P-pr}
={zeX|D¢K andEc K}
={zeX|ze€Dandzx ¢ E}
=D\FE

and since D and E are clopen, so is D \ E.

Finally, to see that  is surjective, the image x(X) is compact and therefore
closed. We show that any nonempty basic open set meets (X ), which implies
that k(X)) = Spec(O°(X)). For a nonempty proper basic open set

P-pr = {I € Spec(O*(X)) | D¢ 1,E T}
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we have D ¢ F and so thereisan x € D\ E. But z € D implies that D ¢ K_,
and z ¢ E implies that E € K, and so K-, € P-p p.

The fact that the individual rho and kappa maps are isomorphisms gives
representation theorems for bounded distributive lattices and ordered Boolean
spaces.

Theorem 10.15

1) (Priestley representation theorem for bounded distributive lattices) Let
L be a bounded distributive lattice. The rho map p: L — O%°(Spec(L))
defined by

p(a) = P
is a lattice isomorphism and so
p: L = O (Spec(L))

Thus, every bounded distributive lattice is isomorphic to the power set
sublattice of clopen down-sets of a Priestley prime ideal space, namely,
Spec(L).

2) Let X be an ordered Boolean space. The kappa map
k: X — Spec(O%°(X)) defined by

k(z) =K,
is an order-homeomorphism and so
r: X = Spec(O°(X))

Thus, every ordered Boolean space is order-homeomorphic to the Priestley
prime ideal space of a bounded distributive lattice, namely, O°°(X).0]

The Natural Isomorphisms

We have seen that the families

p={pr: L ~ O%(Spec(L)) | L is a bounded distributive lattice}
and

= {kx: X ~ Spec(O°(X)) | X is an ordered Boolean space}

are families of lattice isomorphisms and order-homeomorphisms, respectively.
In fact, p and « are natural isomorphisms, in symbols,

p: Igprat ~ O oS and  k: Iorapoo = S 0 O°

and so the categories BDLat and OrdBool are dual. Indeed, the first equation in
(10.12) can be written in the form
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(f ) topr=puof
and the first equation in (10.13) can be written
(9 'okx=ryoy

and these equations are precisely the defining conditions for natural
transformations, as shown in Figure 10.3, which we repeat here in Figure 10.4.

f
L > M P 9

RN S

Oce(Spec(L)) T) Oc(Spec(M)) Spec(Oce(P ))ﬁ Spec(0(Q

Figure 10.4

Theorem 10.16 (The Priestley duality)
1) The families

p={pt}: 1 =008 and r=1{kx}:I-=SoO

are natural isomorphisms and so BDLat and OrdBool are dual categories.
In particular,

(f ) opr=puof
for any lattice {0, 1}-homomorphism f: L — M and
(g7") 'okx=kyog

for any continuous monotone map g: X — Y.
2) The functors S and O are full and faithful, that is, the maps

S:hompprat(L, M) — homorasee (Spec(L), Spec(M))
and
O°: homordsoeol (X,Y)— hOfIlBDLat(OClo (X), o (Y))

are bijections.(]

We can say a bit more about the connection between a lattice {0,1}-
homomorphism f:L — M and its image S(f) = f~! under the spectrum
functor.

Theorem 10.17 Let f: L — M be a lattice {0, 1}-homomorphism, where L and
M are bounded distributive lattices.
1) fisinjective if and only if S(f) = f~! is surjective.
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2) fis surjective if and only if S(f) = f~' is an order embedding.

Proof. For part 1), if f:L < M is injective, then f:L~ f(L) is an
isomorphism and so f~!:Spec(f(L)) — Spec(L) is surjective. Hence, if
P € Spec(L), then there is an R € Spec(f(L)) for which f~1(R) = P. We
need only show that there is a () € Spec(M) for which @ N f(L) = R, since
then

AU = QnfL)=f(R) =P

To thisend, I = | /R is a proper ideal of M and F' = 1 ,(f(L) \ R) is a filter
of M that is disjoint from I. Hence, by the prime separation theorem, there is a
prime ideal @ € Spec(M) for which RC @ and QNF =, that is,
QN f(L) = R, as desired.

For the converse to part 1), suppose that f~! is surjective. If f(a) = f(b) for
b £ a, then the prime separation theorem for points implies that there is a
P € Spec(L) such that a € P and b ¢ P. Since f~! is surjective, there is a
Q € Spec(M) such that f~1(Q) = P. But

f(0) = f(a) € f(P)CQ

implies that b € f~1(Q), which is false. Hence, f is injective.

For part 2), if f is surjective, then
ACB & [A)CS(B

and so f~! is an order embedding. For the converse, if f~! is an order
embedding, then for any prime ideals P and ) of M,

PCQ < [fHP)CfHQ)
& PN fL)C Q)
s PNFL)CQ

Thus, assuming that f is not surjective, we can obtain a contradiction by finding
prime ideals P and @ for which P € Q but PN f(L) C Q.
Since f is not surjective, there is an @ € M \ f(L) and we need only show that
there are prime ideals P and @ for which

a€P, a¢Q ad PNf(L)CQ
or equivalently,

laCP, 1an@Q=0 and PNf(L)CQ

Now, if PN f(L) and 1 a are disjoint, then there is such a prime ideal @), so it is
sufficient to show that there is a prime ideal P for which
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laCP and (PNf(L)NTa=10
But | a is disjoint from f(L) N Ta, since a ¢ f(L) and so P also exists.[]

The Case of Boolean Algebras

The Priestley duality between bounded distributive lattices and ordered Boolean
spaces can easily be restricted to a duality between the category BoolAlg of
Boolean algebras with Boolean homomorphisms and the category Bool of
Boolean algebras with continuous maps, as shown in Figure 10.5.

pee(Spec(L)) W pe(Spec(M)) Spec(p™(X)) W Spec(p(Y))

BoolAl Bool

Figure 10.5

First, we note that BoolAlg is a subcategory of BDLat. Also, we have seen that
any Boolean space can be thought of as an ordered Boolean space under
equality. Thus, since all maps are monotone in this case, it follows that Bool is a
subcategory of OrdBool.

As to the functors, the spectrum functor sends a Boolean algebra B to the Stone
prime ideal space Spec(B), which is a Boolean space according to Theorem
10.9. Also, S(f) = f~! is a Boolean homomorphism.

As to the down-set functor, in a Boolean space X the order is equality and so all
sets are down-sets, that is, O°(X) = p°(X) and so the restriction of the
functor O to Bool is the functor p°°, sending X to °°(X) and sending a
continuous map ¢g: X — Y to the induced inverse map g~ *: p°(Y) — p°(X).

Thus, we have the two contravariant functors
S:BoolAlg = Bool and °°: Bool = BoolAlg

Moreover, we have seen that the {0,1}-homomorphisms p; are Boolean
isomorphisms when L is a Boolean algebra. Also, the kappa maps r~x are
homeomorphisms of Boolean spaces.

Thus, we arrive at the duality in Figure 10.5.
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Theorem 10.18

1)

2)

3)

)

(Stone representation theorem for Boolean algebras) Let B be a
Boolean algebra. The rho map p: B — ¢°(Spec(B)) defined by

p(a) =P-q
is a Boolean algebra isomorphism and so
p: B ~ o (Spec(B))

Thus, every Boolean algebra is isomorphic to the Boolean algebra of
clopen subsets of a Boolean space, namely, Spec(B).

Let X be a Boolean space. The kappa map r: X — Spec(p°(X)) is a
homeomorphism and so

r: X ~ Spec(p°(X))

Thus, every Boolean space is homeomorphic to the Stone prime ideal space
of a Boolean algebra, namely, p°(X).
(Stone duality for Boolean algebras) The families

p=1{pt}: I = oS and k= 1{kx}: 1= Sope

are natural isomorphisms and so BoolAl and Bool are dual categories. In
particular,

(f ) opr=puof
for any Boolean homomorphism f: L — M and
(g7") Torx=hyog

for any continuous map g: X — Y.
The functors S and p°° are full and faithful, that is, the maps

S:homgegiar(L, M) — hompee (Spec(L), Spec(M))
and
©°: hompoel (X, Y) — hompaoiai(°(X), p°(Y))

are bijections.]

Note that in a Boolean prime ideal space Spec(B), the clopen sets are precisely

the

sets P-,. Also, the open sets are precisely the unions of clopen sets and the

closed sets are precisely the intersections of clopen sets.

Applications

According to the Priestley duality, we may think of any bounded distributive
lattice L as the family O°(X) of clopen down-sets of a Priestley prime ideal
space X = Spec(L). What is the advantage of doing this? The space X is, in
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some sense, simpler than the lattice O°°(X) of clopen down-sets. Thus, many
lattice-theoretic concepts may have simpler descriptions in topological terms
than in lattice terms.

For instance, the Priestley representation makes it easy to show that any
bounded distributive lattice L is a sublattice of a Boolean algebra and to
describe, up to isomorphism, a minimal such Boolean algebra. We first identify
L with its faithful representation

p(L) = {P-a} = O (Spec(L))

Now, O°°(Spec(L)) is a sublattice of the Boolean algebra (°°(Spec(L)).
Moreover, if B is a Boolean subalgebra of °°(Spec(L)) containing
O (Spec(L)), then for any basic clopen set P, of Spec(L), we have

,Pﬁa,b =P-a NPy =P, N (,Pﬁb)c €B

and so P-,; € B forall a,b € L. Then Theorem 10.10 implies that any element
of p°I°(Spec(L)), being a finite union of the basic clopen sets P-, 5, belongs to
B and so

B = p™(Spec(L))

Thus, p°°(Spec(L)) is a minimal Boolean algebra containing O°°(Spec(L)) as
a sublattice.

Theorem 10.19 If L is a bounded distributive lattice, then p°°(Spec(L)) is a
minimal Boolean algebra containing the isomorphic copy O%°(Spec(L)) of L
as a sublattice.[]

The Priestley representation can be used to prove certain lattice-theoretic results,
such as the result above, and to describe certain lattice-theoretic notions via the
topological notions. Here are some additional examples.

Recall that the pseudocomplement ¢* of a € L is defined to be the maximum
semicomplement of a, that is,

a* =max{zx € L|aAxz=0}
if the maximum exists.
We will need the following facts, discussed in an earlier exercise. Two lattice
{0, 1}-epimorphisms f:L — M and g:L — N with domain L are kernel

equivalent, written f = g, if the corresponding congruence kernels ; and 6,
are equal, that is, if

fla)=f() < gla)=g(b)
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This is easily seen to be an equivalence relation on the class Epi(L) of {0, 1}-
epimorphisms with domain L.

Theorem 10.20 Let (X, 7, <) be an ordered Boolean space, with clopen
down-sets O°P(X).
1) (Ideals of O%°(X)) The union map

U:T(O°(X)) ~ O%(X)
defined by
U = Jr

is a lattice isomorphism and so O°°(X) is isomorphic to its own ideal
lattice. Thus, any bounded distributive lattice is isomorphic to its ideal
lattice.

2) (Pseudocomplements in O°(X)) The pseudocomplemented elements U
in O°(X) are precisely the elements U for which U is clopen, in which
caseU* =X\ 1U.

3) (Congruence relations on O (X)) The lattice Con(O%(X)) of
congruence relations on O°(X) is isomorphic to the lattice of open
subsets of X.

Proof. We prove the third statement, leaving the others for the exercises. Let

L = O%(X). Note that {x} is a closed set for all z € X, since X is Hausdorff.

Also, Tx and |z are closed by Theorem 10.7.

The plan is to find a bijection
I'(X) < Con(L)

from the family I'(X) of closed sets of X onto the set Con(L). Then we will
show that this bijection is a lattice anti-isomorphism. We can then compose this

map with the complement map to get a lattice isomorphism from the open sets
onto Con(L).

To find the bijection mentioned above, we first find a complete system of
distinct representatives { fx | K € I'(X)} for the kernel equivalence classes of
Epi(L), indexed by the family I'(X) of closed sets. Then the map

where 6, is the congruence kernel of g, is a bijection from I'(X) to Con(L),

since every congruence relation 6 is a congruence kernel, namely, the
congruence kernel of the projection 7.

For each closed set K (with the subspace topology), consider the intersection by
K map



Duality 233

fr: OF(X) — O (K)
defined by
fx(D)=DNK
for any D € O°°(X). This map is a lattice {0, 1}-homomorphism and we leave

it as an exercise to show that fx is surjective, that is, fx € Epi(L).

We claim that the maps { fx | K € O%°(X)} form a complete system of distinct
representatives for Epi(L)/ = . If K; # K, are distinct closed subsets of X,
then fx, and fx, are not kernel equivalent. To see this, suppose that K1 Z Ko
and let z € K \ Ky. We show that there are U,V € O°°(X) for which

sz(U) - fK:)(V) and le(U) 7é le(V)
that is,
UHKQZVHKQ and UﬁKl#VﬁKl

If we find U and V for which z ¢ U and z € V, then = ¢ U N K; and
x €V NK;andso U N K; #V N K;. Thus, it is sufficient to show that

2¢U, z€V and UNK,=VNK,

or, equivalently,
TzNU=0, |zCV and UNKy,=VNK, (10.21)
Now, about the only thing we can separate is
Konlz and Tz
or
KonTz and |z
since x ¢ K5. Choosing the former, there is a clopen down-set U for which
Kon|zCU and UNTax=10

If we can find a clopen down-set V' that contains U as well as |z, then
U N Ky CV N K, and we only arrange it so that V' N Ky C U, or equivalently,
that V N (K2 \ U) = ). So we want to separate U U |« from K, \ U, which is
possible since no element of Ky \ U is less than or equal to any element of
lx U U. Hence, there is a clopen down-set V' for which

lzuUCV and VN(K\U)=0
and so U N Ky =V N K,. Thus, (10.21) holds.
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It follows that for closed subsets K; and K of X,

Ki=Ky, < [k =[K
and so each kernel equivalence class has at most one member of the form fy.
Now suppose that f: O°(X) — O%°(Z) is a {0, 1}-epimorphism, where Z is
an ordered Boolean space. Since the functor O° is full, there is a continuous
monotone map h: Z — X for which h=' = f. Since f is surjective, Theorem

10.17 implies that h is a continuous order embedding. Now, for
D, E € O%(X), we have

f(D)=f(E) & h (D) =h"'(E)
sh Y (DNh(Z)=h (ENh(Z))

But h: Z — h(Z) is an order isomorphism and so the last equation above holds
if and only if

DNh(Z)=ENh(Z)

Finally, since h is continuous and Z is compact, the image h(Z) is compact and
therefore closed in X. Thus, we have shown that

f(D)=f(E) <  fuz(D)= fuz(E)
where h(Z) is closed in X. Thus, any {0, 1}-epimorphism f is equivalent to a
{0, 1}-epimorphism of the form fx for some closed set K in X.

This shows that the family {fx | K € I'(X)} is a complete system of distinct
representatives for kernel equivalence. Hence, the map II:T'(X) — Con(L)
defined by

II(K) = 0y,
is a bijection. Moreover, if K1 C K> then
UNK,y=VnNK, = UNK =VNK
that is,
fU)=fe,(V) = [fU)=[fV)

But we have already shown that if K7 € K5, then there are clopen down-sets
Uand V for which

UNKy=VNKy, and UNK; #VNK,
and so

fU)=f(V) #  [fxuU)=fV)
Thus,
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([r(U) = [, (V) = fx,(U) = fr, (V) & K CKy

In terms of congruence relations, this is

effcg C effcg < K CK,

which shows that the bijection II is order-reversing and therefore a lattice anti-
isomorphism. Now, the complement map v: A — A° on X is an latttice anti-
isomorphism from the lattice 7 of open sets in X onto I'(X) and so the
composition IT o v: 7 — Con(L) is a lattice isomorphism.[]

Exercises

1.

2.

Let X be totally separated. Prove that for any two disjoint compact sets A
and B in X, there is a clopen set C' such that A C C and BN C = ().

Let X be totally order-separated. Prove that if A and B are disjoint compact
sets with the property that no element of B is less than any element of A,
that is,

BNn(lA) =90

then there is a clopen down-set C' such that A € C'and BN C = (.

Let X be an ordered Boolean space. Verify the following statements.

a) The closed down-sets of X are precisely the intersections of clopen
down-sets.

b) The open down-sets of X are precisely the unions of clopen down-sets.

Let (X, 7, <) be an ordered Boolean space. Prove that if C' is closed in X

then TC and | C are also closed.

Let L be a bounded distributive lattice. Prove that @ € L has a complement

in L if and only if P, is a down-set.

a) Prove that the Cantor set C is an ordered Boolean space under the order
inherited from R.

b) Prove that O°(C) is a countable Boolean algebra with no atoms.

Prove that the intersection maps

fK1 Oclo(X) N Oclo(K)
defined by
fx(D)=DNK

for any D € O°°(X) are surjective.

(Characterizing ideals in a bounded distributive lattice) Let (X, 7, <)
be an ordered Boolean space. Let O° (X)) denote the family of open down-
sets of X. Consider the maps

U: T(OP(X)) — OP(X)
defined by
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um = Jr
and
V: 0% (X) — I(0°(X))
defined by
V(D) ={Ac O%(X)|AC D}

In words, U(I) is the union of all of the elements (clopen down-sets) of I
and V(D) is the set of all clopen down-sets contained in D.

a) Show that Z(I) is an open down-set in X.

b) Show that V(D) is an ideal of O°(X).

¢) Show that

UoV =1 and Vol =1

where ¢ is the appropriate identity function.
d) Show that I/ is a lattice isomorphism.
(Characterizing pseudocomplemented elements of a bounded
distributive lattice) Let L = O°°(X). Prove that the pseudocomplemented
elements U € O°(X) are precisely the elements U for which TU is
clopen, in which case U* = X \ TU. Hint: Suppose that U € O°(X) has
a pseudocomplement U *, as shown in Figure 10.6.

Figure 10.6
What happens if there is an x € (TU)° \ U*? Use Exercise 4.

The Stone space of a bounded distributive lattice

Definition Let L be a bounded distributive lattice. The set Spec(L) together
with the topology o with basis

S={P-u|aelL}

is called the Stone prime ideal space or the Stone dual space of L.[]

10.

11.

Show that for a Boolean algebra, the Stone and Priestley prime ideal spaces
are the same.
Prove that the Stone prime ideal space is compact.



12.

13.

14.
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Prove that the open sets of the Stone prime ideal space are the sets
P_r={P e Spec(L) | I Z P}

forI € Z(L).
Prove that the compact open sets of the Stone prime ideal space are the
basis elements

{P-w|a€L}

Prove that the Stone prime ideal space is Hausdorff if and only if L is a
Boolean algebra. Consequently, the Stone prime ideal space of a non-
Boolean bounded distributive lattice is not Hausdorff and so not a Boolean
(Stone) space.






Chapter 11
Free Lattices

Lattice Identities

Let us recall a few definitions from earlier in the book.

Definition Let X be a nonempty set. A lattice term (or just term), also called a
lattice polynomial, over X is any expression defined as follows. Let || and T
be formal symbols.

1) The elements of X are terms of weight 1.

2) Ifpand q are terms, then so are

(pMq) and (pUq)

whose weights are the sum of the weights of p and q.
3)  An expression in the symbols X U {11, U, (,)} is a term if it can be formed
by a finite number of applications of 1) and 2).
We denote the set of all lattice terms over X by Tx. The elements of X are
called variables.[]

Two terms are equal if and only if they are identical. Thus, for example, z; U 9
is not equal to xo LI x;.

It is customary to omit the final pair of parentheses when writing lattice terms.
A lattice term involving some or all of the variables x;,,...,2;, € X but no
others is denoted by p(z;,, ..., x;,).

We now define two binary operations A and V, called meet and join
respectively, on 7x. For p, q € Tx, let
pANg=phg and pVg=plyq

Then since x; Mx; = x; A x; for all 2;,z; € X and similarly for join, we can
write any lattice term p € 7y using only the variables and the meet and join
symbols (and parentheses).

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 11, 239
© Steven Roman 2008
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Note that while the set 7y of all terms over X is not a lattice, it is an (2-algebra,
where €) consists of the two binary operations of meet and join.

Recall also that given a lattice L and a function f: X — A, where A C L, the
evaluation map e;: Tx — L is defined, for each p(z;,,...,z;,) € Tx by

Efp(xiﬂ"'?xin) :p(fxin"'vfmin)

Definition A4 lattice identity or lattice equation over a nonempty set X is an
equation between lattice terms

(1, x0) = g1, T0)
where x; € X.OO

Free and Relatively Free Lattices

Now, given a nonempty set X, we wish to describe the construction of the most
general lattice L generated by the elements of X (or a copy of these elements).
This is called the free lattice generated by X. By most general, we mean that a
lattice identity should hold in F' if and only if it holds in all lattices. Such a
lattice can be characterized, up to isomorphism, by a universal mapping

property.

However, before giving this property, we want to generalize this notion a bit. A
lattice is a set with two algebraic operations (meet and join) that satisfy certain
lattice identities, namely, the associative, commutative, idempotent and
absorption laws. If we add the modular law, we get modular lattices. If we add
the distributive law, we get distributive lattices. More generally, we have the
following concept.

Definition Let 3 be a set of lattice equations. An equational class or variety
based on ¥ is the family IC of all lattices that satisfy the equations in ¥. The
lattices in K are called KC-lattices. The trivial variety is the variety for which
Y = {x = y} and so the K-lattices are precisely the one-element lattices.(]

The family of all lattices is an equational class with ¥ =0 or ¥ = {x = z}..
Also, the families of modular lattices and distributive lattices are equational
classes.

Definition Let K be an equational class. A lattice identity
p(z1s. @) = q(21, ..., T)
holds in all KC-lattices if’

erp(xr, ..., xn) = €pq(x1, ..., Ty)
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that is,

p(far, oo, fon) = q(frr, -, fon)
Jor all K-lattices L and all functions f: X — L.0O1
Now, given an equational class KC, we wish to describe the most general -

lattice F', in the sense that any lattice equation that holds in F' also holds in all
KC-lattices.

Definition Let KC be an equational class and let X be a nonempty set, whose
elements are called variables. Referring to Figure 11.1

K
X >F

T
A\
L

Figure 11.1

we say that the pair (F, k) where F is a K-lattice and k: X — F is a function
is IC-universal if for any function f: X — L, where L is a K-lattice, there is a
unique lattice homomorphism 7y: F' — L for which

Trok=f

We will refer to the map T¢ as the mediating morphism for f. If such a pair
exists, then F' is called a KC-free lattice and is said to be K-freely generated by
X or have basis X. The K-free lattice F is denoted by FLi(X). A lattice is
relatively free if it is a K-free lattice for some equational class K. If ¥ = (),
then a K-free lattice FLx(X) is called a free lattice, is denoted by FL(X) and
is said to be freely generated by X.[1

If the equational class K is nontrivial, then the map x: X — FLi(X) in the
definition above must be injective. To see this, let L be a K-lattice with two
distinct elements a,b € L. If x #y in X, then we can define a function
f: X — L for which f(z) = a and f(y) = b. It follows that kx # ky. Thus, if
K is nontrivial, the image x(X) is a faithful copy of X in FLi(X).

To see that the universal mapping property captures the spirit of C-free lattices,
we have the following.

Theorem 11.1 Let X be a nonempty set and let (F,x:X — F) be a K-
universal pair. Then a lattice identity



242 Lattices and Ordered Sets

p(x1, .y xn) = q(1, ..., 2y)
over X holds in all K-lattices if and only if it holds in the K-free lattice F, that
is, if and only if
p(’%xla ceey ’ﬂvn) = Q(’k&mlv ceey ’ﬁtn)
in F.
Proof. One direction is clear so assume that the identity holds in the K-free

lattice F'. Let L be a K-lattice and let f: X — L. If 7: F — L is the mediating
morphism for f, then

TP(KT1, ..., KTy) = Tq(KX1, ..., KTy)
that is,
p(TRTY, ..., ThEy) = q(TKZ1, ..., TKT,)
and so
p(fri, ..., fan) = q(fxr, ..., fz,)
that is,

Efp(mla cee 7xn) = Efq(xla ceey $71)
Since this holds for all K-lattices L and all evaluation maps e;: X — L, it

follows that p = ¢ holds in all K-lattices.[d

Before dealing with the existence of universal pairs, let us consider the issue of
uniqueness.

Theorem 11.2 Let (F,k: X — F) and (L, f: X — L) be K-universal pairs.
Then there is a lattice isomorphism : F' ~ L for which
por=f

In particular, F' and L are isomorphic. For this reason, one often refers to the
K-free lattice on X.

Proof. Referring to Figure 11.2, the maps 7:F — L and o:L — F are
mediating morphisms and

f=70ok and kK=o0of
Hence,
f=(roo)of and kK= (ocoT)ok

However, the map co7:F — F and the identity map ¢: ' — F are both
mediating morphisms as well (as shown in the final diagram in the figure) and
so the uniqueness requirement implies that o o 7 = ¢. Similarly, 7 oo = ¢ and
S0 j4 = T is an isomorphism.[]
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f K
X—>F X—>L X—>F
T ¥ | oT=1
f | K ! K !
A2 A2 A2
L F F

Figure 11.2

Constructing a Relatively Free Lattice

If T is the family of lattice terms over X and x: X — 7y is the inclusion map,
then the pair (7, ) almost fits the definition of a K-free lattice. In particular,
forany f: X — L and any x € X, we have

epo k() = f(x)

where ¢/ is the evaluation map associated to f. Moreover, €; preserves meets
and joins. The problem is that 7T is not a K-lattice!

To fix this problem, we pass to equivalence classes. Define a binary relation on
Tx by setting

phq if p = qholds in all K-lattices

It is clear that this is an equivalence relation. Moreover, if p;0q; and p,0qs, then
forany f: X — L, where L is a C-lattice, we have e¢;p; = €yq1 and €;py = €0
and so

er(p1 V) =€ Verpe =€ Vergr = e(q1V ga)
Hence,
pbgand ppfgy = (p1Vp2)0(q1V o)
and similarly,
p10q and pofgy = (p1 A p2)0(q1 A q2)

These two properties can be expressed by saying that 6 is a congruence
relation on the Q-algebra 7.

Theorem 11.3 Let X be a nonempty set.
1) Theset F = Tx /0 is a K-lattice under meet and join defined by

PIAlgl=[pAgl and [p| Vg =I[pVdq

respectively.
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2) The pair
(Tx/0,k: X — Tx/0)
where k(x) = [x], is universal and so Tx /0 is a K-free lattice on X.
Proof. For part 1), to see that meet and join are well defined, if [p] = [p/] and
[q] = [¢], then pfp’ and gfq" and so (p A q)0(p' A ¢), thatis, [p A q] = [p' A q]
and similarly for the join. Moreover, F' is a K-lattice since the axioms of a

lattice and the additional lattice equations that define /C hold in all KC-lattices.
For example, since

(A AT)B(PA (g AT))
we have
[(pAg)Ar]=[pA(gAT)]
and so
(PIAla) Al =[(pAg) Ar]=[pA(gAr)] = [p] Alg] Alr])

For part 2), if f: X — L, where L is a K-lattice, then the mediating morphism
condition is

7y([2]) = fa
for all x € X. Now, the map 7: F' — L defined by
T([p(@r, s w)l) = (e, 0)) = p(frs - fn)
is well defined, since €; is constant on the congruence classes of F'. Also,
T(lpnal) =es(pna) = s (p) Aeg(a) = 74([p]) A 7(lg))

and similarly for join. Thus, since 7([z]) = f=z, it follows that 7 is a mediating
morphism for f. As to uniqueness, if o: F' — L is also a lattice homomorphism
for which o o k = f, that is, if o([z]) = fx forall z € X, then

7([z]) = fz = o([z])

and so 7p = op for any element p([x1],..., [z,]) of F, whence 7 = ¢.00

It is customary to drop the congruence class notation and denote the elements of
FLi(X) = Tx/0 as lattice terms and to refer to  as inclusion. Then we refer to
the elements of 7y as formal lattice terms. Of course, it must be kept in mind
that distinct formal lattice terms may be the same element of the /C-free lattice
FLi(X). Thus, 21 V @9 and x5 V 7 are distinct elements of 7y, but are the
same elements of FLi(X) by the commutative law. Also, one must carefully
check that functions defined on 7y are well defined when thought of as
functions on FLx(X).
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Characterizing Equational Classes of Lattices

In 1935, Garrett Birkhoff characterized equational classes of lattices among all
families of lattices.

Theorem 11.4 (Birkhoff, 1935 [7]) Let IC be a family of lattices. The following

are equivalent:

1) K is an equational class

2) K is closed under the taking of sublattices, homomorphic images and direct
products

3) K is either trivial or else K is closed under homomorphic images and for
every nonempty set X, there is a K-free lattice FLi(X).

Proof. It is not hard to see that 1) implies 2). Suppose that 2) holds and let /C be

nontrivial. Let FL(X) = 7x/6 be the free lattice on X, where 0 is the

congruence relation on 7x defined by

plg if p = qholds in all lattices
Now consider the family
F={peCon(F)|F/ueK}

To see that F is nonempty, note that since K is closed under sublattices and
homomorphic images, it contains all one-element lattices. Hence, the relation p
defined by apb for all a,b € F has the property that F'/;. € K.

The smallest member of F is the meet
A= A\{neCon(F)| F/ueK}

and Theorem 9.17 implies that F'/\ is isomorphic to a sublattice of the direct
product

[T(F/n| Flue k)

and so F'/\ € K. To see that F'/\ is K-free on X, consider Figure 11.3, where
f:X — Land L € K and j: X — F is the inclusion map.

j

X >

F > F/
i
vV L
L

Figure 11.3
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The universality of the free lattice implies that there is a unique lattice
homomorphism f’: ' — L. Therefore, by the first isomorphism theorem,
F/ker(f’) is isomorphic to a sublattice of L and so F/ker(f’) € K, which
implies that A C ker(f’) and so the universal mapping property of the quotient
implies that there is a unique lattice homomorphism 7: F'/A — L for which

romoj=f

Thus, the pair (F'/A, 7 o j) is K-universal and so F'/) is K-free on X. Thus, 3)
holds.

Finally, suppose that 3) holds and continue the notation above with reference to
Figure 11.3. Theorem 11.1 implies that a lattice identity p = ¢ holds in a given
K-free lattice if and only if p=g¢ holds in all K-lattices. Now, let
Xo = {x1,x2,...} be a countably infinite set of variables and let X be the set of
all lattice identities in X that hold in FLx(Xy). Let & be the equational class
associated to . We want to show that IC = &y.. First, the identities in X are over
X and hold in FLx (X)) and therefore also hold in all K-lattices. Hence,
KK Cé&s.

For the reverse inclusion, let L € &y, that is, all of the identities in X hold in L.
Referring to Figure 11.4, let Y be a generating set for L. The function
f: 7y — L is defined by

fp(yl;---;yn) :p(y17>yn)

where the p(y1,...,y,) on the left is a lattice term in 7y, whereas the
(Y1, .-, yn) on the right is an element of L.

<

> T,/0 = FL(Y)

-
f

\"
L

Figure 11.4

If p(y1,---s9n) = q(y1,...,yn) in the K-free lattice FLi(Y) = 7y /60, then
p = q in all K-lattices and so p(x1,...,x,) = q(z1,...,2,) in FLc(X)), that is,
p(z1,...,2,) = q(x1,...,2,) is in X and so p = ¢ holds in L. In the notation of
Figure 11.4, if mp = mq, then fp = fq, that is, § = ker(w) C ker(f) and so the
universality of the quotient implies that there is a unique lattice homomorphism
7:FLx(Y) — L for which 7 o m = f. Since f is surjective, so is 7 and so L is a
homomorphic image of FLx(Y) and is therefore a K-lattice. Hence, L € K and
so K = &s. Thus, 1) holds.d
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The Word Problem for Free Lattices

The word problem for K-free lattices is the problem of determining, for any K-
free lattice FL(X), when two formal lattice terms in X represent the same
element of FL(X). A solution to the word problem is an algorithm that makes
this determination. If no such algorithm exists, then the word problem is said to
be unsolvable.

The word problem for free lattices (C = @) was first solved by the logician
Thoralf Skolem in 1920 [56]. Skolem's solution was apparently not well known.
In 1941, Whitman [65] produced a second solution to the word problem that is
well known today.

For other equational classes, the word problem is not necessarily solvable. In
fact, Ralph Freese [18] proved in 1980 that there is no algorithm for deciding
whether p = ¢ in the free modular lattice generated by a set of size 5 and in
1982, Christian Herrmann [28] did the same for the free modular lattice
generated by a set of size 4. (Dedekind showed in 1900 [15] that the free
modular lattice generated by a set of size 3 has only 28 elements.)

For free lattices, Whitman's idea is to describe a decision procedure for all
possible inequalities of the form p < ¢ among lattice terms in FL(X). Then, of
course, we have p = ¢ ifand only if p < g and ¢ < p.

Theorem 11.5 Let FL(X) be the firee lattice on X. Then the following hold,
where x,y € X and p;, q; € FL(X) fori=1,2:
1) (Variables are incomparable)

r<y & T=y

2) (Variables are join prime)

z<q1Vg@p & zqgorr< @
3) (Variables are meet prime)

PAP ST & pSTOorp ST
4) (Definition of meet)

P<S@iANG & p<Sqandr <
5) (Definition of join)

mVm<q < p<qandp, <q
6) (Whitman's condition)

p=pAp<qg=qaVep < p<qorp<qorp<qorp<q
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Proof. The “if” statements hold in all lattices. Also, statements 4) and 5) hold in
all lattices. Next, we show that forany x € X and y1, ...,y € X \ {},

xﬁ\/yi

which, in particular, proves 1). To this end, define a function f: X — 2, where
2 = {0, 1} is the lattice with two elements 0 < 1 by setting fx =1 and fy =0
for all y € X \ {z}. This can be extended uniquely to a lattice homomorphism
7p: FL(X) — 2. But then

r<\u = 1=fz<\/fyi=0
which is false. Hence, x £ \/y;.

Next, we observe that all w € FL(X) satisfy

n
r<w or w< \/yi for some y; € X \ {z}
i=1

For if S is the set of elements of FL(X) for which this holds, then X C S and S
inherits meets and joins from FL(X), whence S = FL(X).

Now we can prove 2). Suppose that © < ¢; V ¢o. If x £ ¢; and & £ o, then

m

n
q < \/yz and ¢ < \/Zi
i=1 i=1

for some y;,z; € X \ {x} and so

n m
$§QﬂWﬂ§<vw>V<VE>
i=1 i=1

which we have shown to be false. Statement 3) is the dual of 2).

As to Whitman's condition, Alan Day [14] has provided a simple proof.
Suppose that Whitman's condition fails in F' = FL(X) for some elements
PEpPpAP S Q=N

We construct a new lattice in which p £ ¢, by replacing the interval I = [p, ¢| in
F with a pair of intervals that are distinct copies of I:

Iy=1x{0} ={(u,0) |uel}
and

L=Tx{1} ={(u,1) |uel}
Let
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F*=(F\)ULUL
Extend the order on F'\ {I} to F'* by setting (for i = 0,1)

v<(u,i)inF* < wv<uinF
(u,i) <vin F* & w<ovinF
(u,i) < (v,j)inF* < w<vinFandi<j

We leave it to the reader to check that F™* is a lattice under this order. Also, in
F*, we have

AP =(p,1) £(¢,0)=q Vg

We can associate two maps with this construction. The first map 7: F* — F'is
projection of F™* onto F' defined by

mu=uforue F\I and w(u,i)=wufori=0,1

This is a lattice epimorphism. For the second map, the injection g: X — F*
defined by

x forx ¢ I
9(z) = {(x,O) fgrxel

can be extended to a lattice homomorphism 7,:F — F*. Note that the
composition wo 1, F — F satisfies m(7,(x)) = for all 2 € X and so
mo T, = 1, the identity on F'.

Now, the failure of Whitman's condition means that

p£q and pp£Lq and pLq and pLq

and  so  p;,q &I =[p,q. Therefore, if & {p1,p2,q1,q2}, then
w[ry(s)] = s = ms and since 7 is injective on F'\ I, it follows that 7,(s) = s.
Therefore, 7,(p) = p and 7,(¢) = ¢ and so in F**, we have

74(p) =p £ q=1y(q)
But p < ¢ in F implies that 7,(p) < 7,(g) in F'*, which is a contradiction. Thus,
Whitman's condition holds.[d

Theorem 11.5 provides a decision procedure for determining whether p = ¢ is
true in the free lattice FL(X). We simply apply the rules in the theorem to the
inequalities p < ¢ and ¢ < p. Each application reduces the weight of the
inequality and so must eventually terminate with a yes or no answer.

For example, to decide whether

xV(yV(zAz)<zVy
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we apply 5) to get
x<xVy and yV(rAz)<zVy

The first inequality is true by 2). As to the second, another application of 5)
gives
y<zVy and zAz<zxVy

the first of which is true. As to the second, Whitman's condition says that this
holds since x A z < x by 4). Thus, the decision is yes.

Canonical Forms
The following concept is important in the study of free lattices.
Definition Let A and B be finite subsets of a lattice L. If each a € A is

contained in some b € B, then A refines B, denoted by A < B. The dual
notion is that every element of A contains an element of B, written A > B.Ol

The basic properties of refinement are given in the exercises. We will require
the following property, whose proof is an exercise.

Lemma 11.6 If A < B and B < A, then A and B have the same maximal
elements..]

Let X be a nonempty set. Using the equivalence class notation, every element
[t] of the free lattice FL(X) = 7x/0 is an equivalence class of terms in 7x and
we refer to each element of [t] as a representative of [t]. We wish to show that
the representatives of [t] of minimum weight are unique up to applications of the
associativity and commutativity laws. For example, the following are the same
up to associativity and commutativity,

xA(yANz) and (yAz)Az

Let us make this idea more precise. Every term ¢ € 7x that is not a variable has
an outermost operation (meet or join). If the outermost operation for ¢ is the
join, then ¢ has the form

t=(u1) V (us)
If the outermost operation of u; is join, then we can write
t=((u1,1) V (u12)) V (u2)
and use the formal associativity law to remove parentheses:
(u1,1) V (u1,2) V (u2)

If we continue to remove parentheses in this manner, the result is a join
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(Ul) VeV (vn)

where each v; is either a variable or the outermost operation of v; is meet. We
can repeat the process with the terms v;, resulting in

(i) A A ) VeV () A A (vng, )

where each v, ; is either a variable or the outermost operation of v; ; is join. This
process can be repeated until it cannot be continued further, resulting in a string
of one of the following forms, which we refer to as normal form (by analogy
with the disjunctive/conjunctive normal forms of Boolean algebra).

Definition Let A = X U{ A, V,(,)} and let W, be the set of all strings over
the alphabet A. An element of X is called a variable. The weight w(s) of a
string s € Wy is the number of occurrences of variables in s.
1) A member of X has join-normal form and meet-normal form in W,.
2) Assume that join-normal form and meet-normal form have been defined for
members of W, of weight less than n > 2.
a) A string over A of weight n > 2 has join-normal form if it has the
Sform

s=(s1) V-V (sp)

where k > 2 and each s; has meet-normal form.
b) A string over A of weight n > 2 has meet-normal form if it has the
form

s=(s1) A A(sk)

where k > 2 and each s; has join-normal form.
An element of Wx has normal form if it has either meet-normal or join-normal
form. Variables have trivial normal form; all other normal-form strings have
nontrivial normal form.[]

Each term ¢t € 7x can be reduced to a unique string NF(¢) in normal form,
called the normal form of ¢. Note that NF(¢) is obtained from ¢ by removing
only parentheses. Hence, the occurrences and relative locations of the variables
are the same in both expressions. It is also clear that any string in normal form
can be “reverse engineered,” generally in more than one way, to produce a term
in 7Tx. Also, the weights of ¢ and NF(¢) are the same, that is,

w(t) = w(NF(t))
and their values as members of the fiee lattice FL(X) are the same, that is,
[t] = [NF(2)]

Having the same normal form expresses the fact that two terms are equivalent
up to associativity. To deal with commutativity, we define an equivalence
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relation = . on the family of normal-form strings by saying that two normal-
form strings s and ¢ are equivalent if one can be obtained from the other by
reordering the terms within zero or more join substrings or meet substrings

(W) V- V(ug) or (ur)A---A(uy)
anywhere within s and ¢. Then we define an equivalence relation = on 7y by
s =gt if NF(s) = NF(t)
When s = ,.t, we say that s and ¢ arc equivalent up to associativity and

commutativity.

We wish to show that if w € [t] has minimum weight, then the minimum weight
terms in [t] are the terms that are = ,.-equivalent to u. Since taking the normal
form preserves weight, we need only show that any two terms of minimum
weight are = ,.-equivalent. For this, it is sufficient to show that if a, 5 € Wy
are normal forms of minimum weight for elements of [¢], then o = .0.

If u € [t] has minimum weight, we can get some information about NF(u) from
the nature of [t]. If [t] = {z} for some variable z € X, then u =¢ =z and

NF(u) = x. If
1=\t

is a proper join in FL(X), that is, if [t;] < [¢] for all ¢, then NF(u) must be a
nontrivial join-normal form. For if NF(u) = z is a variable, then

and so [z] < [t;] for some k, whence [t;] = \/[t;] = [t], contradicting the fact
that \/[¢;] is a proper join. Also, if NF(u) has nontrivial meet-normal form

NF(u) = \(w)
then
Nl = INF(w)] = [u] = [1] = \/[¢:]
and Whitman's condition implies that one of the following must hold:
1) [ui) < V[ti] for some k. Then [uy]= A[u;] = [t], which implies that
uy € [t]. But w(uy) < w(NF(u)) = w(u), which contradicts the fact that
has minimum weight.

2)  Alyj] < [ti] for some k. But then [t;] = \/[t;] = [t], contradicting the fact
that \/[¢;] is a proper join.
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Thus, NF(«) has nontrivial join-normal form
NF(u) = \/{(w) |i € 1}

If w has minimum weight in [¢], there are several things we can say about the
elements [u;] of the free lattice FL(X).

Theorem 11.7 Let t € Tx and let w € [t] have minimum weight.
n I
[t =[]V Vit

is a proper join in FL(X), then u has a nontrivial join-normal form
NF(u) = (ug) V-V (ty)

and the following properties hold in FL(X):
PI) The [u;] are distinct and U = {[u1], ..., [w,]} is an antichain
P2) Ifup = ay A -+ A ap, then [a;] £ [t] for all i
P3) Each u; is a minimum weight representation of [u;].
P4) {ul, ces ,um} < {tl, ;tn}
2)  Dually, if

[t] =[] Ao At
is a proper meet in FL(X), then u has a nontrivial meet-normal form
NF(u) = (ug) A A ()

and the following properties hold in FL(X):

Pl = PI)
P2YIfup = a1 V-V ap, then [t] £ [a;] for all i
P3’) = P3)

P4’){U1, ,um} > {tl,... 7tn}
Proof. If P1) fails, then there is a proper subset I of I for which

[u] = \/{[Ui] |liel}= \/{[Ui] |i€lo}
and then the string
\{ui | i€ Iy}

can be reverse engineered to a term p € [u] = [t] of smaller weight than that of
w and so P1) holds.

For P2),ifup = a; A --- A a,,, then
[(11] A A [am] < [tﬂ VeV [tn]

and so Whitman's condition implies that [a;] < [t] for some j or [u;] < t; for
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some j. But if [a;] < [¢] for some j, then,

1<l v (V,,60) < 18

and so

=l v (V,,[0)

which implies that [f] has a shorter representation, obtained by reverse

engineering the string
aV (\/i#kti>

Thus,
[a;] £ [t] for all ¢

which is P2). Note that P4) follows from P2) and Whitman's condition. P3) is
clear.d

We can now show that minimum weight representatives are unique up to
associativity and commutativity.

Theorem 11.8 Let t € T.
1) Ifu,v € [t] have minimum weight in [t], then

NF(u) = .NF(v)
that is, uw and v are equivalent up to associativity and commutativity.

2) a) If[t] is a proper join in FL(X), then v € [t] has minimum weight if and
only if its join-normal form

NF(v) = (v1) V- V (vy,)
satisfies properties P1)—P3), and therefore P4) of Theorem 11.7.

b) If'[t] is proper meet in FL(X), then v € [t] has minimum weight if and
only if its meet-normal form

NF(v) = (v1) A+ A (vp)

satisfies properties P1"—P3"), and therefore P4") of Theorem 11.7.
Proof. We have seen that minimum weight representations satisfy properties
P1)-P4) or P1')-P4"). For the converses of 2a) and 2b), let

NFE(v) = (v1) V-V (vp)

satisfy properties P1)-P3), and therefore P4), and let « € [¢] have minimum
weight, with
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NF(u) = (u1) V-V (uy)
Since U = {[u1], ..., [u,]} and V = {[v1], ..., [v] } both satisfy P4), we have
U<V and VU

and since U and V' are antichains, Lemma 11.6 implies that U = V. Thus, by
reindexing if necessary, we have m = n and [v;] = [u;] for all 4. It follows that
both v; and u; are minimum weight representatives of [u;] and so w(v;) = w(u;)
for all 4. Hence, w(v) = w(w) is minimum.d

Definition If ¢ € Tx, then the terms in [t] of mimimum weight are called
canonical forms for [t].00

Thus, the canonical forms for a term t € Ty are = ,.-equivalent, that is,
equivalent up to associativity and commutativity.

The Free Lattice on Three Generators Is Infinite

We wish to show that the free lattice FL(X) on three generators X = {x,y, 2}
has an infinite strictly increasing sequence, which shows that FL(X) is infinite.
We begin with an application of Theorem 11.5 to get some cancellation rules.

Lemma 11.9 Let Fx be a free lattice over X and let u, v, w be distinct members
of X. Then the following cancellation rules hold for p,q € Fx:

) u<vVvp = u<lp

2y vApLu = p<lu

) un(wvp) <vV(wAq) = p<vV(wAgq)

4 uN(wVp) <wV(uAgq) = uA(vVp) <gq

We write these cancellation rules in the following abbreviated form, which
shows the cancellations in bold:

) uw<wvVp

2y vAp<u

3) uA(vVp) <vV(wAg)

49 uN(wVp) <wV(uAgq)

Proof. Parts 1) and 2) follow directly from Theorem 11.5. For part 3),
Whitman's condition implies that one of the following must hold:

5) u<vV(wAq)

6) vvVp<ovV(wAgq)

7 uA(vVp) <wv

8 uAn(vVp <wAgq

Now, 5) and 1) imply that v < w A ¢ < w, which is false. Also, 8) implies that
uA(vVp) <w

and so 2) gives
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v<ovVp<Lw
which is false. On the other hand, 6) implies that
p<oV(wAg)
which gives 3). Finally, 7) and 2) imply that v V p < v, that is,
p<v<vV(wAgq)

which is also 3). Thus, 3) holds.
For part 4), Whitman's condition implies that one of the following must hold:

9 u<wV(uAq)
10) vvp<wV(uAgq)
) un(vVp) <w
12) uA(vVp)<uAg

Now, 9) and 1) imply that u < u A ¢ < g and so 4) holds in this case. Statement
10) implies that
v<wV(uAq)
and so 1) gives v < u A ¢ < u, which is false. Statement 11) and 2) give
v<ovVp<Lw
which is false. Finally, 12) implies that
ul(vVp)<gq
which is 4). Thus 4) holds in all cases.[]

Now we can prove that FL({z, y, z}) is infinite.

Theorem 11.10 The free lattice FL(X) on the set X = {x,y, z} has an infinite
strictly ascending chain and is therefore an infinite lattice.
Proof. We use the cancellation rules

) uw<wvVp
2y vAp<u
3) uA(wVp) <vV(wAg)
49 uAN(wVp) <wV(uAq)
5) u<vAp
6) vvp<u
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the last two being obvious. Let py = x and for n > 0, let
pn=aV YAV (@AYV(zAPp.-1))))

This is the alternating meet and join of z, y and x in that order done twice.

We first explore the relationship between the variables x, y and z and the
elements p,. Clearly, x < p;. Actually, < py, forif p; < z, that is, if

a2V (yA@EzVEA(yV(zAz)))) <z
then cancellation rules 6) and 2) imply that
zV(@A@yV(zAx)) <z

and so z < z, which is false. Hence, z < p;. As a result, since the meet and join
operations are monotone, the sequence (p,,) is nondecreasing and so

ZZ7<pl§pn

for all n > 1. Our eventual goal is to show that (p,,) is strictly increasing.

Ify < p,, that is, if
y<yA V@AV (zApn-1)))
then cancellation rules 5) and 1) imply that
y<xzAyV(zApp1)) <z

which is false and so y € p,. But p, < y implies that x < y, which is also false
andso y || p, foralln > 0.

If z < p,, that is, if
2<yA(zV (@A YV (2Apa-1))))

then z <y, which is false. Also, p, < z implies that = < z, which is false.
Thus,

x<p <p,forn>1 and y,z]| p,forn>0
Now suppose that n is the smallest integer for which p,,+; < p,, that is,
VvV (yAzV (@A YV (zAp))) < pn
then 6) gives
yA =V (@A YV (zAPpa)))) < pn

that is,
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yA@EV(EAWY(EAP))) <zV(yAEY(EAYY(zAP-1)))

Making the substitutions indicated by the underbraces above gives
yAN(zVp) <zV(yAq)
and so cancellation rule 4) gives
yA(zVp)<q
that is,

yA V(@AY (2AP))) <zV(@A(yV(zApi-1)))

. 2

P q
Again making the substitutions indicated by the underbraces above gives
yN(zVp)<zV(rAq)
and so cancellation rule 3) gives
p<zV(zAg)
that is,
cAN(YV(zAP,)) <zV(xA V(2 A pp_1
(y (+)) (@A (yV( qp )
Again making the substitutions indicated by the underbraces above gives
xAyVp) <zV(zxAq)
and so cancellation rule 4) gives
zA(yVp)<q
that is,

a:/\(y\/(z/\pn))gy\/(z/\ pn—l)
p q

Making the substitutions indicated by the underbraces above gives
zA(yVp)<yVi(zAq)
and so cancellation rule 3) gives
p<yV(znq)
that is,
2Apy YV (2 Apa1)
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An application of Whitman's condition implies that one of the following must
hold:

7 2<yV(2Apa-1)
8) Pn S Y \ (Z A pn—l)
9) zAp. <y
10) z /\pn S z /\pnfl
But 7) and 1) imply that
2 < 2App-1 < Put
which is false. Also, 8) implies that
T <py <yV(zApp-1) <yVz
which is false. Statement 9) implies that p, <y, which is false. Finally, 10)
implies that
zZ N\ Pn S Pn—1

By Whitman's condition, since p,_; is a meet, we have four possibilities to
consider:

1) z S Pn—1
2) po < pPaa
3) zAp, <=z

4) zAp, <yA (Z\/ (l'/\ (y\/ (Z/\pn—Q))))

Now, 1) is false and 2) is false by the minimality of n. Also, 3) implies that
pn, < x, which is false. Finally, 4) implies that

2NANpp <y

which is also false. This contradiction implies that there is no integer n for
which Pn+1 < pn-l:‘

Free lattices can be quite complicated, as witnessed by the fact that a free lattice
with 3 generators is infinite. Moreover, it can be shown that a free lattice on 3
generators contains a sublattice that is free on a countably infinite number of
generators! We note also that the free lattice FL(X) is not complete for | X| > 3.

The reader interested in more information about free lattices should consult the
1995 book Free Lattices, by Freese, Jezek and Nation [19].

Exercises

1. If A < B then does it follow that B > A?
2. Let A and B be finite subsets of a lattice L. Prove the following:
a) A< Bimplies VA <\/B.
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b) < isaquasiorder on L.

¢) AC Bimplies A < B.

d) If Aisan antichainand A < Band B < A, then A C B.

e) If A and B are antichains and A < B and B < A, then A = B.

f) If A B and B< A, then A and B have the same maximal
elements.

Describe the free lattice on the set X = {x, y}. (The free lattice on three

elements is infinite.)

Prove that the inequality

aN(dVe)<(anb)V(aAc)

does not hold in a free lattice. What conclusions do you draw about

distributivity?

Let FL(X) be the free lattice on X.

a) Prove that every element of FL(X) is either meet-irreducible or join-
irreducible.

b) Prove that the elements of FL(X) that are both meet-irreducible and
join-irreducible are the elements of X.

¢) Prove that FL(X) = FL(Y) implies X =Y.

Suppose that L is a lattice generated by a set X. Suppose also that X

satisfies statements 1)—6) in Theorem 11.5. Show that L is free on X. Hint:

Apply the universal mapping property to the inclusion map f: X — L.

Show that the mediating morphism is an isomorphism.

Let L be a lattice with generating set X and assume that L satisfies

Whitman's condition. Show that L is isomorphic to the free lattice FL(X) if

and only if the following hold for all x € X and finite subsets Y C X:

z<\[Y = zev
and
/\Ygx = zcY

Hint: You may use an exercise from an earlier chapter, to wit: Let L be a
lattice and let a € L. Let X be a generating set for L. For any subset S’ of
L, let P(S) be the property that for any finite subset Sy C S,

ag\/S(, = a < sforsomes € Sy

Show that if P(X) holds then P(L) holds. Use this exercise to show that X
satisfies the conditions 1)-6) of Theorem 11.5. Then use a previous
exercise from this chapter to finish this exercise.

Show that the following hold in any free lattice L = FL(X), for u, a, b:
SDy)  [u] = [a] V [b] and [u] = [a] V[c] = [u] = [a] V ([b] A [c])
SD)  [u] = [a] A and [u] = [a] Ale] = [u] = [a] A (1] V [c])
These are referred to as the semidistributive laws.
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9. Let [t] € FL(X) and let [u] € FL(X) be join irreducible. Prove that [u] has

a canonical form of the form [¢] = [u] V [a1] V -+ V [ay] if and only if there
is an element [a] € FL(X) for which [t] = [u ] [a] and if [v] < [u], then
[v] V [a] < [t].

10. Develop an algorithm for computing a canonical form for any [t] € FL(X).






Chapter 12
Fixed-Point Theorems

In this chapter, we give a brief introduction to the theory of fixed points for
functions defined on a poset P. Let us begin with a few definitions.

Definition Let P be a poset. A fixed point for a function f: P — P is an
element a € P for which

fla)=a O

Let us also recall an earlier definition.

Definition Let P be a poset. A function f: P — P is inflationary if
z < f(z)
Sforall x € P.OJ

The term increasing is also used for the previous concept but, unfortunately,
some authors use increasing to mean monotone, so we have decided to avoid
the term altogether.

We also recall the following definition.

Definition Let P and Q) be posets that have directed joins. A function
f: P — @ is (join) continuous if for any directed subset D in P, the set f(D)
is also directed and

f < \7 deDd> - \7 aend (@) -

If the function f: P — P and the poset P are sufficiently well behaved, then it
is not hard to “construct” a fixed point for f. Take = € P and consider the
sequence

x, f(x), f*(@), ...

S. Roman (ed.), Lattices and Ordered Sets, doi: 10.1007/978-0-387-78901-9 12, 263
© Steven Roman 2008



264 Lattices and Ordered Sets

If f is inflationary, then this is a chain in P. If P is chain-complete, then we
may set « = \/f"(x). If f is also continuous, then

o< @)= (V@) =@ <a

and so « is a fixed point of f. Thus, if P is chain-complete and f is both
inflationary and continuous, then f has a fixed point. Our goal in this chapter is
to sharpen this result.

Recall that a poset P is complete (also called a CPO) if it has a smallest
element and has directed joins. Theorem 2.19 implies that a poset is complete if
and only if it is chain-complete.

Definition 4 sub-CPO of a CPO P is a subset S C P for which
1) 0pes
2) S inherits directed joins from P.[]

Fixed Point Terminology
Here are some terms associated with fixed points.
Definition Let P be a poset and let f: P — P be a function. Let a € P. Then

(see Figure 12.1)
1) ais a fixed point of f if

fla)=a
2) ais a pre-fixed point of f if

fla)<a
3) ais a post-fixed point of f if

fla) za

The corresponding sets of fixed points are denoted by Fix(f), Pre(f) and
Post(f). The smallest elements of these sets, if they exist, are denoted by
MinFix(f), MinPre(f) and MinPost(f), respectively. The largest elements are
denoted by MaxFix(f), MaxPre(f) and MaxPost(f). O



Fixed-Point Theorems 265

SRR (0

Figure 12.1

Recall that if f: S — S is a function, then a subset 7' C S is said to be f-
invariant if f(T) CT.

Theorem 12.1 Let f: P — P be a monotone map.
1) a) If Pis a CPO, then Pre(f) is f-invariant and inherits arbitrary
nonempty existing P-meets. Moreover,

MinPre(f) exists = MinPre(f) = MinFix(f)

b) If P is a complete lattice, then Pre(f) is a meet-structure in L and so a

complete lattice.
2) a) If P is a CPO, then Post(f) is f-invariant and inherits arbitrary
nonempty existing P-joins. Moreover,

MaxPost(f) exists = MaxPost(f) = MaxFix(f)

Since Op € Post(f), it follows that Post(f) is a sub-CPO of P.
b) If P is a complete lattice, then Post(f) is a join-structure in L and so a
complete lattice.
Proof. For part 1), the set Pre(f) is f-invariant since

f@) <z = [f(f@) < fx)
If Az; exists for x; € Pre(P), then

f(/\%‘) < flw) <z = f(/\xi) < /\xi

and so Az; € Pre(f). Finally, if h = MinPre(f) then f(h) € Pre(f) implies
that f(h) < h < f(h) and so h € Fix(f). Since Fix(f) C Pre(f), it follows
that » = MinFix(f). Part 2) is dual.cd

Fixed-Point Theorems: Complete Lattices

We are now ready to discuss theorems asserting the existence of fixed points,
beginning with monotone maps on complete lattices.
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Theorem 12.2 (The Knaster—Tarski Fixed Point Theorem, [39], [60]) Ler L
be a complete lattice and let f: L — L be a monotone map on L. Then Fix(L) is
a complete lattice, with bounds

MaxFix(f) = MaxPost(f) = \/Post(f)
and
MinFix(f) = MinPre(f) = /\Pre(f)
Proof. Note that
Fix(f) = Pre(f) N Post(f) = Post(f |pre(y))

But f|pe(s) is a monotone map on the complete lattice Pre(f) and so
Post(f|pre(f)) is also a complete lattice.[]

The previous theorem has a converse, proved by Davis [13] in 1955. In
particular, a lattice is complete if and only if every monotone function has a
fixed point. Since the full proof requires the notions of ordinal and transfinite
sequence, we give the proof first in the countable case.

Theorem 12.3 4 countable lattice L is complete if and only if every monotone
function on L has a fixed point.
Proof. We need only prove that if L is incomplete, then there is a monotone
function with no fixed point. Let us recall Theorem 3.22: A countably infinite
lattice L is incomplete if and only if it has a coalescing pair (B,C) of
sequences.
If L has an unbounded strictly increasing infinite sequence
B=(by<by<--)

then for any « € L, there is a b; € B for which b; £ x. Let
Then f(x) # « for all x € L, that is, f has no fixed point. Moreover,

<y = {bilbiZytC{bi|biLz} = [flz) <[y

and so f is monotone. The case where L has a strictly decreasing infinite
sequence

C=(c1>c2>-+)
with no lower bound is similar. In particular, for each x € L let
f(z) =max{c; | x £ ¢;}
Then f(x) # x forall x € L and
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r<y = {alzgca}l{alytal = [flz)<f(y)

and so f is monotone.

Finally, suppose that L has two strictly monotone coalescing infinite sequences
B=(b<by<-) and C=(--<c<c)
for which B < C and
B'NnC' =9
If z € O, then ¢ B" and we define f(x) by
f(x) = min{b; | b £ 7}
On the other hand, if z ¢ C*, then we let
f(z) =max{c; | x £ ¢;}
In either case, f(z) # = and we are left with showing that f is monotone.
Letx <y. Ifx,y € C'orif z,y ¢ C, then the same argument as above shows
that f(x) < f(y). The only other possibility is that 2 € C* and y ¢ C*. Then
f(z) = min{b; | b; £ x}
and
fly) =max{c; |y £ ¢;}
and since B < C, it follows that f(z) < f(y). Thus, f is monotone.(J

Now we turn to the general case, whose proof is a direct generalization of the
previous proof to the transfinite case.

Theorem 12.4 (Davis, 1955 [13]) A4 lattice L is complete if and only if every
monotone function on L has a fixed point.

Proof. We need only prove that if L is incomplete, then there is a monotone
function with no fixed point. Again, the proof uses Theorem 3.23. If L has a
strictly increasing transfinite sequence

B=(by| <)
with no upper bound, then for any = € L, the set of ordinals
E,={a<6|b, £x}
is nonempty and so has a least element \,. Let

f(x)=0by,
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Then \, € E, implies that f(z) # x and so f has no fixed points. Moreover, if
x <y, then

r<y = E/CE = MN<X\ = f(x)<f(y

and so f is monotone. The case where L has a strictly decreasing transfinite
sequence

C={ca|la<r)
with no lower bound is similar. In particular, for each x € L, the set of ordinals
F,={a<6|xz<Lcy}
is nonempty and so has a least element 1. Let
f(z) =cy,
Then f(x) # x and
r<y = RCF = pm<p = f@)<fy)

and so f is monotone.

Finally, suppose that L has two strictly monotone coalescing infinite sequences
B=(by|a<d) and C={c,|a<k)
for which B < C and
B'nC =0
If 2 € C’, then 2 ¢ B" and we define f(z) by
f(x) = b,
as above. On the other hand, if = ¢ C’, then we let
f(@) =cy,

as above. In either case, f(x)# x and we are left with showing that f is
monotone.

Let 2 < y. If 2,y € C’ or if 2,y ¢ C', then the same argument as above shows
that f(x) < f(y). The only other possibility is that x € C* and y ¢ C’. Then

f(x) =0y, €B
and
fx)=¢, €C

However, since B < C, it follows that f(z) < f(y). Thus, f is monotone.[]
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Fixed—Point Theorems: Complete Posets

We now turn to the question of the existence of fixed points for functions on a
complete poset. As we will see, any inflationary or monotone function on a CPO
P has a fixed point. However, we begin by considering functions that are both
monotone and inflationary.

Theorem 12.5 The set F of all monotone, inflationary functions on a complete
poset P has a common fixed point, that is, there is an a € P for which f(a) = a
forall f € F.

Proof. The set P of all functions on P is partially ordered by pointwise order:

f<g if f(z)<g(x)forallx € P
If f,g € F,then f o g € F, since
<y = g@)<gly) = [flo@) < fl9)

and so f o g is monotone. Also, x < g(z) implies that z < f(z) < f(g(x)) and
so f o g is inflationary. Thus, f o g is an upper bound for f and ¢ in F and so F
is a directed family in P

Hence, we can define a function h: P — P by
he)=\/{f(x)| f € F}

To see that h € F, if = <y, then f(x) < f(y) for all f€F and so
h(z) < h(y), which shows that h is monotone. Also, since x < f(x) for all
f € F, it follows that = < h(x) and so h is inflationary. Thus, h is the largest
element of F.

Finally, if f € F,then h < foh < h, thatis, f o h = h. It follows that for any
a € P, we have f(h(a)) = h(a), that is, h(a) is a fixed point for every
ferd

To improve upon Theorem 12.5, the key is to consider the smallest f-invariant
sub-CPO of P. In particular, let f: P — P be a function on a complete poset P
and let

F ={S C P| Sisan f-invariant sub-CPO of P}

which is not empty since P € F. Moreover, the intersection Py =[\F is
nonempty since 0 € Py and Py € F. Hence, P, is the smallest f-invariant sub-
CPO of P.

Monotone Functions on a CPO

We can now show that any monotone function on a CPO has a fixed point.
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Theorem 12.6 Let P be a CPO and let f: P — P be a monotone function. Then
f has a least fixed point MinFix( f).

Proof. Since f is monotone, Post(f) € F and since Py C Post(f), it follows
that f is inflationary on Fy. Thus, the restriction of f to P, is an inflationary
monotone function on P, and so Theorem 12.5 implies that f has a fixed point
a € Py. Moreover, if a € Fix(f), then |a € F since

z€la=zrx<a= f(z)< fla)=a= f(z) € |la

and since | a inherits directed joins from P. Hence, Py C |a, thatis, Py < a. It
follows that there is exactly one fixed point &« € Py and o = MinFix(f).00

Inflationary Functions on a CPO

We now turn to inflationary functions.

Theorem 12.7 Let P be a CPO and let f: P — P be an inflationary function.
Then f has a fixed point.

Proof. We again consider the smallest f-invariant sub-CPO P of P. Our goal
is to show that Py is directed, since then the join o = \/ P exists and so

agf(a)g\/PO:a

which shows that « € Fix(f). If we show that for all a € P, every element
b € Py satisfies b < a or b > f(a), then P, is actually a chain, for in this case,
we have either b < a orb > f(a) > a and so a and b are comparable. Thus, we
wish to show that

Py=2Z,:= [O,CL] U [f(a)voo)

where the intervals are taken with respect to Fy. Since Z, C Fy, we need only
show that Z, is an f-invariant sub-CPO of P, since then Py C Z,,.

It is easy to see that Z, is a sub-CPO of P. Clearly, 0 € Z,. Also, if
D ={d;} C Z, is directed, let d = \/pD € Py. If d; < a for all ¢, then d < a
and so d € Z, and if f(a) < d; for some i, then f(a) < d; < d andso d € Z,,.
Thus Z, is a sub-CPO of P for any a € F.

As to the f-invariance of Z,, since f is inflationary, f maps the interval
[f(a),00) into itself. Also, f maps a to f(a) € Z,. Finally, we show that f
sends [0, a) into itself, that is,

beP,b<a = f(b)<a
Let R be the set of all a € P, for which this is true, that is,
R={acP|bePR,b<a= f(b) <a}

Thus, a € R implies that Z, = F,y. To see that R = P, it is sufficient to show
that R is an f-invariant sub-CPO of P.
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It is clear that 0 € R. For f-invariance, we must show that ¢ € R implies
bePy=2,b<fla) = [f(b)<f(a)

If b<a, then a € R implies that f(b) <a < f(a); if b=a, then clearly

f(b) < f(a); the case b > f(a) is not relevant.

To show that R inherits directed joins, let D = {a;} C R be directed. We must
show that

b < \/ai = f(b) < \/ai
Since b € Z,, for each ¢, it follows that
b<a; or b=a; or b> f(a;)>a;

If b < ay, for some k, then f(b) < aj, < \a;, as desired, so we may assume that
b & a; for all i. If b > f(a;) > a; for all 4, then b > \/a; which is not the case.
Hence, there is an index k for which b = ay,.

Since b £ a; for all 4, it follows that a;, = b is maximal in D. Butifa; || a, =0
for some 4, then since D is directed, there is an a; > a, which is false. Hence,
ar = b is the greatest element of D and so \/a; = a; = b, which is also false.
These contradictions imply that b < a;, for some & and complete the proof.[d

Constructing a Fixed Point
A first attempt to construct a fixed point might be to look at the sequence
0, £(0), £%(0), ...

Indeed, if a function f: P — P on a complete poset P is either inflationary or
monotone, then this sequence is increasing. This is clear when f is inflationary
and when f is monotone, we have 0 < f(0) and applying f" gives
£7(0) < f"1(0). Hence, the join

exists. Now, if f is continuous, then
fla) = f(\/f”(0>> =\ o =\Vr5ro=a
n>0 n>0 n>0

and so « is a fixed point. In addition, if f is monotone and a is any fixed point
of f, then 0 < a implies that f™(0) < f"(a) = a and so a < a, that is,

a = MinFix(f)
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Theorem 12.8 Let f: P — P be a continuous function on a complete poset P.
If f is either monotone or inflationary, then f has a fixed point

-
a=\/ 0
n>0
and if f is monotone, then
o = MinFix(f) O

With the help of ordinals, we can generalize Theorem 12.8 to perform a
transfinite “construction” of a fixed point that works for both monotone and
inflationary functions on a CPO, without requiring continuity. A transfinite
sequence (a, | o € ord) is increasing if o < 3 implies a, < ag and strictly
increasing if o < 3 implies a, < ag.

Let P be a CPO and let f: P — P be either a monotone or an inflationary
function. Consider the following proposition P(«) for o € ord:

1) Ifa=0anda, = 0, then the sequence A, = (a, | v < «) is increasing.

2) If a=p+1 for fecord and a,= f(ag), then the sequence
Ay = (a, | v < «) is increasing.

3) If v is a limit ordinal, the sequence

Ba = {ay] 7 < a)

is increasing and if a, = \/B,, then the sequence A, = (a, |7y < ) is
also increasing.

We prove that P(«) holds by induction on «. If a =0, the result is clear.
Suppose the result holds for all v < a. If @« = 3+ 1, then P(3) holds and so
the sequence

As=(ay |7 <B) =(a;| 7<)
is increasing and we want to show that
Ao =(ay [y < a) = Az U{as}

is increasing and so it is sufficient to show that az < a,, since ag is the largest
element of Ag. If f is inflationary, then

ag < flap) = apy1 = aq

If f is monotone, we proceed as follows. If 3 = 11 + 1, then a,,, a3 € Ag and so
a, < ag. Applying f gives

ag = Q1 = f(au) < f(aﬁ) = apg+1 = Qq

If 3 is a limit ordinal, then for any v < 3, we have a, < ag and so
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a1 = flay) < flap) = apn
whence
\/{aw+1 |7 < B} <ag = aa

and since ag = 0, the join on the left is ag. Thus, ag < a, in both cases and so
A, is increasing.

Finally, suppose that « is a limit ordinal. Then P((3) holds for all 3 < «a. To see
that B, is increasing, let v < 8 < «. Then P(/3) implies that the sequence A is
increasing and so a, < ag. Hence, B, is increasing. To see that A, is
increasing, if 3 < a, then

Qo = \/Ba > ag

Thus, we have shown that P(«) holds for all « € ord.

Theorem 12.9 Let P be a CPO and let f: P — P be either a monotone or an
inflationary function. Then f has a fixed point. Moreover, the transfinite
sequence A = (a, | a € ord) defined by

ap = 0
aa+1 = f(aq) forall a € ord
ay = sup{ag | B < A} for X a limit ordinal

is well defined and increasing.

1) The sequence A eventually becomes constant, that is, there is an ordinal 6
Jfor which as = a,, for all o > 6. Moreover, as is the only fixed point of f
contained in A.

2) If f is monotone, then as is the least fixed point MinFix(f) of f.

Proof. We have seen that the sequence A4 is well defined, the only issue being

that the set By = {ag | B < A} is directed, and that A is increasing, since if

B < «, then ag and a,, both lie in the increasing sequence A, C A.

However, A cannot be strictly increasing, since then |P| > || for all ordinals
(3, which is not possible. Hence, there are ordinals o <  for which a, = ag
and so the values of a,, are equal for all o« < v < (. It follows that .4 contains a
fixed point of f, for if 3 is a limit ordinal, then & < v + 1 < (3 and so

Ao = Gaq1 = f(Ga)
and if # = v + 1, then
ay = ayp = f(a,)

In either case, f has a fixed point as. Moreover, an induction argument shows
that a, =as for all o > 9. Assume that ag=as for all 6 <[ <a. If



274 Lattices and Ordered Sets

a =+ 1, then ag = as and so
Ao = f(aﬁ) = f(a5) = as

and if «v is a limit ordinal, then
Ay = \/{ag | B < a} = as

It follows that A contains exactly one fixed point of f and 1) holds.

For part 2), if f is monotone, we show by induction that any fixed point x of f
satisfies A < x. Clearly, 0 < z. If a, < x, then

o1 = fan) < f(z) =2

and so aq+1 < x. Also, if A is a limit ordinal and a, < z for all & < A, then
aA:\/{aa|oz</\}§:c

Thus, as € A is the least fixed point of f.00

Exercises
1. Let P be a CPO. Consider the sets
infmon(P) C mon(P) C func(P)

of inflationary, monotone functions on P, monotone functions on P and all
functions on P, respectively, under the pointwise partial order

f<g if f(z)<g(z)forallx € P
a) Prove that func(P) is a CPO, where

(V#)@=Viw

b) Prove that mon(P) is a sub-CPO of func(P).

2. Show that a nonidentity inflationary function f on a CPO P need not have
a least fixed point.

3. Show that an inflationary, monotone function on a poset P need not have a
fixed point.

4. Prove that any poset with 0 and with the ACC is a CPO.

5. Let P and @ be CPOs and let f: P — (@ be monotone. Prove that if P has
the ACC then f is continuous.

6. Find an example of a CPO P and a nonempty subset S C P that is a CPO
under the same order but is not a sub-CPO of P. Hint: Look at a special
family of subsets of the natural numbers N.

7. Let X be a nonempty set and let X** be the set of all finite or infinite
strings over the alphabet X. Order X** by saying that the empty word is the
smallest element and that w < v if w is a prefix of v, that is, if v = wu for



10.

11.

12.
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some string u. Show that X** is a CPO under this order. What about the set

X* of finite strings over X?

Let P be a countable poset. Prove that P is complete if and only if it is

completely inductive.

Prove that the underlying set of the sequence .4 from Theorem 12.9 is the

set . Hence, there is a unique fixed point of f in the set ), even when f

is inflationary. However, show that it need not be the least fixed point of f

in P.

A subset S of a poset P is consistent if every pair of elements of S has an

upper bound in P (but not necessarily in S). Let P be a CPO. Prove that the

following are equivalent:

a) P is consistently complete, that is, every consistent subset of P has a
joinin P.

b) All subsets that are bounded from above (have an upper bound in P)
have a join in P.

c) All nonempty subsets of P have a meet in P.

d) PT (P with a largest element adjoined) is a complete lattice.

e) |z isacomplete lattice for every x € P.

Let P be a poset and let {a; ; | ¢ € I,j € J} be a doubly-indexed subset of

P.

a) Show thatif for all w € [ and v € J, the joins

\/jau,j, \/iaw and \/i(\/jafi,j)

exist then \/; ;a; j and /;(V,a; ;) exist and

\/m‘“*j =V, (vja’”) - \/j (via"’j)

b) Let P and @ be posets and let F(P, Q) be the poset of functions from
P to @, with pointwise ordering: f < g if f(z) < g(x) for all z € P.
Show that if @ is a CPO then so is F (P, Q).

c¢) Let P be a poset and let Q be a CPO. Let C(P, Q) be the poset of
continuous functions from P to (), with pointwise ordering. Show that
C(P,Q) is a sub-CPO of F(P, Q).

Show that the KnasterTarski theorem can be used to prove the Schroder-

Bernstein theorem: If A and Bare sets and |A| < |B| and |B| < |A| then

|A| = |B|. Hint: To prove the SchroderBernstein theorem, show that if

fiA— B and ¢g: B — A are injective maps then there is a bijection
between A and B. Prove that it is sufficient to find subsets S C A and

T C B such that {S, g(T')} is a partition of A and {T', f(S)} is a partition

of B. Show that this is equivalent to the existence of a subset S C A such

that

S =A\g(B\ f(9))






Appendix Al
A Bit of Topology

We present the topology needed for the discussion of the representation theorem
for distributive lattices.

Topological Spaces

Definition Let X be a nonempty set. A topology on X is a nonempty family T of
subsets of X with the following properties:

D 0, Xer

2) 7 is closed under arbitrary unions

3) 7 is closed under finite intersections.

If T is a topology on X, then (X, T) is a topological space. One often says that
X is a topological space when the topology is understood (or does not need
explicit mention). The elements of T are called open sets. The complement of an
open set is a closed set. A subset that is both open and closed is clopen.[]

Definition [f X is a nonempty set, then the power set p(X) is a topology on X,
called the discrete topology. In a topology, every subset of X is open as well as
closed and clopen.c]

Subspaces

Theorem Al.1 Let (X, 7) be a topological space. Let Y be a nonempty subset
of X. The family

oc={ANY |Ae}

is a topology on Y, called the induced topology, and the topological space
(Y,0) is called a subspace of (X, 7). We usually say that Y is a subspace of
(X,r).00

Bases and Subbases

One way to describe the open sets of a topological space is to give a basis or
subbasis for it, as described in the following definition.
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Definition Let (X, 7) be a topological space.

1) A family B of open sets in 7 is said to be a basis (or base) for T if every
open set in T is the union of elements of B.

2) A family S of open sets in T is said to be a subbasis (or subbase) for T if
every open set in T is a union of finite intersections of elements of S..]

Note that the union of an empty family is the empty set and the intersection of
an empty family is the entire space.

Any nonempty family F of subsets of a set X qualifies to be a subbasis for a
topology: Just take the collection of all unions of finite intersections of members
of F. On the other hand, not every nonempty family of subsets of X qualifies as
a basis for a topology. The following theorem characterizes those families of
subsets that do qualify.

Theorem A1.2 Let X be a nonempty set and let F be a nonempty family of
subsets of X. Then F U {(), X} is a basis for a topology on X if and only if the
intersection of any two members of F is a union of members of F.

Connectedness and Separation

Definition Let (X,7) be a topological space. A separation in (X,7) is a
partition {U,V'} of X by open sets. (Hence, U and V' are nonempty.) If u € U
and v € V we will say that (U, V') is a separation of (u, v).0

Note that if {U,V} is a separation, then V =U* and so U is a nonempty
proper clopen set. Conversely, a nonempty proper clopen set C' defines a
separation {C', C°}.

Definition Let (X, 7) be a topological space.

1) (X, 7) is Hausdorff if for any pair x # y € X there are disjoint open sets
UandV suchthatx € U andy V.

2) (X, 7) is connected if X does not have a separation or equivalently, if the
only clopen sets in X are () and X.

3) (X,7) is totally separated if every pair of distinct elements has a
separation or equivalently, if for every x # y € X there is a clopen set C
such that x € C and y ¢ C.O0

Compactness

Definition Let (X, 7) be a topological space.

1) An open cover of X is a family U of open sets in T whose union is X. If
V C U is also an open cover of X, then )V is a subcover of U.

2) (X, 7) is compact if every open cover of X has a finite subcover..]

Theorem A1.3 Let (X, 7) be a topological space.
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Iy (X, 7) is compact if and only if any open cover of X by basis elements has
a finite subcover.
2) A closed subset of a compact space is compact (in the induced topology).(]

We will have occasion to use the following result, whose proof seems a bit
scarce, so we present it here.

Theorem A1.4 (Alexander subbasis lemma) Let (X, 7) be a topological space
with subbasis S. If every cover of X by elements of S has a finite subcover then
X is compact.

Proof. Let F be the collection of all open covers of X that do not have finite
subcovers. For the purposes of contradiction, assume that ' is nonempty and
order IF by set inclusion. We wish to show that F has a maximal element. Let C
be a chain in F and let &/ = | JC. If ¢ has a finite subcover K = {O,...,0,},
then there is a C € C that contains each O; and so C has the finite subcover K as
well, which is a contradiction. Hence, ¢ has no finite subcover and so U/ € F is
an upper bound for the chain C. Thus, Zorn's lemma implies that there is a
maximal open cover M of X having no finite subcover.

The cover M has some special properties. First, if O ¢ M is open, then the
maximality of M implies that the open cover M U {O} has a finite subcover
and so

X=0UMU---UM,;
for some M; € M. It follows that no open superset of O can be in M. Thus, if
A € M, then all open subsets O of A are in M as well.
Second, if A and B are open and A ¢ M and B ¢ M, then
AUMU---UMy=X=BUN,U---UN,
for some NV;, M; € M and so
X=(ANB)UMU---UM;UN;U---UN,
which implies that AN B ¢ M. In other words, AN B € M implies that

A € Mor B € M. This extends to any finite intersection of open sets as well.

Now consider the intersection ' = M N S, that is, the elements of M that are
also subbasis elements. We claim that A/ is also a cover for X, which cannot be,
since NV has a finite subcover, which would also be a finite subcover consisting
of elements of M.

If x € X, then there is an M € M with z € M. Since M is open, there is a
basis element B for which x € B C M. Thus, we have seen that B € M. Also,
B =.5,N---NS5,, for some S; € S and so
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zeB=50N-N5,

Hence, by the preceding discussion, S; € M for some 7 and so S; € A. Thus,
N covers X.OO

Continuity

Definition Let (X, 7) and (Y, o) be topological spaces. A function f: X — Y is
continuous if the inverse image of every open set in 'Y is open in X, that is,

Uco = flUer

A continuous bijection f whose inverse f~' is also continuous is called a
homeomorphism.[]

Theorem A1.5 Let (X, 7) and (Y, 0) be topological spaces. The following are

equivalent for a function f: X — Y:

1) [ is continuous.

2) The inverse image of any closed set is closed.

3) If B is a basis for Y, then the inverse image of any element of B is open in
X.

4) If'S is a subbasis for Y, then the inverse image of any element of S is open
in X.OO

Theorem A1.6 Let (X, 1) and (Y, o) be topological spaces and let f: X —Y

be continuous.

1) If Cis compact in X then f(C) is compactinY.

2) If Cis connected in X then f(C) is connected in'Y .

3) If X is compact Hausdorff and Y is Hausdorff, then f is a homeomorphism
if and only if it is a bijection.]

We have remarked that closed subsets of a compact space are compact. In a
compact Hausdorff space, the converse is also true.

Theorem A1.7 In a compact Hausdorff space, the compact subsets are the
same as the closed subsets.[]

The Product Topology

If X ={(X;,7)|i€ I} is a family of topological spaces, then the cartesian
product

X=][ Xi={r1-_ X f0) e X}

can be given a topology 7 called the product topology as follows. For each
1 €1, let m: X — X; be the projection map, defined by ;(f) = f(i) for all
f € X.For B; C X, the set
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m {(Bi) = {f € X | f(i) € B;}

is called a cylinder with base B;. It is the set of all functions that map the index
i into the set B;. A cylinder is called an open cylinder if its base is open and a
closed cylinder if its base is closed. Note that the entire space X is a cylinder.
All other cylinders are proper cylinders.

A subbeasis for the product topology 7 consists of all open cylinders 7; !(B).
Thus, a base for 7 consists of (), X and all sets of the form
Ui :W_l(Bi,)ﬂ---ﬂﬂ;ll(Bi”)

15+ ln 7

={feX|f(ix) € By fork=1,...,n}

where B, is open in X; and i; € I. In words, the basic open sets are the
functions whose values on a finite set {i1,...,i,} of indices must lie in the
prescribed open sets B; , ..., B;, . It follows that a proper subset O of X is open
in the product topology on X if and only if O is the union of sets from U;, ;..

It is easy to see that the projection maps are continuous and surjective.
Moreover, m; is also an open map, that is, m; maps open sets in X to open sets
in X;. To see this, note that 7; sends any basic open set U;, . ; in X to an open
set in X;, namely, X; if ¢ & {i1,...,i,} or B;, if i =ij;. Also, m; preserves
union.

It follows that a cylinder is open in the product topology if and only if it has an
open base. Moreover, since 7; ! is a Boolean homomorphism, a cylinder is
closed in the product topology if and only if its base is closed. Thus, the terms
open cylinder and closed cylinder are unambiguous.






Appendix A2
A Bit of Category Theory

Here we present the category theory that we will need in the text.
Categories

Informally speaking, a category consists simply of a class of mathematical
objects and their structure-preserving maps.

Definition 4 category C consists of the following:

I) (Objects) A class Obj(C) whose elements are called the objects of the
category.

2) (Morphisms) For each pair (A, B) of objects of C, a set hom¢(A, B)
whose elements are called morphisms, maps or arrows from A to B. If
f € home(A, B) we write f: A — B.

3) The sets home(A, B) are disjoint for distinct pairs (A, B).

4) (Composition) For f:A— B and g:B — C, there is a morphism
go f: A — C, called the composition of g with f. Moreover, composition
is associative:

folgoh)=(fog)oh

whenever the compositions are defined.

5) (Identity morphisms) For each object A € Obj(C) there is a morphism
ta: A — A called the identity morphism for A, with the property that if
f: A — B, then

wpof=f and fois=f U
One often writes A € C as a shorthand for A € Obj(C).

Definition 4 morphism f: A — B is an isomorphism if there is a morphism
f~Y B — A, called the (two-sided) inverse of f, for which

fhof=uwa and fofl=up

In this case, the objects A and B are isomorphic and we write A ~ B.O
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Example A2.1 Here are some examples of common categories. In most cases,
composition is the “obvious” one.

The Category Set of Sets
Obj is the class of all sets.
hom(A, B) is the set of all functions from A to B.

The Category Grp of Groups
Obj is the class of all groups.
hom(A, B) is the set of all group homomorphisms from A to B.

The Category Ab of Abelian Groups
Obj is the class of all abelian groups.
hom(A, B) is the set of all group homomorphisms from A to B.

The Category Vectr of Vector Spaces over a Field F
Obj is the class of all vector spaces over F'.
hom(A, B) is the set of all linear transformations from A to B.

The Category Rng of Rings
Obj is the class of all rings (with unit).
hom(A, B) is the set of all ring homomorphisms from A to B.

The Category Poset of Partially Ordered Sets
Obj is the class of all partially ordered sets.
hom(A, B) is the set of all monotone functions from A to B.

The Category FinDLat of all finite distributive lattices
Obj is the class of all finite distributive lattices.
hom(A, B) is the set of all lattice {0, 1 }-homomorphisms from A to B.

The Category Top of Topological Spaces
Obj is the class of all topological spaces.
hom(A, B) is the set of all continuous functions from A to B.

Here are a couple of examples of more unusual categories.

The Category Matrr of Matrices
Obj is the set of all positive integers.
hom(c, ) is the set of all X ¢ matrices over F', composition being matrix
multiplication (which accounts for the order of r and ¢ in hom(c, 7)).

The Category Poset(P, <), where (P, <) is a partially ordered set.
Obj is the set of elements of P.
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hom(A, B) is empty unless A < B, in which case hom(A, B) contains a
single element, denoted by AB. Note that the hom-sets specify the
relation < on P.

As to composition, there is really only one choice: If AB: A — B and
BC': B — C then it follows that A < B < C and so A < C, which implies
that hom(A,C) # (. Thus, we set BC o AB = AC. The hom-set
hom(A, A) is nonempty and contains only the identity morphism for A.OJ

Subcategories are defined as follows.

Definition 4 category D is a subcategory of a category C if
1) Obj(D) is a subclass of Obj(C)
2) Forevery A, B € Obj(D)

homp (A, B) C home(A, B)

3) If ftA— B and g:B — C are morphisms in D, then the composition
go f taken in C is the composition of D.
4) The identity maps in C are in morphisms in D.OJ

Functors

Structure-preserving maps between categories are called functors. Since a
category consists of both objects and morphisms, a functor must consist of two
functions—one to handle the objects and one to handle the morphisms. Also,
there are two versions of functors: covariant and contravariant.

Definition Let C and D be categories. A functor F:C = D is a pair of
Sfunctions (as is customary, we use the same symbol I for both functions):
1) An object function F: Obj(C) — Obj(D) that maps objects in C to objects
inD.
2) For a covariant functor, ¢ morphism function
F:Mor(C) — Mor(D)

that maps each morphism f: A — B in C to a morphism F f: FA — FB in
D. For a contravariant functor, ¢ morphism function

F:Mor(C) — Mor(D)
that maps each morphism f: A — B in C to a morphism F f: FB — F A in
D (note the reversal of direction).

3) Moreover, identity and composition are preserved, that is, for a covariant
functor,

Fuy=1itps and F(gof)=FgoFf

and for a contravariant functor,
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Fiy=tpa and F(gof)=FfoFg

whenever all compositions are defined..]

The notation F:C = D is read “F' is a functor from C to D.” A functor
F:C = C from C to itself is referred to as a functor on C.

One informal way to think of a covariant functor F:C = D is as a mapping of
one-arrow diagrams in C

AL B

to one-arrow diagrams in D

rAatl rp

with the property that loops and triangles are preserved, as shown in Figure

A2.1.
F
A L, =3 FA tea=F1,

AT >p FA— "> Fg
—)
gof FgoFf=F(gof)
Figure A2.1

Similar pictures can be drawn for contravariant functors.
Functors can be composed in the “obvious” way. Specifically, if F:C = D and
G:D = & are functors, then G o F: C = £ is defined by
(GoF)(A)=G(FA)
for A € Obj(C) and
(GoF)(f) = G(Ff)
for f € hom¢(A, B).
Definition Let F:C = D be a functor.
1) F is full if for every pair A, B of objects in C, the morphism map is
surjective.

2) F is faithful if for every pair A, B of objects in C, the morphism map is
injective.l]
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Examples of Functors

We give two simple examples of functors.

Example A2.2 The power set functor P: Set = Set sends a set A to its power
set p(A) and each set function f:A — B to the induced function
Pf:p(A) — p(B) that sends a subset X C A to fX. It is easy to see that this
defines a covariant functor.[]

Example A2.3 The following situation is quite common. Let C be a category.
Suppose that D is another category with the property that every object in C can
be thought of as an object in D and every arrow f: A — B of C can be thought
of as an arrow f: A — B of D.

For instance, every object in Grp can be thought of as an object in Set simply
by ignoring the group operation and every group homomorphism between
groups can be thought of as a set function between the corresponding sets.
Similarly, every ring can be thought of as an abelian group by ignoring the ring
multiplication.

Functors such as these that “forget” some structure are called forgetful
functors. For categories whose objects are algebraic structures, the “most
forgetful” functor is the one that forgets all algebraic structure and thinks of an
object (group, ring, field, poset, lattice, etc.) simply as a set.[]

Example A2.4 The spectrum functor F: FinDLat = FinPoset sends a finite
distributive lattice L to its spectrum Spec(L) and a lattice homomorphism
f: L — M to the induced inverse map f~':Spec(M) — Spec(L), restricted to
prime ideals. In the opposite direction, the down-set functor
O: FinPoset = FinDLat sends a finite poset P to the lattice O(P) of down-
sets of P and a monotone map g: P — () between posets to the induced inverse
map g~ 1: O(Q) — O(P), restricted to down-sets.[]

Natural Transformations

A structure-preserving map between functors is called a natural transformation.
Consider a pair of covariant functors F', G: C = D, as shown in Figure A2.2.

F FA— "> FB

f —

A——>B M he

G\ GA? GB

Figure A2.2
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Intuitively speaking, the essence of a functor F' is how it maps one-arrow
diagrams f: A — B and a natural transformation A\: /" = G is intended to map,
in a nice way, the family of one-arrow diagrams that characterize the functor F'
to the corresponding family of one-arrow diagrams that characterize G. As
shown in Figure A2.2, this is accomplished by a family

{A:FA— GA | Ae0bj0)}
of morphisms in D—one for each object in C— with the property that the square
in Figure A2.2 commutes, that is,

GfoAla=ApoFf

(We also use the notation A(A) in place of A4 when that is more convenient.)
Let us now give the formal definition of natural transformation.

Definition Let F',G:C = D be covariant functors. A natural transformation
A from F to G is a family

A={ \s:FA— GA| A€ O0bj)}

of morphisms in D, indexed by the objects in C, for which the square in Figure
A2.2 commutes, that is,

ApoFf =GfolAys

for any f:A — B. This is denoted by \:F = G or {A}: F = G. Each
morphism A\, is referred to as a component of \. If each component A4 is an

isomorphism, then X\ is called a natural isomorphism and we write
{Mp:F=GO

If \: F' =~ @G is a natural isomorphism from F' to G, then the family {\;'} is a
natural isomorphism from G to F.

Let us consider a few examples of natural transformations.

Example A2.5 (The determinant) Define functors F',G: CRng = Grp as
follows. The functor F' maps a ring R to the group GL,(R) of nonsingular
matrices over R. If f: R — S is a ring homomorphism, then (F'f)M is the
matrix formed from M by applying f to each entry of M. The functor G maps a
ring R to the group R* of units of R and G f is just the restriction of f to R*.

Now, the deteminant detp is a group homomorphism from GL,(R) to R*. As
shown in Figure A2.3,
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F/7 GL(R) — > GL,(S)
R f >S detg detg
G\ R* > S*
Gf

Figure A2.3
the condition that the determinant be natural is
AS)o Ff=GfolR)
that is,
fain - fai, ail 0 Aip
det : = f| det
fa’n,I T fa7z,n Qp1  c+ Gpn

for any matrix A = (a;;) in GL,(R). Since this holds, the determinant is a
natural transformation from F' to G.0J

Example A2.6 (The coordinate map) Let Vect; be the category of nonzero
vector spaces over the field k. To denote the fact that a vector space V' has
dimension n, we write V,,. Fix an ordered basis for each vector space V.

Let I': Vect], = Vect] be the matrix representation functor that sends V;, to
the vector space k" and a linear map 7:V,, — W, to multiplication s, by the

matrix representation [7] of 7 with respect to the chosen bases for V' and W.
Thus,

pir)(2) = pina

for all z € k". The coordinate map ¢y : V;, — k™, which sends a vector v € V' to
its coordinate matrix [v] with respect to the chosen ordered basis for V,,, is an
isomorphism of vector spaces. Moreover, the family {¢y} is a natural
isomorphism from the identity functor [ to I'. In fact, as shown in Figure A2.4,

| V,——> W,

—

Vn% w by bw

m

T Ly
Hi
Figure A2.4
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the well-known formula
[7v] = [7][v]
for 7: V' — W is precisely the condition of naturalness
(¢w o T)v = ([r] o ¢v)(v)
that is,
ow oT = [T] 0 Py O

Example A2.7 (The double-dual map) Let FinVect be the category of finite-
dimensional vector spaces over a field k. Recall that the natural map
A(V): V — V* from a vector space V' to its second dual V** is defined by

A(V)(v) =
where U is evaluation at v, that is, ¥(f) = f(v). The natural map is always

injective but it is surjective if and only if V' is finite-dimensional.

Now, the operator adjoint 7°: W* — V* of a linear map 7: V — W is defined
by
T(f)=Ffor
Hence, the second operator adjoint 7°*: V** — W** is defined by
X X (

7 (a) =aoT”

for « € V**. Since every o € V** has the form o« = v for some v € V/, this can
be written

T ®) =Do 1"
Now, for f € W*, we have
@or)f =0(r"f) =0(f o7) = f(rv) =70(f)

and so
(@) = 70
Thus,
T 0 AM(V)(v) = A(W)(r0) = A(W) 0 7(0)
and so

T o AV)=AW)or

If F': FinVect = FinVect is the functor that sends V to V** and 7:V — W to
7 V* — W™, then this can be written
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FroA(V)=XW)olIr

where [ is the identity functor on FinVect. But this says that the family of
natural maps {\(V')} is a natural transformation from the identity functor I to
the double-dual functor F'. This accounts for the term natural map as it is
applied to the map v — 2.0d

The only categorical result we will need is the following, which says essentially
that functors act like ordinary functions with respect to surjectivity and
injectivity.

Theorem A2.8
1) Let F,G:C = D be naturally isomorphic functors.
a) F is faithful if and only if G is faithful.
b) Fis full if and only if G is full.
In particular, if F' =~ I¢, then F is full and faithful and so the morphism
maps
F:hom¢(A, B) — home(F A, FB)

are bijections.

2) Let F:C = Dand G:D = C be functors.
a) If G o F is faithful then F is faithful.
b) IfG o Fis full then G is full.
In particular, if

GoFw~Io and FoGwlIp

then I and G are both full and faithful.
Proof. For part 1), let \: F' = (G be a natural isomorphism. Assume that G is
faithful. To see that F' is faithful, if f, g € hom¢(A, B), then

Ff=Fg=AgoFfo);'! =AgoFgo\,
=Gf =Gy
=f=yg
To see that F' is full, let b € hom¢(F A, F'B). Let
k=MXgoho);':GA— GB
Since G is full, there is an f: A — B such that G f = k and so
h=Aglokoda =M oGfoda=Ff

Hence F' is full.

For part 2), if G o F is faithful, then F is faithful, for if f, g € hom¢(A, B), we
have
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Ff=Fg=GFf=GFg= f=g

Also, if G o F' is full, then G is full, for if h € hom¢(A, B), then there is an
f:A— Bsuchthath =GFf=G(Ff).0
Natural Isomorphism of Categories

It seems reasonable to say that two categories C and D are isomorphic if there
exist functors F': C = D and G: D = C for which

FoG=Ip and GoF =1

However, this notion turns out to be too restrictive. A more useful notion comes
when we require only that the two compositions F' o G and G o F' are naturally
isomorphic to the respective identity functors.

Definition 7wo categories C and D are naturally isomorphic if there are
Sfunctors F':C = D and G:D = C for which

FoGmIp and GoF = I

where Ip and I¢ are identity functors, as shown in Figure A2.5. When the
functors F and G are contravariant, this condition is often expressed by saying
that C and D are dual categories.[]

A >p8 FeX 9> Fay
don g K <
GFA > GFB X ——> v
GFf g
Figure A2.5

Example A2.9 As we will see in the text proper, the category FinDLat of finite
distributive lattices is dual to the category FinPoset of finite posets.[]
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Index of Symbols

la={reP|z<a}
la={zxeP|z>a}
V :join
A : meet
U : disjoint union
|| - incomparable or parallel
C : covers
C : covers or is equal to
afa,p): the set of relative complements of a with respect to [«, 3]
A": the set of all upper bounds for A
A’ the set of all lower bounds for A
Bi(a):=BnNla
Con(L): the set of all congruence classes on L
Epi(L): the set of all epimorphisms with domain L
[Epi(L)]: the set of all equivalence classes of epimorphisms with domain L
Fo: proper filters
FL(X): the free lattice over X
¢: the identity function
( ): ideals of L
Zo(L): proper ideals of L
Iy(L) = Z(L) U {0}
J (L): the set of join-irreducible elements in L
Ji(a) = J(L)N la
IC(L) the set of compact elements of L
Ki(a) =K(L)N |a
k: the kappa function defined by x(z) = K| (x)
’: the lower bound operator
M(L): the set of meet-irreducible elements in L
Ms: see Figure 3.4
Nj: see Figure 3.4
NF(¢): the normal form of ¢
O(P): the down-sets of P

0" (W)= O(W)\ {W}
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Po={P €Spec(L)|a¢ P}

Pla]: initial segment of P at a

©(S): power set of S

©o: proper subsets

StCon(L): the set of all standard congruence relations on L
Tx: the lattice terms over X

¢,: the down map defined by ¢ja = | a

¢-: the not-up map defined by ¢ ja = {x € P |a £ x}
p: the rho function defined by p(a) = P-,

U(P): the up-sets of P

“: the upper bound operator

Y < X: there is an injection from Y into X

Y « X: there is a bijection from X to Y
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absorption laws, 60

absorption, 60

alephs, 41

Alexander subbasis lemma, 277

algebra of sets, 131

algebra, 154

algebraic closure operator, 158

algebraic
intersection-structures, 157

algebraic, 156

antichain cover, 25

antichain, 5

anti-embedding, 14

antisymmetric, 2

Arbitrary lattices, 149

Arguesian identity, 119

Arguesian, 119

arrows, 210, 281

ascending chain condition, 16

associativity, 51, 60

asymmetric, 2

atom, 7

atom, 80

atomic, 7, 80

atomistic, 80, 90

avoidance property, 170

axiom of choice, 8, 10

base, 172

base, 74, 276, 279
basis, 241, 276
binary relation, 1
binary, 153
blocks, 110

Boolean algebra, 130, 149

Boolean homomorphism, 134

Boolean lattice, 129

Boolean prime ideal theorem, 174

Boolean ring, 131
Boolean space, 218
Boolean subalgebra, 131
bounded, 7

Brouwerian lattice, 127

canonical forms, 255
canonical projection, 191
Cantor's theorem, 40
Cantor—Schréder—Bernstein
theorem, 40

cardinal arithmetic, 43
cardinal, 38

cardinality, 38

carrier set, 79

cartesian product, 1
category, 210, 281

chain cover, 18

chain, 5

chain-complete, 43, 68
choice function, 8
clopen, 275

closed cylinder, 279
closed initial segment, 10
closed interval, 10

closed set, 275

closed, 55

closure operator, 55
closure systems, 55
closure, 55
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CLP, 163
coalesce, 66, 67
coalescing pair, 66, 67
coarser, 111
coatom, 7
cofinal, 46
cofinite, 54, 131
coinitial, 46
cokernel, 204
commutativity, 51, 60
commute, 187
compact, 155, 276
compactly-generated, 156
comparable, 3
compatible, 21
complement, 82
complementary, 50, 82
complemented lattice, 82
complete atomic

Boolean algebras, 150
complete lattice, 53
complete sublattice, 68
complete, 43, 54, 262
completely distributive, 140
completely meet-irreducible, 163
completion by cuts, 86
completion, 85
component, 214, 286
composition, 281
congruence classes, 180
congruence kernel, 191, 192
congruence lattice problem, 163
congruence lattice, 162, 185
congruence

relation, 162, 179, 180, 243
conjunctive, 142
connected, 276
consistent, 273
consistently complete, 273
contained in, 3
contains, 3
continuous, 158, 261, 278
continuum hypothesis, 41
contravariant functor, 212, 283
convex, 10
copoint, 7

correspondence theorem, 194
covariant functor, 212, 283
covers, 4

CPO, 43, 54, 262

cylinder, 172, 279

de Morgan's laws, 129

Dedekind—MacNeille
(DM) completion, 86

Dedekind's law, 97

degenerate, 95

descending chain condition, 16

diamond, 98

Dilworth's theorem, 18

direct product, 54

directed join, 155

directed, 6

discrete topology, 275

disjoint, 18

disjunctive, 91, 142

distance function, 113

distance, 15

distributive lattice, 81, 149

distributive laws, 80, 96

distributive prime ideal
theorem, 174

distributive, 96, 205

double lower covering
condition, 109

double upper covering
condition, 109

down closure, 14

down map, 14, 15

down-set functor, 213, 215, 285

down-set, 13

dual categories, 214, 290

dual poset, 10

dual statement, 11

duality principle for posets, 12

embedded, 13
equational class, 61, 240
equinumerous, 37
equipollent, 37
equipotent, 37
equivalence class, 2



equivalence relation, 2
equivalent up to associativity
and commutativity, 252
evaluation map, 70, 240
existence property, 170
extends, 114
extension property, 170
extension theorem, 174
extension, 116, 117
extensive, 55, 58

faithful, 79, 213, 284

field of sets, 131

filter generated, 76

filter, 75

finer, 111

finitary operation, 153

finitary, 57

finite character, 9

finite, 33

finite-cofinite algebra, 54, 131

finite-join-dense, 70

finitely-generated, 154, 157

finite-meet-dense, 70

first isomorphism
theorem, 194, 203

fixed point, 261, 262

forgetful functors, 285

formal lattice terms, 244

free lattice, 241

freely generated, 241

friendly, 195

Frink's condition, 143

full, 213, 284

functor on, 212, 284

functor, 211, 283

Galois connection, 58
Galois correspondence, 58
Galois group, 58
generalized continuum
hypothesis, 42
graded, 16
grading function, 16
greater than or equal to, 3
greatest lower bound, 7

Index

greatest, 6

Hall's condition, 19
Hartogs number, 40
has arbitrary meets, 49
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has arbitrary nonempty meets, 49

has finite meets, 49

has, 10

Hasse diagram, 4

Hausdorff maximality
principle, 9, 10

Hausdorff, 276

height, 15

Heyting algebra, 127

Heyting lattice, 127

hom set, 211

homeomorphism, 72, 278

homomorphism theorem, 194

ideal generated, 76

ideal kernel, 78, 190, 192
ideal, 74

idempotency, 51, 60
idempotent, 55, 131
identity morphism, 211, 281
image, 36

incomparable, 3

increasing witness sequence, 185

increasing, 270

index ordinal, 36
indicator function, 78
induced inverse map, 135
induced topology, 275
inductive hypothesis, 37
inductive, 43

infimum, 7

infinitary, 57, 153
infinite, 33

infinitely distributive, 139
inflationary, 28, 261
inherits, 49

initial ordinal, 38

initial segment, 10, 27
intersection-structure, 55
invariant, 263

inverse, 281



302 Lattices and Ordered Sets

irredundant join-
irreducible representation, 123
irredundant, 123, 164
irreflexive, 2
isomorphic, 281
isomorphism, 211, 281
isotone, 13

join maps, 103
join, 7
join-continuous, 158
join-cover, 155
join-dense, 70
join-homomorphism, 73
join-inaccessible, 166
join-infinitely distributive, 139
join-irreducible, 64
join-normal form, 251
join-prime, 50
join-semilattice, 51
Jordan—Dedekind chain
condition, 15

kappa function, 225

kernel equivalent, 203, 231

kernel, 190

Knaster—Tarski fixed
point theorem, 264

Kurosh—Ore replacement
property, 123

Kurosh—Ore theorem, 123

largest, 6

lattice embedding, 72
lattice endomorphism, 72
lattice epimorphism, 72
lattice equation, 240
lattice generated, 126
lattice homomorphism, 72
lattice identity, 240

lattice isomorphism, 72
lattice monomorphism, 72
lattice polynomial, 69, 239
lattice term, 69, 239
lattice, 53

least upper bound, 7

least, 6

length, 5, 111

less than or equal to, 3
lexicographic order, 4

limit ordinal, 35

linear kernel, 25

linear sum, 23

linear, 3

logically equivalent, 11

lower bound, 7

lower covering condition, 106
lower MacNeille extension, 92
lower semimodular, 106

MacNeille completion, 86
MacNeille extensions, 92

maps, 210, 281

matrix representation functor, 287
maximal antichain, 6

maximal chain, 5

maximal condition, 17

maximal extension theorem, 173
maximal ideal theorem, 173
maximal separation property, 169
maximal separation theorem, 173
maximal, 6, 77, 170

maximum, 6

median property, 125

mediating morphism, 193, 241
meet maps, 103

meet representation, 113

meet, 7

meet-continuous, 166
meet-dense, 70
meet-homomorphism, 73
meet-infinitely distributive, 139
meet-irreducible, 64
meet-normal form, 251
meet-prime, 50
meet-representation, 164
meet-semilattice, 51
meet-structure, 55

minimal condition, 17

minimal element, 6

minimum, 6

modular law, 81, 96



modular, 81, 96
monotone, 13, 55
morphism function, 283
morphisms, 210, 281

natural isomorphism, 214, 286
natural projection, 191

natural transformation, 213, 286

naturally equivalent, 214
naturally isomorphic, 214, 290
nontrivial lattice, 54
nontrivial normal form, 251
normal completion, 86

normal form, 251

nullary, 153

object function, 283
objects, 210, 281

open cover, 276

open cylinder, 279

open map, 279

open sets, 275

operation, 153

order embedded, 13

order embedding, 13

order filter, 13

order ideal, 13

order isomorphism, 13
order type, 35

order, 2

ordered Boolean space, 218
ordered topological space, 218
order-homeomorphism, 218
order-preserving, 13
order-reversing, 58

ordinal arithmetic, 42
ordinal number, 31

ordinal, 31

parallel, 3

partial functions, 3
partial order, 2

partially ordered set, 2
partition, 110

pentagon, 98

Philip Hall's theorem, 19
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point, 7
poset, 2
possesses, 10
post-fixed point, 262
power set algebra, 131
power set functor, 212, 285
power set subalgebra, 131
power set sublattice, 69
pre-fixed point, 262
preorder, 3
Priestley dual space, 220
Priestley duality, 222, 227
Priestley prime ideal space, 220
Priestley representation theorem
for bounded
distributive lattices, 226
Priestley topological space, 218
prime point-separation
property, 175
prime-separation property, 169
prime separation theorem, 175
prime, 77, 170, 175
principal congruence
generated by, 204
principal filter generated by, 14
product order, 3
product topology, 278
product, 3, 187
proper cylinders, 279
proper filter, 75
proper ideal, 74
proper join, 252
property of posets, 10
pseudocomplement, 126, 231
pseudocomplemented lattice, 126

quadrilateral property, 184
quadrilateral, 95
quasiorder, 3

quotient lattice, 189

range, 36
reachable, 111
refinement, 111
refinement, 3
refines, 250



304 Lattices and Ordered Sets

reflexive, 2
relative complement, 83
relative pseudocomplement, 126
relatively complemented, 84
relatively free, 241
relatively
pseudocomplemented, 127
representation map, 79
representation theorem for atomic
Boolean algebras, 146
representation theorem for
Boolean algebras, 149, 209
representation theorem
for distributive
lattices with DCC, 146
representation theorem for
distributive lattices, 149, 209
representation theorem
for lattices, 79
representation theorems, 149
representation, 79, 112
representative, 250
rho map, 148
ring of sets, 69

satisfies, 10

SDR, 1

sectionally complemented, 84
self-dual, 11
semicomplement, 126
semidistributive laws, 260
semilattice, 51

separation property, 175
separation theorems, 169
separation, 276

sequence, 36, 111, 185
simple, 202

smallest, 6

smooth, 92

SMP, 136

SMP1, 136

SMP2, 136

spectrum functor, 212, 215, 285
spectrum, 77

standard, 195, 197
statement about posets, 10

Stone dual space, 220, 236

Stone duality for Boolean
algebras, 230

Stone prime ideal space, 220, 236

Stone representation theorem for
Boolean algebras, 230

Stone space, 218

strict order, 4, 23

strict partial order, 4

strictly increasing, 270

strictly meet-irreducible, 163

strictly monotone, 13

strongly atomic, 80

subalgebra generated by, 154

subalgebra lattice, 154

subalgebra, 154

subbase, 276

subbasis, 276

subcategory, 211

subcategory, 283

subcover, 276

sub-CPO, 262

subdirect representation, 194

sublattice generated, 69

sublattice, 68

subsequence, 36

subspace, 275

successor ordinal, 35

successor, 34

supremum, 7

symmetric closure, 20

symmetric, 2

system of distinct representatives, 2

term, 69, 239

topological sorting, 21

topological space, 275

topology, 275

total, 3

totally intransitive, 20

totally ordered, 3

totally order-separated, 218

totally separated, 218, 276

Transfinite induction:
version 1, 37

Transfinite induction:



version 2, 37
transfinite sequence, 36
transitive closure, 20
transitive, 2, 31
trivial lattice, 54
trivial normal form, 251
trivial variety, 240
trivial, 110
Tukey's lemma, 9, 10
two-sided, 281
type, 112, 113

ultrafilter, 77
unary, 153
underlying set, 36

uniquely complemented lattice, 82

uniquely relatively
complemented, 84

unit element, 6

universal algebra, 154

universal property of quotients, 193

universal, 193, 241
unsolvable, 247
up closure, 14

Index

up map, 14, 15

upper bound, 7

upper covering condition, 105
upper MacNeille extension, 92
upper semimodular, 106
up-set, 13

variable, 69, 251, 239, 241
variety, 61, 240

weakly atomic, 80

weakly preserves covering, 105
weight, 69, 239, 251
well-orderable, 9, 27
well-ordered set, 9, 27
well-ordering principle, 9, 10
well-ordering, 9, 27

width, 5

witness, 111, 185

word problem, 247

zero element, 7
Zorn's lemma, 9, 10
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